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PREFACE 


Tuis Manual is designed to save the time of the teacher 
by furnishing satisfactory solutions for all exercises con- 
tained in the Hlements of Algebra. In general each solu- 
tion is quite complete ; but wherever a solution has been 
abbreviated to avoid a repetition of similar processes, 
the method of completion has been indicated. The great 
variety of exercises involved in elementary algebra and 
the ingenuity required in some of its applications justify 
this fullness of treatment. i 

Since this material is prepared solely for the instructor, 
and would, if placed in the hands of the pupils, destroy 
much of the value of the instruction, all teachers are 
earnestly requested to coéperate with the authors of the 
Algebra and the author and publishers of this Manual in 
limiting its circulation to the teaching body. 


L. L. JACKSON. 
Brockport, New York, 


October, 1901. 
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Exercises. I. 


TO AUdi= 0 XO to l= 175s 
. ¢$acde=30f5-8-1-4=2 of 60= 40. 


Qlae 21x5-4 420 

4ted 4x7-3-1 + 84 
21 bce = V21 x 7-3-4 = V22.212 = 42. 

Read 7A — 5s 1 ee o8a 1 


23 Son Bie, 60.9% 


= 2 


Re ee = 2-8 
“ N8cde V3x3-1-4 VO 6 


Dated 2-6-4 Sete We 

b i 7 ae 
225 ac = V226 X 6-3 = V168 = 16. 
Ope BAe 


as 


2 

cd 3-1 3 
abe. abe 2.3.4 2-3-4 2 8 

4 

4 


OF ALGEBRA 


= =o esd 
ocd acd 3-4-5 “2: Sp Mee 3) 
ata ¢—b 2+5 weeks 
7b See eS aa 2 OO aeae 
Gees 2 5Be> 38 gr Zones 
San mCe ea ee mT 
AveGMES 10: ( 402 6 °8.—10 
= = ee ae 

Nae foe re “ 
Cade 2b od 82h 28 
a Ae Sie ee oe oe ee ete teas 6 
Go ba. 2.8) ain oma 
al aie d 2 Bh eee by he 
4 MIO AyrGe ce: 10. oe 
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TN Res ci ee eens Be BE EI oy 
b a 3 2 
avotetd ba—d 243-456. 5-2-5 os 
= = = 3h 
ot: 7 fe 5 u e 5 as 


Exercises. II. 


1. (a), (b), (c), (a), (f) are algebraic expressions. 
2. (a), (b) are monomials. 
3. (c) is a binomial. 
(d), (e) are trinomials ; (e), however, is not algebraic. 


Exercises. III. 


1. (a) ab@c8d* = 1. 22. 53. 384 = 40,500. 
UO cS OE Weer eins Gere he IS ey 
(C)P2ideean2) x3? = os 10 = 10 = 505 2b = 2 
Gh al c 5 BS BEAT cy 9 Re Was a | 
Ce 
Dra ee OE LOL, Zee mek rs a omnta 
"2. (b) c® +b -— 38a = 25 + 16 —-3 = 388. 
(c) 2d? —-10c —2b=2.-83 —10-5—-2-.2=0. 


(d) oa ah SRE es SUN es lore as 
bo) HOM 8s 210s 
8. 13 ab is the coeflicient of x. 
13 qQ2 6b 66 66 H8qr, 
18 6c cb 66 a2b3x, 


The degree of the expression is the sixth. 
The degree in 2 is the first. 
The exponent of a is 2; of bis 3; of w is 1. 


1 - ne : 
4. (a) = is the coefficient, and 1 is the exponent of a. 

4b ce 6e oe (74 oe 

(b) 1, 5 

(c) i 73 73 a3 9 a3 73 6 

(d) 23 a2 bc 66 CGS Ye 9736 6c 6 

(e) 4a2b8e +6 73 cere Om ae ob (73 

(f) a3 Vb 66 bs GY Gh XG wa G 


5. ax", cx?, and 10 aba? are like terms in 2. 
6. 38azx?, ax, 9 ax? are like terms in a? and az. 
9ma, 144% eb 5Ge WikGB aes 
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xu? + y? + Qay 


7. = _—_=¢+4y. 
a+y 
8. axz?+bx-+c is of the third degree, 9 a? + ab + 0? 
te te te tk second degree in 2. esa 2 


ax?-+-be+ c= 5?4+5+1=81. 


10. That from 4 times the square of a certain number there has 
been subtracted 3 times the square root of a second number, to the 
result there has been added 6 times a third number, and from this 

result there has been subtracted the fourth root of a fourth number. 


11. (a) To the square of a certain number there has been added 
twice the product of this number and a second number, and to this 
result has been added the square of the second number. 

(b) From the square of a certain number there has been subtracted 
the square of a second number. 

(c) From 3 times the cube of a certain number there has been sub- 
tracted 4 times the cube root of a second number, and to the result 
has been added the square root of the first number. 

(d) To the cube of a certain number there has been added 38 times 
the product of its square and a second number, to this result has been 
added 3 times the product of the first number and the square of the 
second, and to this result has been added the cube of the second number. 


12. 8074+ %b? +50. 3.224 3.894 5.15 = 184. 
13. (a) 2a%c? = 2.42.6. V9 =2-16-6-3 = 576. Monomial. 
(b) deb —b = V16. V8 6 =8—6=2. Binomial. 
(c) @+b+d+e2=42+4+6+4 16+ 82=88. Polynomial. 
5 o . . . . 
(ay 25 abcde a 25x 4-6-9-16 ie. OBG0.e Mencient: 
72 72 
(e) 25d* + a? — g + 5=25 x 164 4 42— ; +5=69. Polynomial. 
oO 


(f) 308 — ch + e& = 3-68 — 92 4 83 = 143. Trinomial. 


Exercises. IV. 


del. Let x = the larger number. 
2. Thenz—3=14. 

Zale Let x = the number of dollars in B’s money. 
oe Then B8a— * 66 66 66 6 A%g 66 


we 


x+3a= 364. 
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Ax. 8 
Ax. 9 


38. 1. Let x = the smaller number. 
2. Then x+40= * larger ee 
Bi st x+a-+ 40 = 60. 
Exercises. V. 
1A, 24+2=30+4 2. 
Dae eas 22H a = 80 — 2. 
84 do f= 28. 
Check. 2-28 + 2 = 30 + 28 = 58. 
Vi alt 2 =v5u 
ay 
Jens 20 = 52, 
as & A fees 0 
Check. 22 = 5 
3. 1 pee Uae eet ie pets 
(ite 2, a? = 81. 
Oy De watas Ax. 6 oy) oe i Opeeal 
2 Check, 92 +7 = 88. 
on. 4= 72. Ax. 6 
Aes ios Ax. 9 
Check. 2 = 2 
Gy il v2 —1= 35 a al 24+5=14 4 20 
2 x? = 86 AX. 2 2. ..2%—412%=20 
Be Di ——hOs Ax. 9 SOL 46 = 15. 
Check. 62 — 1 = 85. 4. v= 45 


22% + 30 = 17a: 70. 
22:2 — 17 2 =10 — 380: 


C= Se 


Check. 22-8 + 30 = 17-8 + 70 = 206. 


Ch ae 2502 — 20 = 20% + 440, 
Dane 250% — 20a = 440 + 20. 
3. Or 230 a = 460. 
AS ts Ces 


Check. 250-2 — 20 = 20-2 + 440 = 480, 


12-14] 


LON: 


Check. 12 = 


13. 


Check. 
15. <1. 


Check. 


Check. Moi 43: 4= 13. 


INTRODUCTION 5 
Ce ale 12.75% + 6.25 = 7.25% + 17.25. 
Qe Lato ene =i 1.20 — 6.25: Ax. 8 
SaOr O00 07 — Ale 
4, C= 2: Ax. 7 
Chests 12.75 -2- 625°= 7.25-2 + 17.25 = 31.75. 
Let «=the number. 11. 1. Let x = the number. 
a 4 fig 
me neni ses 2. Then 16 -— = = 21. 
ay af = 2 
(a = 10 Ax. 6 caare 
SR ag ee, Bh es a Ax. 3 
12+ 3 = Ff. A Re iO, AKC 
Check, 42+ 16 = 21. 
12. 1. Let x = the number. 
z 
2eethen 910) 20; 
z= 20 
3.5 ~ =10. Ax. 3 
20 
aa = 200: Ax. 6 
Check. 10 + 2,02 = 20. 
. Let x = the number. 14. 1. Let x = the number. 
. Then 77+5= 41. 2. Then Vx +5=41, 
. a? = 86. Ax. 8 Be. Vz =36. Ax.3 
Bs Ca) Oe AKO, a x = 1296. Ax. 8 
624+5= 41. Check. ene. ets = 41. 
Let « = the number. 16. 1. Let w= the number. 
r 9 
. Then ~ — 27 = 5. 2. Then sp 
3 ee © 
= ==.) ACK chee Oi 2 AG 
2 es Pls oes eave Ax. 9 
o: Sees Wea, == 5}, 
96 97 = 32 27 =5. ie: 
17. 1. Let x = the number. 
2. Then Gea Teese: 
By As Nes Te BH) — tN Ax. 3 
4. Or fy ds 
iy. Died, 220-317 


19. 
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1. Let x = the number. 
2. Then 22 = twice the number, 
and 4a” = twice the second number. 
Oss" a+2xe+42=70. 
Yee (ee = 0s 
oyb eam) NEw 
Check. 10 + 20 + 40 = 70. 
1. Let x = the number of years in son’s age. 
2. Then « + 40 = thenumber of years in father’s age. 
Sis see ct+t2e+40= 100. 
Boy sc COO: Ax. 3 
5. % = 30. Pall 


Check. 30 + 30 + 40 = 100. 


1. 


2. 


Exercises. VI. 


1. Let x = the number of years. 

2. Then 100+ 0.05-1002% = 2-100. 

On a 5a = 100. Ax. 3 

Ae: = 20. ..20 yrs. isthe time, Ax.-7 
Check. 100 + 0.05 - 100 - 20 = 200. 

1.. Let x = the number of dollars. 

2. Then “2+2-0:06% = 84. 

Oe LAZe= 84, 

Ast Pe (SS Noe Ne 


.. $75 is the sum. 


Check. 75 + 2-0.06-75 = 84. 


3. 


1. Let x = the number of years, »= principal. 
2. Then p+a-0.06:p=2p. 

Sis 14+ 0.06% = 2. ASR 
Bs OLOG eis 1E Ax. 3 
One x = 163. INS il 


.. 16% yrs. is the time. 


Check. p + 163 -0.06p =2>p. 


4. 


1. Let x = the number of years. 

2. Then 80 + 0.06 - 80a = 200. 

oy Ar 4.80% = 120. Ax. 3 
As: sn PI, INOS Hel 


. the time is 25 yrs. 


Check. 80 + 0.06 - 80-25 = 200. 
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5. 1. Let x = the rate. 
2. Then 2000 x = 30. 
Sie w= 0,015 = 14%. Ax. 7 
Check. 0.015 - 2000 = 80. 
Gat. Let. «x = the number of units in the length of the radius. 
2. Then 3}. 2? = 774. 
4900 
By oe C= 114 Oy = . ; 
9g va 9-22 TART 
4900 — 70 
ees oa [ie =O TAK y 
ta 2 eae 77%. 
i 9:22 9 
“wl. Let x =the number of dollars for which 
the goods are sold. 
2. Then x — 0.052 = 79.80. 
Suet 0.952 = 79.80. 
4... v= 84. AXee/, 
5. .*. $84 is the amount received for the goods. 


Ge os 0.05 - $84 = $4.20, the commission. 
Check. 84 — 4.20 = 79.80. 


Exercises. VIII. 


1. (a) (@ + 62)? = (1 + 27)? = 52 = 26. 
(b) b(e + dj? =2(8 + 4)? = 2-49 = 98. 
(c) 5d/be —a=5-4/(2-3) —1= 2}. 
(a) (9% —d +b)? =(8 = 4+2)9=9. 
(e) 8a44+6xc—d=3+42-3—-4=3+4+6-4=65., 
(£) (a + d)(¢ + 4) =(1 +2) (8+ 4)=3-7=21, 
(g) 2+ wb’d? -~a4+b0=241-8-2+142=2+416+2= 20. 
(h) 2a xb=adxc—a=2-2-4-.3—-1=2. 
2. (a) a plus the square of a is identical to a plus the square of a. 
(b) a divided by b is not greater than a, if b is greater than 1. 
(c) The square of a is identical to a plus the square of @ minus a, 
therefore the square of a is less than a plus the square of a. 
(d) Since a = 2, therefore the square of a equals 4, the cube of a 
equals 8, the fourth power of a equals 16, and so on. 
(e) The cube of a plus the square of a is not equal to the square 
of a, and the square of a plus the cube of @ is not less than 
the square of a, if a@ is positive. 
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3. (a) (a + 6)? = a? + 2ab + Bb. 
(2 + 3)? = 224 2-2-3482 
25 = 25. 
(b) (6 — a)? = b? — 2ba + a. 
(8 — 2)? = 82 —2.3-2 + 22 
1S F 
(c) (Bb? — a®)/(b-— a) =b+ 4. 
(82 — 2?)/(8 — 2) =342. 
by Wea: 


(@) (a +b) (a2 — ab + B) = a + BB. 
(2 + 8) (22 — 2-8 + 82) = 23 + 33. 


5-7=8 + 27. 
Soraone 
(e) (b3 — a8)/(b — a) = 0? + ba + a?. 
(38 — 28)/(3 — 2) = 32+ 3.2 + 22. 
19 =19. 
(f) (a + b)? = a8 + 8.4) + Sab? + B3. 


(2 + 3)8 = 28 + 3-.22-3+4+3-2-32 + 33. 
125 = 8 + 36 + 54 4+ 27 = 1285. 
Review Exercises. IX. 


1. The degree of 3 awy' is the sixth. 
ut COs UAE Men! pte is the second. 


66 66 66 «6 y ee third. 
6% 3 66 73 “ oa and nya Ss fifth. 
66 «c “ 66 ‘6 2 is zero. 


2. See §§ 7,9. In : the coefticient is ; and the exponent of z is 1. 


3. ab means that b is to be multiplied by a. 
26 means 20 + 6. 


a means that w divided by y is to be multiplied by a. 
2% means 2 + 8, 
C020. 1/2; 6 Seis See 


4. The etymology of a word is its derivation from original words 
expressing the same idea. See Table of Etymologies. 
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10. 


11. 


12. 


13. 
14. 
15. 


(a) (a + 6) (a — b) = (a? — 82). 
(7 + 5) (7 — 5) = 7? — 52, 
12.2 =49 — 25 = 24. 
(b) (a — 6)? = a? + BD? — 2ab. 
(7 — 5)? = 72 + 52 — 2-7-5. 
4=—49425—70=4. 
(c) (a — 6)? = a8 — B83 — 8ab(a — Db). 
(7 — 5)8 = 78 — 68 —3.7-5(7 — 5). 
28 = 343 — 125 — 210. 8=8. 
(a) (a+ 0)? -—c?=(a+b+4 0c) (a+b —Cc). 
(8 + 2)? -1=(8+2+41)(84+2-—1). 
24 = 24. 
(b) (a+ 6 +c)? =a? + 6? + c? + 2ab + 2be + 2¢a. 
(8 +2 + 1)? = 324 224142-3-242-2-142-1-3, 
36 = 36. 
gt = V8 =2. 9? = V9 =3. 
16? .32¢ = 164 = Vi6. V32 + V16 =2.2+4=1. 
Wao — 4 — 1, 
2-17+3.1—4=1, or1l=1. 
.. Lis a root of the equation. See §§ 16, 17, 21. 
There are four terms, and two members. 


+10 


Pitt 


A 
| — 5 — 10| is the number of units between A and B or 15. 


The degree of the polynomial is the fourth; 3d in x; 2d in y; 
0 in z. 


Let « = the number, then 27+ 327%+4+5=9. 
Let « = the number, then «3 + 5a? + 6 — $z is the expression. 


See §§ 17, 16, 21. 


1. Given g—-2=0. 


Ws 0 Bias Ax. 2 
Check. 2—2=0. 

Steps (1) and (2) constitute the solution. 2 is the root. 2 satisfies 
(1) when substituted, hence it checks the solution. 


10 


16. 


e-eP ee 
wownor oo 


14, 


15. 
16. 
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1. Let a = the number. 
2. Then 0.95-0.90-0.80-% = 41.04. 
are = oie : AX Geol 
; 8-9-95 
4. Or 2605 


Check. 0.95 - 0.90 - 0.80 - 60 = 0.684 - 60 = 41.04. 


Exercises. &. 


1. 3+ 80 —|— 20 —47|= 83 — 67 = 16. 
2.24+5—|—3—4|4+9-|—38-—6|=7—-749-9=0. 
3. 802 — 622 + 522 4+ 242 = 9 a?. 
4. 127mn + 62mn — 110mn = 79 mn. 
5. $50 + $7 — $21 — $30 = $57 — $51 = $6. 
6. 5 + 219 + 10 — 376 — 40 — 37 = 284 — 453 = — 219. 
7. 44+184138—7—2-—-20—-6=35 —35=0. 
Se Si Oi Gh hh — Ok ee 
Oo. 30 -- od oa + 10a —b6a—sa— li d= 260 — 260 —0: 


12 a7y + 4a%y + 10a2y — 16 ay — Sa®y = 7 ay. 


. 60 lbs. — 67 Ibs. + 121 Ibs. — 24 lbs. = 121 lbs. — 31 lbs. = 90 lbs. 


— 10 Ibs. — 18 Ibs. -- 6 Ibs: +- 12 Ibs. + 14 Ths. = 4 Ths 


. 80° + 18° + 10° + 4° + 0° — 7° — 20° = 35°. 


35° + 7 = 5°, average temperature. 


— 2 oz. + 3 lbs. — (1 Ib. 3 02.) + 5 Ibs. = 8 Ibs. — 1 Ib. — 5 02. 
= 6 lbs. 11 02. 


$575.50 + $4875 + $1121.50 — $350.25 — $827 + $1000 = $6394.75. 
16-34 (—5-3)4+15-2+(—4-2)=52. .. 52 miles. 


Exercises. XI. 


Check. 
3a2+4+2ey +402 2. 6Vm+ 2 6V441 =13 
40? —B3ay —2Qy? 5Vm— @2-3y 5V4—-1—-8= 6 
Ba2+ xy 8Vm —2y° -BVAGEE te 
10 x2 +2y2 3a 3 = 3 


19Vm +3" —5y =19V44+3—5 =36 


26-33.] ADDITION AND SUBTRACTION 1 


Check 

ei Dap DARN Xe 4 
—4c —4 

7a 7 
—604+8c¢ 2 

— a+ b-— ¢ 1 


Se Sooo 


5. 16m+3n— 


T7Tm—38n 


Check 

4. 17x— 9y — 1 

14% + 32 23 

— 82+ y — 1 

x —17z —850 

a— 8y+ 42 7 

30% —1ly—10z= — 22 
Check. 
17 
p+4q 18 
ead 0 
= Gana 
7 


23m+4n+2p+2q= 39 


Exercises. XII. 


1. 3a—406+4+ e 
2a—bbd— ¢€ 
a+ 6+2¢€ 


2. 8a—54+2m 


Check 4 ih a+ b+2c 
6— > OL — © 
le ceil r= Ais 8a—4b+ ¢ 


Check. 16-5+4+2= 12 -a—i5e+5m 


56. —Tx?2?-—d3ay 


2 


202 — 8ay — 15 y? 


4a — m oi AG, — Mm 
— a—5a+3m — 6—-54+5=— 56 8a—52+42m 
8. 187+ y—32 Checka to L— 3 = it 8x+8y—4z 
Dit Oise a = a 5a—Ty+ 2 
8x+8y—4z So elo Ye 

4. 7a2+3ab—6b2 Check. 683+ 9-—6= 66 6 a? — 402 
a? + 3.ab — 262 (ae e) — ES AG) a2 + 3ab — 2b? 

6 a? —4R2 54 —4=50 7a?7+ 3ab — 6062 


+1b6y%+2 
— 8ay —15y? 


— 9x2 +15y2+2z 
Check. —7—6 3=—10- — 922 
2—6 — 60 = — 64 2 a2 
—9 60) oi eet = a2 


— 3ay +2 


14 

6. (a) 38a3—7a?4 22-18 
4x3 — 2x2 = 1 
a —5e?+2¢%—14 


(b) 1.5? — 2pqr + 0.572 
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Check. Let-x = 1. 
3$—71+2-—-13=—15 
4—2 +1i= 3 


—1—5+4+2-14=—18 
Checie: eet: pi—\q.— a 


— 8pqr — 1.87? 15—2+4+05= 0 
1.5p?+ pgr+1.87? —8=13=—4.3 
De a he ea ove BB) 
(ce) 2Qat-8eab+ b—— ec Check. Leta =4,6=1,c=]% 
17 at —13b+12¢ 4-124 1 Sees 
— 15a? —8ab+14b—13¢ 34 —134+24= 46 
2330/1234 = 96 oe 
(d) 2a5 —8atb + 2 a3b? — 3.073 + 15abt— B® 
6 ae +38a3b? — a2b3 + b 
4a5 — 3 ab a®b?2 — 2 a2b3 + 15 abt — 2 be 
Check. Leta=b=1. 
) 2—34+2-—-8415-1=12 
6 +38-—1 +1= 9 
—4—38—-1—-2415-—2= 8 
(e) 18 ab} + 4a = 3b 
7a —2a+4b2— 8 
— 7a + 18 a2b? + 6a — 402 — 208 
Check. Let a= 1, b= 4. 
36 +4 — 192 =— 152 
7 —2+64— 64= 5 
—7+ 36 + 6 — 64 — 128 =— 157 
| (f) 2ay— y?+322 Check. Let «= 7 = 1. 
| —sey+ y?2+ 2 2—1 3s 4 
Say —2y2 + 222 —8+4+1+4+1=-1 
§6-2+4+2= 65 


ifs, tile $6000 — $275 + $500 = $6225, B’s capital. 
2 5000 + 750— 1000= 4750, A’s *§ 
5. .. B’s capital exceeds A’s by $1475 
8. (a) P—Q. Check. Leta=vb=1. 
a* + 2ab + 6? 1424+1=4 
2a2+ ab+b2 2+141=4 
— @+ ab —-141 =0 


& 


ADDITION AND SUBTRACTION 


(b) P— R. 
a2+2ab+ 02 
—4ab—7b2 
a? + 6ab+ 8b? 


() Q—B. 
2a?+ ab+ 02 
—4ab—7? 
2a2+ 5ab+ 8062 


(a) Q-P. 
2a2+ ab+b? 
a? + 2ab-+ b? 
a2— ab 


(e) P+Q-—R. 
a+2ab+ 62 
2a?+ ab+ 6 
8a2?4+ 8ab+4+ 262 

—4ab—7b? 
38a2+ 7ab+ 9b2 


(f) P+R—-Q. 
a2+2ab+ 02 
—4ab— 702 
a2 — 2ab — 6B? 
2a?+ abt PP 
Sve sa 78 


(@ P-Q-2. 


az+2ab+ 0? 

2a7+ ab+ 6? 

27 er ee 

—4ab—762 

— a@&+5ab+70 
(h) R— Q—P. 

—4ab—7b? 


202+ ab+ 0 
—2a2 —5ab— 8b? 
a+2ab+ 62 
— 3a? —T7ab—90? 


Check. Let a=b =1. 
T2+1i= 4 
—4—7T=-—-11 
14+64+8= 15 


Check. Let a=b=1. 
2+14+1= 4 
—4—-7=—11 
24+54+8= 15 


Check. Let a= b= 1. 


2+1+1=4 
14+24+1=4 
t—1 10) 
Check. Let a= 6 = 1. 
2+1+1= 4 
$+34+2= 8 
— 4 


Check. Let a = b = 1. 


14241 = 4 
ay ee ah 
ee a ee a 
2e1+1= “4 


—1 — 3 —7=— 11 
Check. Let a=b=1. 


14241= 4 
24+14+1= 4 
—1+41 = 0 
—4—-—-7=-11 


STEEL TS il 


Check. Leta=b=1. 


—4-7=-—-11 
Qe el 4 
—2—5—8=-— 15 
pe oe oe la 4 


Rae = = 70 
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(i) Q-P-—R. 
207+ ab+ 
az#+2ab+ 0 
az— ab 

—4ab— 7b? 
a+3ab+ 70? 


[PAGES 
Check. Let a=b = 1. 
Des WeTe 4 
ee hee 
1—1 = 0 
4 ee 


Exercises. XIII. 


Check 

1.1+1-4 — 
3 —1= 2 
=I = "0 
+4 ae 
4 =e 

.. the sum is 4 @b. 
Check. 


8. 1—1+1—=1=0 
2 ot i= 2 
1 —1=0 
4+2—3+1=2 


.. the sum is 44342 22y—3 wy?—y?. 


Check 

§. L244 
| see od a 

4 =4 


.. the difference is 4 ab. 


Check. 
7. (a) 1484+84+1= 8 
So Hell Bye By 8 


Lee StS 
P-Q=2# 4 6a%y +4y?%. 


Check. 


(ce) 1 SiS 0 
148+841= 8 
—§ “Sag 48 


» R-P=— 3a —d82y?—2y%, 


Check. 
2. 5 —2 +1=4 
a +1 =o 
1 —1 =0 
— th +1=0 

6 —2 +2=6 . 


+. the sum is 6x4 — 2 a2y2 + 2 y4. 


Check. 
4.14344-6= 2 
—1—2+1=-2 
1 == 0 
3 2 Si 8 
§6+2+4-3= 8 
*, the sum is 5/p?+2 p2+4p—8. 


Check. 
6 14+14+141=4 
1—1+1-1=0 
2 +2=4 
*, the difference is 2 x2y + 2 8. - 


Check. 
(bk) —8+38-—3=-—8 
1 — [= 


—1-—348-2=-83 
“ Q—R= —B=3 xy +3 cy?—2 y3. 


Check. 
(id) =—843—3==>538 
14+34+841= 8 
—1-6 = 4 =i 


“Q—P=— 2 — 6 ay — 4y8, 
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Check. Check. 
(e) 1 =l=- 0 (ff) 14+34+841=8 
—38+3—38=—3 1 —1=0 
P+3—32.2= 3 Sie By sb) 3 63 

“ R- Q=% +4 3a%y —3ay24+2y3 «. P—R=S8a%y + 32y2+2y%. 
Check. Check. 
(g) 14+84+3+1= 8 (hb) 14+3+8+1= 8 
—3+3—3=—$83 —3+3—3=—3 
1 —i= 0 1 = Of 12 
2 -6—3s—=— 5 1 —-l= 0 
« P+Q+ R=223 4+ 6ay?— 3%. 6—1= 55 


 P+Q-— R= 62y2 — 3. 


Exercises. XIV. 


1. pP+2pq+—(P—p)=p? +2pg+ F— G+ p?=2p? + 2pg. 
2. a? — 30? + (2a? + 70? — c?) 
=0?4+202- 30472 —2=3 024402 — 2 
8. a? — (3.0% + a? — 8) — B83 + 3a% 
=a? — 30% —@8+0—043e0b0=0., 


4, 20? —3ay + y? — (20? + 8ay — y?) 
=222 —38ey+ y? —20?-38ay+y=— 6ry 427. 
5. 5m — (8m? + 1) — (4 m4 + m3 — 8) + (m3 + 1) 
=5 m3 — 3m8 — 1 —4m4 — m+34 m4 1=-—4mt+ 2m + 3. 


Exercises. XV. - 


1. — [a? — (2 ab — 6? — a?) + 67] 
=— a? + (2 ab — b? — a’) — 0? 
= a? Dab — 62 = a? — 
=—@+2ab—-HP+e0-—) 
=2 ab — 2b? 

2. 4a? — {502+ a — [6a — 3a — (0? — a)}} 
=40—50—a+[6a?-3a— (bP? —a)] 
=4a?—5—a+6a?— 3a — (0? —a) 
= 10a? — 66? — 3a. 

3. ate — [ax + a? — (ae — a?) + a7] — ae? + 2? 
= ae — ax? — a? + (aa — a”) — 2? — ax? + 
=2a?x — 2aa* — 2 a2. 


Sy 
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3. 
4. 


MANUAL TO ALGEBRA [PAGES 


10 m2 + 5mn — [6 m2 + n? — (2mn — m? + n?)] — n? 

= 10m? + 5mn — 6m? — n? + (2 mn — m? + n*) — 

=3m2+ 7 mn — 3 n2 

—(—(—(-::— (—1)-::))) = + Lif the number of sets is odd. 
66 sé oe = peed 1 ce ee “se “ce even. 


Review Exercises. XVI. 


See §§ 16, 18. Illustrations: 
(a) a+b—c=b —(c — a) is an identity. 


(b) Lo = 71 ‘¢ equation. 

|2—38])=|-—1]=1, § 39, 2 and § 380 
|8 —2,|=|4+1]=1. § 39, 2 and § 380 
* [2 —3|/=|3 — 2]. Ax. 1 


See Table of Etymologies. 


The arithmetic definition is formulated with reference to posi- 


tive numbers only; for the definition of the algebraic sum of two 
numbers see § 39. The algebraic sum of a series of terms is found 
according to § 40. 


5. 


There is an advantage in the use of detached coefficients, since 


this process saves the writing of the letters and also gives prominence 
to the relations between the numbers to be combined. Also, since 
the simplest check, generally, is the substitution of unity for the 
letters, the detached coefficients represent the actual results of this 
substitution. 


Check. 
Tllustration: a+ ab + ab? + U3 eee eleet in ae 
a® — 2 a2b — B 1-2 —-l=—% 
+ arb — ab? ies al = ¢ 
2.3 2 = 2 


6. 


—6-+56=>0and —5 + 7 =2; 
“0 — (— 5) = 5 and 2 — (— 5) = 7. 


(a) [e@t+@+y+e—y)—c]=et+e+y+e—Y— eH 2e. 
(b) a— {a—[a—a—(b—a)]}=a—a+u—a+b—-—a=b—-a. 
(c) 8a—[b+ce—(a—b)+a]—b 

=30 — 0 — 6 10 — 01 tO 

=8a—3b-—ce. 
(d) x2 — (2a? + y? — (2? — y2 — y? — 2) + y?] — 2 

= 0? — 29? — y? 4 a2 — y? — y?2 + oo? — y? — yF =o? — By?, 
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8. (a) a? — b — 2c? — 38bc =a? — (b? + 2c) — 8 be, ete. 
(b) 3p? — 4 pq — 29? + r2?=3p? — (4pq + 2) + 7%, ete. 
(c) 408 —20?-7e%+4+1=443 — 222 — (7x — 1), ete. 
(d) m* — m3 + m2 —m +1=m* — (m3 — m2) — m + 1, ete. 


9. See § 49. The proof relates to positive integers, but step 6 shows 
how it may be extended to negative integers. The fractional and surd 
numbers have not been considered. See § 50 for the Associative Law. 


Exercises. XVII. 


1 —2-.-—-7=14. 2, —4.—£=3, 

3. 72-—}-—3=6. 4. —}--}--i=-y. 

5. (— 2)?-(— 3)? =4-9=386. 6. (—1)".(—2)#=—1-16=— 16 
7. 4-5-—3-2-1.1=—8, 8. 1-—2-3-.—4.5-—6=— 720. 
4). 1-—2-—3-—4=24, 10. 5-3-1-—1-—8-—5 =— 225, 
11. 1-(—2)?-38.(— 4) =1-4- 27-256 = 27,648. 

12. (— 1). (— 1). (— 2)8 =1- —1-. — 82 = 82. 


1 
13. 4-5-2-1-0-—1-—2-—3-—4=0. 


Exercises. XVIII. 
1, —@-(—a)?=—-@-@=— at. 
2. 25 ab@c?dt - 2 a4b?c2d = 50 abbechdd, 
3. a-—a*?-—a@-.—at-—@=-— qh, 
4 


a-(—a)?-(— a)®- (— a)*- (— a)? 
seis =e ee ge: 


ge. ge? .g = oe tet], 
amyn. nym « xy? — gyn n+ 2ym+n+ 2, 


wyrzt 3 xyz ? a ytz2 69) = gl0yl0z10, 


Ctra 


e778 gb. yh. yh. YT. 29.28. z= ql8yl8z18, 


Exercises. XIX. 
1. a? (a? + 6? — c?) = at + ab? — arc? 
Check. Leta=1,b=2,c=3. 1(1+4-9)=-—4=144-9. 
2. 5 mixy (xz? — 3 2% — 4) = — 10 mix?yz? — 20 may. 
Check amectyin— i = 2. y= 3. 2 4. 
30 (82 — 96 — 4) = 30- — 68 = — 2040 = — 1920 — 120. 
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. — Tey (— day? + 2xy) = 21 wy8 — 14 2872. 


Check. Leta =1, y= 2. 
—14(— 124 4)=— 14. —8 = 112 = 168 — 56. 


. 25 ab?c8dt (2 atb? + 2 c2d) = 50 a®bec3d*t + 50 abcde. 


Check. Leta=b=c=d=2. 
25,600 (256 + 16) = 25,600 - 272 = 6,963,200 = 6,555,600 + 409,600. 


. —ba[—34a+2(a — 2)] = 15a? — 1l0a(a — 2) = 5a? + 204. 


Check. Leta=2.  —10[—6+2(2—2)]=60 =20 +40. 


. —Tm nk (2m—3n—4mn + 6 min). 


= — 14 m3n3 + 21 in?nt + 28 m3nt — 42 ment. 
Check. Let m=n = 2. 
— 224 (4 — 6 — 16 + 96) =— 896 + 1344 + 3584 — 21,504. 


Exercises. XX. 


a+b Check. Leta =b=a=y=1. 
e+y c 1+] =x 
aa + bx + ay + by 1+1 2 
14+14+1+1=4 
eo +y Check. Letx=2,y=1. 
amet | 2+1 hes 
‘2 + ey 2-1 = il 
—ay —y? VETS Ss 
a2 —y? 

. ey? Check, Weta 12 eyes 
x+y 4-—] 55 
v8 — wy? + ay — ¥8 241 = 

82445750 
Yee Or Checle, vet" 1g) =i Syl 
a — 3y? Lari =2 
px? + gx? — 3 p2y? — 3 q2y? ene = 
4+4—-—3-—3=2 
4p? —5q? Check. Let p=2,q=1. 
Sl eerOe 16 =a 
16 p* — 20 pq? 164+ 5= 21 
20 pq? — 25 g# 256 — 25 = 231 


16 pt — 25 gt 


46-47.] 


6. 


10. 


xi is 


12. 


a2 + 62 + ¢2 
a+b +e 
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a’ + ab? + ac? + ab + b3 + be? + ate + be + 63 


Oheck: Leta=b=c]1> teeta 
14+1+41 


3 
a 


14+14+14+14+1+4+1414141=9 


. @+at+a 4+ 


Check. Let a= 2. 
Gy Al 8444241=15 
a+a8+a*#+a 2—1= 1 
—a—at*—a-—l1 16 —1=15 

at = —1 

5a? —x+1 Check. Let x = 1. 
8a?—a2—2 etnies 5 fk 
152 — 323+ 322 3— 1=—2 = 10 
— 5x4 v— «2 145—18+4—5+41-2=0 

— 1023 +2%—2 


152° — 524 —1823 +4224 “2-2 


+ _ xy + 8a%y? + day? + y4 


xt + 4asy + 6axry? + 4 ay? + yt 


5a? —2a2—3a+4 
8 a2 — 2a 
15a — 6at—9ae4+ 12a? 


—10a4+4a%+ 6a?—8a 


15 a5 — 16 a4 — 548 + 1802 — 8a 


. 26 +38y-—2 Check Wetht —y) —=2e— Ne 
22 —38y+2 2+3-1 =4 
4224 6xy —2xz 2—8+1 —0 

— 6ay —9y+3yz - 4-9+6-1=0 
+ 2 xz +38yz— 2 : 
4 a —9y? + 6yz— 2 
w+ o8+ta2+4¢ 41 Check. Let x = 2. 
x —1 16328-2143 
M+ wt+e+at+ « 2 - 1 
— g—a—27-— xe-—1 32 — |= $1 

x —1 
eB4 38er%y 4+ 38ay2+4+ 3 Check. Let x = 2, y = 1. 
ety 8+12+ 6+1 127, 
w+ 3a38y+3e7%y2+ xy? 2+ 1 - 3 


164+ 82+ 244+8+4+1=81 


Check. Leta = 1. 
5§— 2-34 4 —4 
8— 2 == il 
15—16—5+4+18-8=4 
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13. a? + aS + a5b? + a4b3 + a8dt + a?b® + abo + BT 
a —bd 
a8 + a7b + a®b? + a5b3 + atbt + 035 + abo + ab™ 
— alb — a’b? — a5b3 — atbt — a®b® — a?b® -- ab? — 08 


as — 68 

Check, ete ==. P41 +1 Tees Pees 
1-1 = 10) 
1 Sat) 


Exercises. XXI. 


2 
1. 2 — 8 Check. Letx = y=1. 
x3 + y8 1—1=0 
xo — a3y3 leh 
i + ay8 — y6 fe iee—7 9) 
xo — yf 
2. ae + 2a Check. Leta=az=1. 
va — ae etme = 
aez8 + arxt i 1—1=0 
— az3 — atx? = 10 
atxt — atx? 
3. —2? + xy? — ¥8 Check. Letx=y=1. 
—e% +y —1+1-1 =-1 
xt — e8y2 + ay? — a8y + a2y3 — yt Ajeet = 
1—141-—-1+41-1= 0 
4.0 +y+z2 Check. Let x =y=z= 1. 
x +y-—2 14+1+4+1=8 
w+ wy + xz 14+1-1=1 
ay + y? 4+ yz 14+2+1-1=8 
— @% — y2— 2 
a? + 2ay +.y? — 22 
5. 1—a®+ at — a Check. Let a = 1. 
1+ a 1—1+1-1=0 
1 —a?+ at — af 1+1 =o 
+ a? — at + a’ — af i —1=0 


il —@ 


47-49.] 
6. a7 + ay + x6 
w—38xe+y 


10. 


Wo, 


x? + aly + x26 
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— 328 — 3 xby — 3ay6 


+ aly 


x + 2aly + ayo — 328 — Zaby — Z3ay® + wy? + y7 


Check. Let x = y = 1. 


+ wy? + y7 
14141 =3 


14+2+1-—8-—3—-—84141=-3 


- YP —Zyzt+ge 


2Y — 32 
$Y — yet ye 
— 2 Y2tyZ-— 12 
ty—Lyet+ by@—Be 
— x? + ayz—y?—22 
vy tz 


Check. Let y = 2, z = 8. 
1—-14+1=1 
1-1 10) 
1—2+2-1=0 


— 23 + 2?yz— ay? — 222 ary + ay22— y3— yz? — 22 4+ wy22— y2z — 23 


Check. Let xe =y =z=1.- 


pe r2po +9" 
pi—2p'q+ pq? 
2 p®q — 4p*g? + 2 pq8 
Yl 8 il a 
pt — 2 pq? + 4 
—a?+38ab + 02 
a2+3ab — 0? 
— 8a3)+ 9.ab2 + 3ab3 


—14+1-1-1 =—2 
1+1+41 = 
Meet i— ft hal he | ee 
~ p?—2pq 479? Check. Let p=2,q=1. 


4—-441=1 
44+441=9 
16—8+4+1=9 


Check. Leta=b=1. 
—-1+ 84+1=8 
1+ 3—1=8 
—14+11-1=9 


+ _a%? — 8.ab3 — bt 


— at + 11 a?b? 


a —at+ae—a?+a —1 
a+l1 
a —at+a2—a?+a-1 


— ot 


Check. Let a = 2. 
82 —16+8—4+4+2-—1=21 


2+ 1 =—IS 


64 —1=68 
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12. «2 — 82%y 4+ 382y? — y? 
a —2ey +Yy? 
we — Baty + Sasy2— a2y3 
—2ay+ 623y2?-— 6x28 + 2ay4 
x3y2— 3a2y3 + Bayt — yP 

x — Baty +. 10 wy? — 10 x?y3 + 5 ayt — yP 

Check. Letxw=2, y=1. 8—12+ 6-1 =k 
4— 44 1 =) 
382 — 80+ 80 —404+10—1=1 


13. e2@tay +2e2-—3y2+y2+42 


n—y —224 
w+ ay +2022 —8axeyz + vy? +4222 
= Hy — 2uyz — xy? + 3y%z — y8 — 4 yz? 
— 22 — 2 xyz — 4x22 — 2 yz +16. yz? = 825 
x — Txyz + y?z—y+2y2z2— 823 
Checka Veta Sy =2.— 1. ot dee = 6 
1—1—2 =-— 2 
1 7+1-—-1+4+2-—-8=—12 
Exercises. XXII. 
ih, ial a) ae a} =0 ° Check. Letx=y=1. 
—1}/ —1+1—141=0 
1—2+4+2-—-2+1=0 -. ct — 2a38y + 2a2y? — 2ay3 + yt 
2.  1J/1—1+1-—-1 Check. 0-1 =0=1-—-2+483-—342-—1. 
—1); —141-1+41 
+1 P-1+1=1 


1357 2328928 
o. © — Qaty + 8 x8y2 — 3 wy + 2ayt — y?®. 


8. Ijl—141 (Onion, Ost Oi = PSE 9h, 
| —1}| —1+1-1 
1-—-242-1 «a8 —2a2y + 2 ay? — y8. 


400 111—-141=1 (Check 0 C20 =12 046 eget 
Set =) Serie ae 
ant etiecttaort 
= pg Uy yh Aa 
di 2 8 = ee Sees eae 
08 — 2a5y + daty? — 4 a8y3 + 38 e2yt — 2 ny? + 76, 
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5. Check Or OF ts —0- ih to ede eae 
—1} —-142-1 ac 
1 1—241 
1—34+4-—341 
-. 0 — 8a5y + 4a2y? — 3 ay? + 1. 
6 1j/1—1+41 (Clap ies al i 1 OPE Be Ste I 
—1} —1+1-1 
1 1-141 
1—24+3-241 
o. G — 2a8y + 3a2y? —2ay3 + 4. 
Weems: Check et 010 eel 


—1} —1+4+1-1 
aot heed 
Pigeons So] 
—l1l) —1+4+2-—3542-1 
1—3+5—5+43-1 
v. @ — day + 5asy? — 5 ay? + Bayt — y?. 


8. Q?R2=Q-Q- RR. See Ex. 7. 
1j1—3+45 emo il 
—1} —14+8- 54+5-341 
1—44+8-—10+8-—4+41 
Check. 0:0 =O0=1—4+8-—10+8—4-41. 
“. 2 —4 ay + Saty? — 10x37? + 8 x2yt — 4ay> + y?. 


92> Lie 1 Check 2 = 21 4a le 2 as 
+1 1-1 
14241 2. 0 4+ 2ay + y?. 
10. iji-—1 Check.-0:0 =O0=1—2-+1. 
—1| —1+1 
1—241 . 02 — Quay + y?. 
mo de 1. ORCCk 2 18 ee oe oeeenl 
+1 ile 
ite 2 1 
+1 1+2-+1 


1484341 ~O+3ey +3ay? + y% 


14. 


i 
2. 
3. 
4. 
5. 
6. 
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Check. 0-0-0 =0=1-—38+483-1. 


. a3 — 322y + Bay? — y3. 
Check. 0-2 =0=1+0-—-1. 


eee ty a 


(a 


— 


Substituting ¢=y=2=1, 

(1 +14 1)? — (18 4 18 4 18) =810 +1) +1)0+D, 

or 33 — 8 =3-2-2-2, 

ee 24 = 24. 

Expanding both members, 

w+ 3a%y + 3222 + 8xy? + 6xyz 

+37224+ y438y224+8y224+ 2-2 —y— 2 

=6ayz + 3y22 4+ 384224 8y224+ 8a2%y 4+ 3ay?+ 8222. 

Substituting ez =y=z=1, 7 

(+1)? G+ 1)? +0 4+1?-(?4+ P+ 2)=04+149)3, 
4+4+4-—38=9, or9=9. 


(b 


a= 


Expanding both members, 
P+ 2ey + yr? + y27 + 2Qyz + 22+ 24 22a4+ 02a y?— 2 
He? 4 2ey +202 + y2 + Qyz + 22. 


Exercises. XXIII. 

42. 38 = (40 + 2) (40 — 2) = 1600 — 4 = 1596. 
23-17 = (20 + 3) (20 — 8) = 400 — 9 = 891. 
95 - 85 = (90 + 5) (90 — 5) = 8100 — 25 = 8075. 
(a? + 3)? =(a*)? +2-3a?+9=at+6a2+9. 
(a? — 2)?=(a7)? —2.2a7+4=alt—4a7 +4, 
(2p + 12 =(2p)? + 38-(2p)?-14+3-2p-1+4+1 
=8p?+12p?+6p+41. 


(22% — 1)3 = (22%) —3- (22%)2-148.(22%)-1—-1 
=828 —12 24+ 622 — 1. 


. (20% — y)? = (207)? —2-20%.y + y2=4 at — A gry + y?2. 
. [a-b+0)? 


=a? —2a(b+c)+ (64+ ¢2=a? + 02 4 c2 —2ab + 2be — Qca, 
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10. 
1 
12. 
13. 
14. 


15. 
16. 
INC 
18. 
19. 


(2a? + 1)(2 2? — 1)=(2 02)? _1l=4a4 —1. 

(a? + 38)(a? — 3)=(a2)? —-9=at — 9, 

(a + b — ab)(a + 6 + ab)=(a + db)? — ah? =a? + 2ab 4 b? — a®b?. 
[(a + b)(a — b)]? = (a? — b?)?= a4 — 2 a2? + bt. 

(a? + 2ab + b2)(a2 — 2ab + b2)=(a? + 8 + 2 ab)(a? + 2 — 2 ab) 
= (a? + 6)? — 4 a2b?= at — 2 a2? + OF. 


(xt + yt) (at — y*) = (a4)? — (y*)? = a8 — 8. 

422 — (40 + 2)? = 1600 + 2-2-40 + 4 = 1764. 
49 - 51 = (50 — 1)(50 + 1) = 2500 — 1 = 2499. 
492 = (50 — 1)? = 2500 — 2-50-1 +1 = 2401. 


(a) (a? + 02 + c? + d?)(w? + a? + y? + 2?) — (aw + ba + cy + dz)? 
= a?w? + b2w? + c2w? + d?w? + a2a? + ba? + c2a?2 + d2x? 
+ ary? = by? ab czy? = d2y? + Q2z2 + b2z2 + c2z2 + q2z2 
— a?w? — bx? — c2y?2 — d2z2 — 2 abwx — 2 awcy — 2 awdz 
— 2bcay — 2 bdxz — 2 cdyz 
= b2w? + c?w? + d2w? + ara? + 02x? 4+ d2x? + ary? + b2y? 
+ d@y? + a2z? + b2z2 + c222 — 2 abwx — 2acwy — 2 adwz 
2 bexy — 2 bdxz — 2 cdyz 
= an? — 2abrw + b2w? + c2z2 — 2 cdzy + d®y? + a®y? 
— 2acwy + c2w? + dx? — 2 bdaz + b?22 + a®z? — 2 adzw 
+ d2w? + b?y2 — 2 bexy + c2x?. 
Orsubstivuterdi— 0 C—O We and 
Mati Ne id 1) (t+ et) = 166 
]0=(0—1)? + (4)? +0 = 1244 — 1)? + — 1) 
(by) @+y)? — a? — 98 
=e 4+ Bar 4+ 3ay24+y— 2B - Y= Bary 4+ 8 zy? 
Say (@ + y)(x? + zy + ¥?)? 
=B8ey(at+y)-1l=swy + 32y?. 
ete —/— I 
(1+1)8—1—1=6=8-(141)-(1+1+1). 
(c) @+y)P— 2 —¥ 
=> + 5aty + 10 v3y? + 10 22y3 + 5ayt + y® — w — o> 
=5aty + 10 a%y?2 + 10 x23 + 5 xyt. 
Bay (x + y)(a2 + ey + y?) = (ary + 5 xy?) (x? + xy + y*) 
=5aty + 10 23y? + 10 xy? + d ayt. 
etn y = 1. 
(1+1)§-1—1=82—2=30=5-(1+1)-(1+1+1). 


J87 


20. 


Li. 
3 

5. 
ds 
9. 
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@) @+yi-a-y¥ 

Hari + Taxby + 21 ay? + 35 xty8 + 35 xy*t + 21 2745 

Pe cy Ye ue 

=T aby + 21 xy? + 85 ety? + 35 wy*t + 21 ay + Try. 

Tay (@ + y) (x? + xy + y*)? 

= (Tay + 7 xy?) (at + 3a?y? + 2a8y + 2ry? + y4) 

=T ay + 21 ady2 + 35 ety3 + 35 w3y*t + 21 w2y> 4+ 7 ay. 
(a) (a? + y?)3 = (a2)3 + 8 (a?)2y? + 3.22 (y?)? + (y?)3 

=v + 8 arty? + 3 a2y4 + y?. 

Check. Letw=y=l. '((1+1)3?=8=1+4+343+41. 
(b) (a3 + y3)2 = (a3)? + 2 x8y3 + (y3)2= 28 4+ Qady3 + y. 

Check Leta y = 1 (i)? = 4a le 


Exercises. XXIV. 
m\n — g2ngmn mpm)ym — qmpm 
(a2a") = gtnginn, - (arom) Oe De. 
(— abc) = atd8c22, — (a28c4)t = — aSh2cl6, 
(a®)4 = a2, (a4)3 = a2, . (@)> = a, (a)? = ald, 


( = amr)? mn — g2m2nh2 mn? 10. (— + a?bm)4 m — (4)! m aysmpim, 


2 

. (a%bictds)2 = ath5esq, 4. (— a%b8c)3 = — ab’, 
6 
8 


aus [- (a?)?]? =— Qs, 1 (— am bncp)2 = — g2mh2ne2p, 
. (ayn =a, (arym = arm, oy (am)n = (ae)™: 
. No, since m” = n™ for all values of m and n; e.g. 23 = 82. 


- (ambrymnr = (arbm)ymn, since m?n = mn? in general. 


Exercises. XXV. 


1. (20 + 1)? = 400 + 40 + 1 = 441. 


(x? — 3 y)8 = (2?)8 — 3 (a?)?- 3 3 4+ 3x2 - (3 y3)2 — (3 y3)8 
— Daty® + 27 22y — 27 9. 
- (+ 8yP=22 + Bay + 9y?. 
« (& + 6 xy + 9 y?)? = [ (a2 + Bay) + 9y?]? 
Sat + 12 xy + 36 xy? + 18 y? (x2 + 6 ay)+ 81 ¥*. 
(© + 3 y)* Sat + 12 a8y + 54a2y2 + 108 ay3 + 81 yt. 
(2@ — Ty)? =4 x? — 28 ay + 49 y?. 
» (402 — 28 ay + 49 y?)? = [(4 a? — 28 vy) + 49 y?]2 

= 16 at — 224 xy + 784 7272 

+ 2-49 y? (4a? — 28 xy) + 2401 y4. 

3... (2% —Ty)#= 16 xt — 224 wy + 1176 a2y2 — 2744 ay8 + 2401 yt. 


Sata 


ro co 
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5. 1. (am + y™)2=22m 4 QD ymyn + y2n, 


10. 


iti te 


2. (aam + 2Zamyn + + yry2= li(e2e + 2 ery”) + BPN 
=gtm = 4 g8man aE 472 my2n + 2 y? ram + 2 emyn) At yin, 
7 cone + y”)4 = gim ee 4 gbmyn + 6 x? my? nt 4 ayn + yt n, 


. (@+b4+c8=[(a +b) +c] 


=(a+ db)? + 8(a4 b)?e + 8(a + b)c2 4 03 
=a?+3a2b4+ 3 ab? + b3 4+ 8a2c4 Gabe + 3 b2c + 8ac? + 3bc2 4+ c3. 


1. ($0 —2y)?=40? — Bay + ty 
2. [Ge — gay) + $y? 
=;a4 — tay + Su7y?2 + 8 $y? (La? — 2% vy) + tS y4. 
3. -. (4a — bya er Laty + 4a%y? — 49x98 + Fey. 
1. (—2— 3y)?=2? + 62y + 9y?. 
2. (x? + 6ay + 9y?)?=[(a? + 6ay) + 9y?]? 
= + 12 e3y+ 36 wy? + 18 y? (x? + 6 ay) + 81 4. 
3. 6. (— 2 —3y)t Sat + 12 ay + 54 72y2 + 108 xy? + 81 yt. 


. (228 — 3 y4)> 


= 32a — 240 2yt + 720 ay8 — 1080 2oy)2 + 810 x3yl6 — 248 x20. 
Catcularion. 2—3 


> 225 
4—1249 
2—3 

8 — 24+ 18 

— 12 + 36 — 27 
8 — 36 4+ 54 — 27 
Op = B 


16 —72+108— 54 
= 94 4+ 108 2162+ 81 
16 — 96 + 216 — 2164+ 81 
23 
32 — 192 + 482 — 432 + 162 
— 48+ 288-— 648 + 648 — 243 
— 240 + 720 — 1080 + 810 — 2438 


(a+2b+c)?=[(a + 2b) +c} 
=(a+2b)2+8(a4+4+2b)2e + 38(a4+2b)7%+¢ 

=a? + 6a%b + 12 ab? + 8b? + 3a2c + 12 abe 4+ 12 bc 

+ 3ac? + 6 be? + c3, 

(-a—b—c)?=[-— (a+b) —cP=(a4+ 0)? +2(a4+ b)c+c? 
=a? + 2ab + 0? + 2ac + 2be 4 c?. 


28 


12. 


13. 


14. 


15. 


16. 


ie 


18. 
19. 


20. 
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(a2 + 2ab + 0)? =[(a? + 2 ab) + 67]? 
=at + 44% + 402? + 2 (a? + 2 ab) b? + bt 
=at + 4 @3d + 6 ab? + 4.ab3 + Dt. 


aie ws 
Yee > ee Ge we oe ae Dera s) 1 
See oe la ee + 6 
at 


we 1S es 1 


Gye ie a 


SS 45 : 

43 af 36 Beat 

a et a) nee ‘) 5 | 2 

4237 62 =| 42 3 2 

i AER ae code Poa? Ae ee eee cn 
pale Gn Ol cd ) ii 8 ae ee 


(a0 — 8 4+. ¢)2 =] (a — 08) + c)? 
= a — 2 alY8 + B16 + 2 c8 (al) — D8) 4- cP 
= a? — 2 ald8 + 16 +, 2 atch — 2 bec& + cl. 


(at + ay? + y#)?=[(at + y*) + a2y?]? 

= 28 + Qatyt + y® + 2a2y2 (at + yt) + rtyt 

= 28 + 38 atyt + 2 ay? + 2 x2y8 + 8. 
(4a+2b+c)?=[Ga-+ 26) +c}? 
=Htar+2ab440?4+2cGa42b)4+e 
Hte2?+2ab4+40P4+ac+4be4 c?. 

(81 m2 — 20 n?)? = 961 m* — 1240 m2n? + 400 ni. 


(a —2b + 8c)?=[(a — 2b) + 8c]? 
=a@—4ab+ 4? 4 6c(a—2b) 4+ 9? 
=a?—4ab+4+ 40? 4 6ac — 12bc 4+ 9c?. 


(a—b+c—d)?=[(a — bd) + (c — a)]? 
= (a — b)? + 2(a — b) (c — d) + (c — a)? 
=a? —2ab+ b? + 2ac —2ad — 2be4+ 2bd4+ ce? —Bed + @. 


Exercises. XXXVI. 


. (@+y)jt=at + 4x8y + 6 xy? + 4 ry? + yt. 
. (lL—a)s=1 — 8a + 28a? — 56.03 + 70.a4 — 56.45 + 28 a8 — 8a7 +4 a’, 


(1 —1)8 = 1 —8 4+ 28 — 56 + 70 — 56 + 28 —8 +1. 
See also pp. 56-57 of the Algebra. 
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14. 


15. 


16. 


17. 


18. 


. 1-1)’ =1-—7 +21 — 35 4+ 85 — 2147-1. 


. ( — y)T Salt — Tey + 21 ely? — 35 ay? + 35 abyt — 21 atyd 
+ 7 x2y8 — x7. 


. (1-1) = 1—10 + 45 — 120 + 210 — 252 + 210 — 120 + 45 


—10+1. 
. (@ — y)M =a — 10 a%y + 45 a8y2 — 120 a7y3 + 210 xoyt — 252 x5y6 
+ 210 xty® — 120 w3y7 4 45 x2y8 — 10 zy? + x29. 


. (a— 2b)? =a? —4ab 4+ 402. 

6. (204 y8)?=4 22 + 4ay3 + 98. 

1. (wy — 8 y?)? = arty? — 6 2% + 9 y4. 
-(@+y—zP?=[(@+y) —2P?S22 4+ 2ay+y2?-Q22ety)+z2 


=72 4+ 2ay + y? —Qez —Qyz 4+ 22. 


. 2 —ty+42)?=[(4% —ty) +42]? 


Se ey Tae eee 5 ee 
Spe? — fay t+ gy? + pee — fyZt py 2. 


fs (4 v2yszt + 4 aty3z2)2 = Latyzs =f 1 ghy 626 + 4 xhyozt. 
. (a—b—c)?=[(a — b) — c}?=a® —2ab+ 0% —2c(a—b) +2 


=a? —2ab-+ b? —2ac4+ 26ce4 c2. 


. (2a —3b)t = (2 a)4 — 4 (2 a)83b + 6 (2.a)2 (3b)? — 4(2.a)(3b)3 + (3)4 


= 16 at — 96 ab + 216 a2b2 — 216 ab? 4+ 81 54. 


. (a—b+c)?=[(a — bd) + c]8 


=(a — 6)? + 38(a —b)?e+3(a—b)P+03 
=a? — 3a*b 4+ 38ab? — 6? + 8a%c — Gabe + 3B2c + 8.ac? — 3 be? 4+ c3. 
(Ba + 2 y?)5 
=(82)> + 5(8.x)#2 y? + 10 (8.2)3 (2 y?)? + 10 (8 x)? (2 ¥?)3 

+ 5 (8x) (2 y?)* + (2y?)? 
= 243 x + 810 xty? + 1080 xyt + 720 x2y6 + 240 xy8 + 32 2. 
(42? — $y?) = (4.2)3 — 3 (4.2%)? ($y?) + 34.27) Fy’)? — FY’)? 
=148 — Laty? + Laryt — 1 yf, 
(8 a? — 2ab + b?)? = (3 a? — 2.ab) + 3 (8 a? — 2 ab)? b? 

+ 3 (3 a? — 2 ab) bt + b8 
= 27 a — 54. a5b + 63 ath? — 44 a3b3 + 21 a2b* — 6 ab> + BE. 


LAW 1 
(e+-) pak meie Fe 


Colon 205 lon) Corel 
i) aor be ~ 8 ta x 
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CeneGelinbe ie Qletite 
(110) a(2)'-(2Jfoa9 +2(2) eo 097 


& 


il 


© 


20. 


i) 


2 ot at — 27 28. 
£ 


| a. (L-2+0)'=[(4-2)+2]' 
=(4-2) +8(4-2) #@+3(5-2) a+” 


= 


| ai ne 842 _ 194 192% 4322 —6at 428 
| go gt 2 fey 
<4 
es 1S 0 8 Oe 
go gt 
4m 2n 
22. 
} 3n2 3m 
= ($5) =9G5) (Fa) +#Ga Gs) - (FS) 
i WNS2 "N38 2 3m 3n' 3 m4 mite: 
: _ 64m9 32m? 16 zg 8 ni 
Ty Dink 9n 9m> 27 mi2 
Exercises. XXVII. 
pm 184 — x? = 40. 
ee — 72 = 40 — 184. Ax. 3 
Sh x2 = 144. Ax. 6 
4. Ai) fom A BP Ax. 9 


Check. 184 — (+ 12)? = 184 — 144 = 40. 
2. See Table of Etymologies. 3. See §§ 52, 53. 
4. See § 52. 5. See § 60. 6. See §§ 61, 62. 


Not arranged. Arranged. 
1. Sa%y +28 4+ Say? + ¥3 x + 3a2y + 8ay? + y8 
y+te e+Yy 
Bey? + wy + 3xy3 + yt? w+ 3x%y + 3a%y2+ ays 


+ 8a? + 3a8y 4+ xy? + x + xy + dx%y2 + 8 ay? + yt 
6x72 +4a8y +4ay? + yt + at at+ 4asy + 6 ary? + 4 ay? + yf 
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8. See Exercises. XVI, 5. 
Illustration. The solution of ex. 7 by detached coefficients is as 
follows : 
1j14+843841 
+1 14384341 
14+44+644+1 
tt + 4a8y + 6 x2y? + 4 ay? + yt. 


Exercises. XXVIII. 


th = AS a iy: 2. 80 =— 16 =— 5. 
2 5 atheé 
3. LE 4. oe ee 
mie — 5 abe 
ai ae 49 41872098 
x pe EE 6. ie a aS 
— 5 y2z8 ) — 7 wz? 
eh AeA — 35 291012 
". ee V2 Oye. g, —— Pt = bor. 
7 ay?z3 = 7 pegrt 
— B56 qli7p14 = 0 
9. Ge OC Cha ai. 10. Se San: 
— 8 alebe g— 3 
Exercises. XXIX. 
doy = 4 
ale BE, oh High 
— 27 xy 
CRS fee By f 
oO: 121 mn 110 m?n =—11n + 10m. 
— 11 m?n2 
4 3, 2 29/2 3 
pe ey + OY" — (8 + 80% + Bay? + 2 
ay 
ss 7 oe 4p2 3h3 
f 3 ab — 12 atb? + 9 ab =a? +4ab — 882. 
—+3a%d 
4_ 2 78 262 — 7 ab? 
pa Oe gs 4 3.0%. — Sade TH. 
—a 
Py ae 2.3 Fe 38h2, 
6. ae eee Bee SG oh eR a: 
17 abc 
9 87/5 — 75 60/8 25 37/3 
ee eo Me ee 82 6 


25 x3y3 


32 


13. 


14. 
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65 x2 my? — 52 a8my8 4+ BO asmy?t _ 
— 13 xm? * 
5 p* — 15 pg + 10 2g? — 20 p> _ 
5 p? - 
2(a + b)® — 8(a 4+ 6)3 + 2(a + Bb)? 
(a + 6)? 
48 ally — 36 al6y + 72 ry16 — 108 xy Eee 
12 cy 
(x? + 2ay + y?)3 + (x2 + 2ay + y*)? 
— (x2 + 2ay + y?) 
=— (a? + 2ay + y*)? — (e+ 2ay + y?). 
(2% —1)7+5(2a% —1)5 — (2a — 1)8 
— (2% —1)2 
=— (2% —1)§— 5(2a — 1)8 + (2a — 1). 
— 52.a0b& — 78 ab? — 26 a!2b12 — 130 asd® 
— 26 a%b® 
Check. Let each letter equal 1. In ex. 14 this gives 
— 52 — 78 — 26—130  — 286 
— 26 306 


5am 4+ 4g2my — 3 g8my?2, 


p? —8pq + 293 — 4p. 


=2(a +b)? —38(a+b)+2. 


— 325 + 6yls — 9." 


=2al4 + 34 + asd + 5. 


=1=2+3+41+6. 


Exercises. AXX. 


w+ zy + y? 
a2 —y)a— ys Check. Let x = 3, y= 2. 
a8 — a2y (8 — 2)(9+6+4+4)=19 = 27-8. 
xy — vy? 
ay? — ¥B 


oe + ages + asa? + a? 


. v8 — a8) x12 — qgi2 Check. Let x=1, a= 2. 


wl2 — q3x9 (1 — 8) (1 + 8 4 64 + 512) 
asq9 == 4095 = 1 — 4096. 
asx? — abas 
aos 
aves — a9x8 
aa — qi2 
a%x8 — ql2 
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16 a4 + 8 a%b + 4 a2b? + 2 ab3 + b4 
3. 2a — 6)32 a5 — Bb 


33 


32 a — 16 atb 
16 atb 
16 atb — 8 ab? 
8 ab? 
8 a3b? — 4 a?b3 
4 a2b3 
4 a2b3 — 2 abt 
‘Check. Leta = 1,6 =k 2 abt — 6° 
(2—1)(16+84+4+42+1)=31=32-1. 2 abt — 5 
w— sy + y? 
4. w+ vy + y?) at + wy? + y* Check. Let x = 1, y= 2. 
- ef + ay + xy? (1+2+4+4)(1—2+ 4) 
— xy =21=1+44+416. 


= ay eae xy? as xy? 
xy? He zy? aL yt 
ay? + vy? + y* 


a? — ab + b?— ac — be + c? 
5. a+b+c)a? + 0? + c3 — 38 abe 
a3 + ab + atc 


— ab — atc 
— a*b — ab? — abc 
ab? — 2. abe — atc + 68 
ab? + 63 + b% 


— 2abc — ac — bc 

—_ abc — a®c — ac? 

— abe + ac? — bec 

— abc — bc? — dc 
ac? + bc? + c3 
ac? + bc? + c3 


Check. Let a=1,60= 2, c= 3. 


(1+2+8)—-24+4-8—649)=18=148 +427 —18. 


a+1 
6. a24+2a+1)a?+38a?+38a+1 Check. Let a= 1. 
a+2a7+ a (1+2+1)(1 +1) 
at+2a4+1 = {9 ee 146246 EL 


a@+2a+1 
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e2—2e—ayty+y+ 1 
7. oty—1)e— 3224324 y%—-1 
gs — gt ay 
—222—ay +32 
— 2e? —2ay + 2a 


— xy +2ey+e2 
—ry + wx? 
cy + vy? + x 
Qe eay 
sy2t+a— yay ye —1 
2 Silat sale! 
x +y —1 
te +Y —1 


Check. Leta =1, y= 1. 
(2251) Ct Ls lo) = eat — ee 


x? — 2ax + a? 
8. 2? — a®)x* — 2ax3 + 2a%r — at 


at — q2a2 
— 2aa3 + ax? + 2 ata 
— 2ax8 + 2 ax 
2x2 — at 
‘ O22 —a* 


Check. Let «= 1, a = 2. 
(l—4)(1—-4+4)=—-38=1-—4+416-16. 


l+ota4+a3+aet4 a. 


9. 1—a)1 Check. Let x = 2. 
1l—«@ (l—2)(1+2+4+48+4 16 + 32) 
© =—638=1—-— 64; 
x — x ie. d-q=D-—--yr. 
ed 
2 — ve 
ad 
23 — at 
ie 
gt — 2 
a 
eo — a6 
xe 


mctgiitel RES 
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a+3a+2a—1 
10. —a2?+a+1)—a—2at4+2a3+6a2+a—1 
—@> + at + a3 
= S0Ee @ + 6G" 
—3a43043e 
—204304 a 
—2a842a?+2a 
Check. Let a=1. (Pe Gian 
(Sa CRETE a: a tga 
Sl Feb 1 Tee 


—@-+ 5a%b + 3 ab? 
11. a’ — 8a?b + 2.ab?) — af + 8 ab — 14 atb? + ad? + 6 abt 
—a&+3a5b— 2 ab? 
5 a°b — 12 a4b2? + ~— 38 
5 ab — 15 atb? + 10 a3 
Check. Let a=1, b=2. 3 ath? — 9 a3b3 + 6 a2bt 
(1—6+8)(—1+10+12) 3 a4b2 — 9 a3b3 + 6 a2bt 
=63= —1+16—56+8+496. 


a? — 3.a% + 3 ab? — b8 
12. a? —2ab + b?)a® — 5atb + 10 ab? — 10 ab? + 5 abt — 0 
a®—2a4b+ arb? 
—8a4db+ 9 arb? 
—8atb+ 6a°b2 — 3.423 
3 a®b2 — 7 ab? + 5 abt 
3 a3b2 — 6 a2b3 + 8 abt 
Check. Let a=1, b=2. — ab? + 2abt — be 
(1—4+4)(1—6+412—8) — ab3 + 2abt — b® 
=—1=1—10+40—80+80—32. 


13. 2?+y?+2? a+ytz 
—ay—y2z—22) a?+ y8+ 223—S82yz 
e+ ay2+u22-wvy— xyz—x2z 
—a“y?—x22+ xy —2ayz+e72+y3 


— ay” +a72y— xyz Ee Aart pee ee 
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— x2? — wye+uz —ye+y24+23 
—20Z? — xyz+az —yeH+y2z+23 


Check, Let c=1, y=2, 2=3. 
(1+44+9-—2-—6—8)(14+2438)=18=1+48+27—-18. 
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a+ oy + y? 
14. 22-—ay+ y?) a + ery? an y* 
at —a8y + xy? 
xy 
ady — xy? + ay? 
zy? — ay + yt 
xr? = zy? =f y* 
Check. Letxw=1, y = 2. 
(1-24+4)1 +244) =21=144416. 


1+ 5+ 25 + 120 + 600 
15. 1—5)1+0+0-5+0-—38000 .. e$4+523+2527+4+1202+4 600. 


1—5 Check. Let x = 1. 
er (1—5)(1+ 5 + 25 +120 + 600) 
5— 26 = — 3004 = 1 — 5 — 3000. 
= 5 
25 — 125 
120 
120 — 600 
600 — 3000 
600 — 3000 


8 —12+4 18 — 27 
16. 24+3)16+ 0+ 0+ 0-81 ~~. 823 — 12a%y + 18 2y? — 27 y%. 


16 + 24 Check: Let’ = ley 
— 24 (2 + 6)(8 — 24 + 72 — 216) 
— 24 — 36 = — 1280 = 8. — 160. 
36 
36 + 54 
— 64-81 
— 64-81 
38—5—2 
17. 1+1)8-2-—-7-2 - 822 — 5x — 2. 
3+3 Check. Let x = 1. 
—5-—7 3—2—7—2=-8 
—5—5 = (14 1)(8 —5 — 2). 
—2-—2 


66.] 


18. 


19. 


20. 


21. 


22. 


DIVISION 37 
14+44 5 
1—4+411)1+0+4 0424455 «.a2?+4a+5. 
1—4+411 Check. Let a = 2. 
4—11+4 24 (4—-8+411)\4+4+845)=119 
4—16+ 44 = 16+ 48 + 55. 
5 — 20 + 55 
5 — 20 + 55 
14241 
1—241)14+0—2+40+41 a? + 2ax +4 a? 
1-—2+1 Check. Letx=1, a=2. 
pees (l—444)(14+44 4) 
2-—442 =1-—-8416. 1-9=9. 
1-—-2+1 
1-—2+1 


14+0-—-1+0+4+3 


1+0—2+4+041)14+0-—8+404+6+40-740+3 


14+0—2+041 


~ bab Doe i) op W = 7 
= lbee Oce Aas) == 1 


atti 22S, sie O 6 
Check. Let x = 2. Sep Ser Mane 
(16 — 4 + 3) (16 —8 4 1) = 185 = 256 — 192 + 96 — 28 + 38. 
140438 
14+1-—3841)14+1404+4-—9+3 -. p? + 3. 
alg Siu Check. Let p = 2. 
34+3—-943 (84+4—-641)(443)=49 
8+3—9+3 =32+16+16—18+3. 


Pee Dah 28 ao 
Metre a eel Oe Ay 4D 


11S 1 

—24+3 

—2—242 
§+2 
§+5—5 
—3-—2 
—3-—34+3 

1-1 


1+1-1 


o. —202 4522-38041. 
Check. Let « = 2. 

(4 + 2 — 1)(16 — 16 + 20 
—6+41)= 75 = 64 — 32 
+ 32 + 82 —28+8-1. 
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PS 22 
23. 1—38+3-—1)1—-54+7—-1-—442 
1—3+3-1 
—2+4-0 
=24+6-642 
—2+6-6 
0% —Qay — Qy?. —2+6-642 


Check. Let a= 1, y= 2. : 
(l —6+ 12 —8)(1—4—8)=11=1— 104 28— 8 — 644 64. 


14+0-— 7+ 5 
24. 1—8411)1—34 44 26 — 924 55 


POSSE TI 
om 2 
O- 74+21—77 
8 —Ta45. 5 — 15 
Check. Let a = 2. 5 — 15 + 55 
(8 — 14 + 5)(4 — 6 + 11) =— 9 = 32 — 48 + 32 + 104 — 184 + 55. 
6 ie 
25, 4-3 47) 04-14 9448-284 
24 — 18 + 42 
4—61 
i 


-6m2+m—12. — 484 36 
Check. Let m= 1, — 48 +36 — 84 
(4 S426 2,19) = — 40 94 = a Oo ae 


1—3-—2+424383-1 
26. 14+04+2—1)1-340-54245444032 


Lo sok 1 
=o oped 
—8+0—64.3 
e438 Ses 
Sree 
94.98 
24+044-2 
eee 
3+0+46-8 
iO 8 ee 
ee Cree 


5+1 


67.) 


27. 


28. 


29. 


DIVISION 39 


ee hr bet baa Be 1 4 . 
Check. Let x = 1. w+ 2%—1 
(ee — li 8 22 ee Veo 
=1-—340-—54245+44+42-(5+1). 


3-24 0-243 
14+3—2)84+7-—124+2-—34138—6  .«.3mt—2m3—2m+38. 


B+ 96 Check. Let m = 1. 
ay ae (14+3—2)(8—-2—2+8) 
to a6 8 =4=347-1242-3 

ie + 13-6. 
= 2 6 A 

349 

S96 


14+14042-4 
1—240+43)1—1—-2+5-—548+46-12 


12440 428 
152 
1 OS 
eter: 
04+2-440+46 
ae Se Ee 
A 4.8 Ove 12 


2 + 78 +20 —4. 
Check. Let x = 1. 
(—2+3)14+14+2-—4)=0=1-—-1-—2+45-—5+4+8+4+6-12. 


1404240434044 
14241)14+24+38+4+4454+64+74+8+44 


Tha) | 
2 
24+4+42 
3 
34+643 
4 
44+844 


v.08 + 2044 30? + 4. 
Check. Let x = 1. 
(1424191424384 4)=40=14+2438444546+7+8+4. 
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2—- 1-— 2+ 4 
80. 5—38+2-—2)10—11— 384204104042 
10— 6+ 4-— 4 


— 56— 7424 
— 5+ 38-— 24 2 
—10+26+ 8 
—10+ 6— 4+ 4 
204+12-— 4 
20—12+ 8— 8 


24 —12+4 10 


- 24m? — 12m-+ 10 
 2m8s —m?—2m+4+- . 
, be 5a nd 4 on 8 


Check. Let m = 1. 
(65—8+2—2)(2—1—2+44)=6 
= 10—11—84+4 20+ 10 + 2 — (24 —- 12 + 10). 


WSS ais eal 
81. 1+14+14+1414+1)1424+8+4+38343454241 
1+141414141 
1 2 2-2 
1+1+1+1+4141 
Ieee se he a 
Use ihepibse ae ise 


.e+teti. 
Check. Let x = 1. 
(1+1+1414141)(14+141)=18=14248+4343434241. 


325 A — a1 he ghass f 
ae 1-- 6 8)1 =10-4 35 — 50 oe 
Tiiczaae L— 64° 6 
| 3 te once S42 gy 
ill = ¢ya = 76 —-4 + 24 — 32 
—4| — 4424-44 +424 me 3 — 18 
1— 104° 95 — 60 + 24 8 18 one 
“a2 — 4a + 8. 


Check. Let x = 1. 
[2(4 8) 4+1][1-443]=0=1—104 35 — 504 24. 


67.] DIVISION 41 


pee TA 


Poe i) 1 + 00,4 04-0471 Bal) oe ay teeta, 
sell Check. Let g = 1. 
1 (fb 1)(te et tee) 
—1-1 Sisk eule 
il 
141 
i sy 
—1l-1 
1 
1+1 


Hence 100001 + 11 = 10000 — 1000 + 100 — 10 + 1 = 9091. 


4 rey 4.43" 
34. 14+1)44+24+5+4+841 - 48—2@+4+7¢+1. 
A+4 Checks (+ 142 4-7 81) 
peer! =20=442454841. 
— 22 
7 
tar. 
1 
es | 


Hence if ¢ = 10, 42581 + 11 = 4000 — 200 + 70 4+ 1 = 3871. 


(305 +404+7L03+110?4+72+4)+($0°+4244+6143 4902442) 
(305+4a8+ 7084114247244) —($0°+40446)03+4+92?+42) 
_ 3a + 8at+ 1408 + 200? 4+ lle +4 

ss +2024 382+4 


35. 


342+ 1 
14+24+38+44)384+8414420411+4 3042¢ +41. 
3+6+ 9+412 
2+ 5+ 8 
2+ 4+ 648 
14+ 243 
Check. Let % = 1. 1+ 24344 


(4+44+73411474+4)+(§+4+654+944) 
($+4+734114+74+4)—-(§$+4+634+9 +4 4) 
60 
=——6=>5 +241. 
10 o+2+ 
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fb Lee? oe 
36. 1+1)1+0+41 


1+1 
—1 
—1-1 
2 
2+2 
—2 
—2-—2 
2 
24+2 


o1—%4+22?— 223 + 2Qat+(—245 4+ 246 —2a7 + 228 — 209)..., 
Check. Let x = 1. 
(je bso 242) =4e9 4 £ = (9). 


2— 34+ 4 
37. 1—5+6)2—134 381 — 38 4 24 
2 OEE -.2m2—38mn-+ 4n?2. 
— 84+19 
— 8+15-18 
4 — 20 
4 — 20 + 24 


Check. Let m= 1, n= 2. 
(1 — 10 + 24) (2 — 6 + 16) = 180 = 2 — 26 + 124 — 304 + 384. 


Review Exercises. XXXTI. 


ae 2—(8 —4—2) 53. 
Pt 25 2—3+4-—2=3, simplifying (1). 
Sots e=—84+2-—38+44=0. Ax. 2,3 
Check. 2—(8 —-4—0)=2-(-1)=38. 

Be le —2%7+4=-— 12. 
Qa —2¢%=— 16. Ax. 3 
Os. Ci Se Doe 
Check. —2-8+4=-— 19. 

Seal, $2+4=12+4 42 
Deeks ie = 2 Ax. 3 
Shas %= 2. Ax. 6 
Check. 2:24 4=54=1.24 42, 


67-68.] DIVISION 43 


10. 
11. 
12. 


13. 


14. 


. See Exercises. XVI, 5. 


- See Table of Etymologies. 


. 1. Let x =the number. 
20s 1—2=9. 
Sauer z= — 8. Ax. 3, 6 
4... c= —2, Ax. 9 
Check. 1 — (— 2)8 = 9. 
- Minus. 1. Let m, n, p, .--=the numbers. 
2. (—m)(—n)(—p)---=(—1)?"—1m-n-p--- (since the 
number of factors is odd). 
3... (— m)(— n)(— p):--=—m-n-p---(since an odd 
power of — 1 is — 1). 
» L. Tet = the number. 
2. 2%—7= 15. 
OB Oe PA Gps Pape, INb.<, 7 
Be se : alld bs Xan 
Check. 2-11 —7= 16. 
aul Let = the number. 
2. 5—38z2=—10. 
Se) sts — 8a =—15. Ax. 3 
A ote C=" De Iho, 7 


Check. 5 —15 = — 10. 
See §§ 88, 89. 


Because division by absolute zero is meaningless. 


1. Let x =the number. 

2. oe + i=) 2. 

ete —2¢e%=—-—2. Ax, 3 
4. . L=A, Ax. 6 


Gheck. 821-2 = 5. I. 

3 {3 — 1[82 —2.2(18 —3 —1 + 2) + 1] — 2} 
=9-—3[9-—4(1-—3—1+2)+1]—6 
=9—27412(1—-8—1-+2)—3-—6 

= 9-274 12-0—3 —6=— 27. 


See § 86. It has so far been proved for positive integers only. 
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Exercises. XXXII. 


1. f(e)=Set—e+o— 1. 22 pa 
fegi(@) = at — 2 1 a 05 —1}| —1-1-1 
f (a) = a8 — at + a? —1; 14+0+0-1 «28-1. 
f(— 2) =16 —4—2-1=9; Check. f(2)=4+2+4+1=7. 
fQVH1=141-1=9; FQ@)=2—-1 = il. 
f(0)=0-—04+0-—-1=—-1. Le =f (2) 8a 
1+1 
8. 1424+1)148+4+341 os f@y=¢@) =e 
Tae 4 Fut) peak 
SSS Check) —— => — = 2 eels 
1+2 Oe Vaan 4 . 
14241 
4. 1/1-38+3-1 1-241 
—1| -1+38-—3841 1—1)1—38+43-1 
1—4+6-441 L=—1 
o S(t, y) fi, y) —2 
= vt — 4a38y + 6 xy? —2+4+2 
—Agy? + yt. 1 
Check. f (2, 1) «fi (2, 1) ee | 
Sve Orme S(t, Y) + Si (2, y) = 2? —Qayt y?. 
, Check, 2 A ea ae 
TES Ly al ; 


x2 + y? + 22 — wy — ye — rz 
5. otyt2)e4+ y+ 2 — dauyz 
v8 + vy + xz 


= xy — 222 + yp 
+ y8 + vy? + yz 
— ay — a2z — ey? — y2z+ 23 
2 + 22y + 224 

— wy — xz — xy? — yz — wy — 2-3 xyz 
— xy — xy? — xyz 
— vz — y% — By — Pn—Qayz 
— y%% —Z4y «yz 
— vz —24— xyz 
— 02 —2n— xyz 
Check, (1+1+1)Q@+141-—-1-—-1-—-1)=0=1+4+141-3. 
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6. 1j)14+2+1 Check. f, (2) - fe (2) «fs (2) 
oe 9214 9 =9-1-3=64 —48 4.12 —1. 
+1] 14944 27 = 27, 
eh eae 
+0 
—1 SSO 2 OS fr) ee) Fs (e) = 2 — Sat 
14+0-—8404+3+0-1 4322-1. 
femle—=1 0) 8b 0 24 + — 10 + 35 — 50 + 24 
i 926 = 24 Tesi Gmos 24 
Bp 7 26 = 945= "0: 8 19 19 26 
. f(1) =0. “. f (2) =0. 
1 —10 + 35 — 50 4.24 1—10 +35 — 50 + 24 
Sole 42) 94 4—=94 -44 —94 
aS aa ay a aT 
«. f(8) = 0. . $(4) = 0. 


The functions may be calculated as follows : 
J (4) = 44 — 10. 48 + 385. 42 — 50.44 24=0., 


Exercises. XXXITII. 


1-13. Homogeneous: In general; 5, 6, 7, 8, 9, 11, 12, 13, 2 (since 
fractional exponents will later be treated like integral exponents). 
PAS GO! 215) Le 

Symmetric: As toz,y; 2,7. Astoa, b,c; 4, 5, 11. 

Cyclic: As tow, y; 2,7. Astoa, b,c; 4, 6, 8,9, 11, 12, 13) 

14-20. Rational: As toa; 14, 16, 18, 19, 20 (m even). As to a; 
16. Astoy; 18. 


Integral: As to 7; 14, 16, 18, 19, 20 (a even). As to a; none. 


As to y; 18. 
Exercises. XXXIV. 
eeefa(D) = 1 0; DAK Se — TOs 
8. f(2)=2-25 64=0. 4. 15—-1=0. 
Ss 19 +41=2., 6. f(8) = 34 — 3? + 3? -—34+1=61. 
7 f(1)=14+1—-1—-1+1=1. 8. f(2)=3-28+4.-2?-2-2—86=0. 


9. f(—1)=(— 1)"+ 1= 0 if n is odd, 2 if n is even. 
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Exercises. XXXV. 
(= Y) == (Be ae 
. f(—4) =(— 49° — 4- (— 4)? +. 3 = — 1085. 
LF(HY) = (— 2 tl y2mt] = — y2mtl 4 yrm+l—O, 
. f() = 32-1 — 338-18+1=0 
. f (2) = 2442-22 -3-2—7=11. 
. f(1) = 18% + 10 —2=0; f(— 1) = (— 1) + (—- 1)" —2=0. 


. f(—5) =(— 5) +3-(—5)2 + 50 =0; 
F (5) = 53 + 3-5? + 50 = 250. 


SLM EY BP eae 
Dif = i Cg gy =U. 
10. f(— y*) = (— y4) + y® =— y® + y® = 0. 


tT oan FP wo DY 


Review Exercises. XXXVI. 


1. If f(x) =/(2), « = 2 evidently satisfies the equation. 


eile f@)S=e—7. 
ress f(8)=38—1=2. 
BN ie F(z): f(8) = (@ —1)-2=22—2. 
4. If 2020) ¢ = 1. Ax, 2 
Check. f(1)-f(@)=(1 = 1)-2=0. ) 
Seale Sf (e)=e—-1. 
De [Lf (@)]?=(@ — 1)? =a? -—2¢+41. 
Os es [f(e) 2? =a? —2e+1=22—3. 
A pak —2¢%=—4, and 7=2. AX. 2 sow 
Check, 4-4+4+1=4-—3=1. 
Are i's F(v)=a?—5a +1. 
Ds e—5¢+1=2%—5x2+1-+ 52. 
CN 5a=0, and «=0. AS ae 
Check. 0—0+1=0-—-041+4+0=1. 
5. Yes, no, no. 6. Yes, yes, no. 


7. Itis. [f(x, y)]? =a? + 2ey + y?, a symmetric function. 
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8. [f(«, y)]?=a? —2ay+y?. This is symmetric as to x and y, 
while x — y is not. 


9. The function symbol f(x) secures brevity in three ways: (1) it 
often takes the place of such words as expression, function, and poly- 
nomial; (2) it simplifies the statements and proofs of many general 
properties ; (3) it saves the writing of long expressions a second time. 


10. 1/14+84+44841 
—1| —1-—8—-4-—38-1 
+1 1438444341 
cae Pale Pp Sta a Pe at th 
, 08 + 2xoy + 2 arty? + 2x8y3 + 2a2yt + Qay> + y6 
=¥ + 2yx + 2 ya? + 2 yFa8 + 2 yet + 2 yx? + 28. 


The factors are symmetric as to « and y and homogeneous of the 
4th and 2d degree, respectively. The result is symmetric as to 2 and 
y and homogeneous of the 6th degree, as it should be. 


11. 1{1-—3+43-1 
+2) °+2-—-6+6-—2 
-—1 —14+3-—-341 
1—1—4+4+8—541 
2“. 0 —aty — 4a8y? + 8a2y3 — 5Sayt + y?. 


The factors are homogeneous of the 3d and 2d degrees, respectively, 
and the product is homogeneous of the 5th degree, as it should be. 


a8 + wy + ay? + y8 


wt — aly 
pace ey 
ay — xy? 
xy? — yt 
a2y2 — ay 
ay? = y* 
ays — yt 


The dividend is homogeneous of the 4th degree, the divisor is 
homogeneous of the 1st degree, and the quotient is homogeneous of 
the 8d degree, as it should be. 
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gt = uy + ny? = * ay? + y* 3 
13. r+y)rP+ 7° 


xv + aty 
== aty + y? 
= aty = rey? 
xsy2 -+ 2243 
— 223 + ye 
— 22y3 — ay4 
I ay* a5 y 
cyt + ¥° 


The dividend and divisor are symmetric as to z and y, and the 
quotient is symmetric as to « and y, as it should be. 


Exercises. XXXVII. 
1. a + ay + xt = ot (x8 + ay + 1). 
2. a@+2ab+3ac=a(a+2b+4 3c). 


3. w—at—a+eu=a2(e?—-28—2 +1). 
This is further factorable, but not by this case. 


30° — 4ax6 + 2 = 2 (8at —4az 4 1). 
9y7 + 3by> + Bcyt = 38 yt (By? + by + 20). 
aby — ay + y? — by =y(ab—a+y-—b). 


. m+ 3m2n + 3mn?2 = m(m2 + 3mn + 3 n2). 


oto me 


. w? — wy + we — wry = w(w—y+2— zy). 


Exercises. XXXVIII. 

1. 2+ 10% + 25 = (# + 5). Check. 1+ 104.25 = 86 = 62. 
2, 402+ 4ay+yr=(2e+y)% Check. 4+44+1=9= (24 1)2. 
3. 25 + 2? — 10% = 2? — 10@ 4 25 = (a — 5)2. 

Check. 1 — 10 + 25 = 16 = (1 — 5)2. 
4. m® + 14m’ + 49 = (m3 + 7)?2. 

Check. 1+ 14+ 49 = 64 = (1 4 7)2. 
5. 121 a2 —22%+4+1= (11a — 1)? 

Check. 121 — 22 + 1= 100 = (11 — 1)2. 


T7-81.] FACTORS 49 


6. 


15. 


402+ 4y (y — 22) =42? — 8ay + 4y2 = (2a —2y)?2, 
Check. 4 +4 (1 —2) =0= (2 — 2)2, 


. 92? — 24 ay + 16y? = (Ba —4y)2. 


Check. 9 —24+16=1= (8 — 4)?, 


. Slat + 72 a2y?2 + 16 y4 = (a2 + 4y2)2. 


Check. 81+ 72 + 16 = 169 = (9 + 4)2. 


. 4922 — 126 zw + 81 w? = (72 — 9w)?. 


Oheck. 49 — 126 + 81 =4 = (7 —9)2. 


. (@+y)?4+2(@+y)+1=([(@+y) +1). 


Check. (1+1)?+2(1+1)4+1=9=(14+1+41)2. 


. 16902 — 338 ab + 1692 = (18. a — 13b)? = 169 (a — by. 


Check. 169 — 338 + 169 = 0 = 169 (1 — 1)?. 


. @+4a+4+4+2(a4 2) +1 =([(a + 2) + 1)?. 


Check. 1+4+4+2(1+2)+1=[(1 4+ 2) +1}? =16. 


. @4+2ab4+0R42(a4 dbyt+y=[(at+db)4+ yf 


Check. 1+24142(14+1)-141=9=[(14+1)4+1]2 


. 4+ 2ey+y2?+2e24+2y2+2=(€@+y)24+2(e@+y24+2 


=[(@+y) +2]. 
Check. 1+24+1+2+4+2+4+1=9=([(1+4+1)41)}?. 


m2 + n2+ p2+2mn—2mp —2np = (m + n)? —2(m + n)p + p? 
= [(m + n) — py. 
Check. 1+1+1+4+2-—2-—2=[(1+1) —1}?. 


Exercises. XXXIX. 


zt — 16 y? = (22+ 4y) (22 — 4y). 


16 — 1 = (at — 1) (xt + 1) = (a? — 1) (a2 + 1) (a* + 1) | 
= (« + 1) (a — 1) (a? + 1) (et 4+ 1). 


at + ab? + bt = at + 2 a2b? + Bt — a? = (a? + 02)? — a2? 


= (a? + b? — ab) (a? + b? 4 ab). 

36 a2 —9y2 = (64 — 3 y) (624+ 3y) =9 (2% —y) (20+). 
16 x4 + 4a%y2 + yt = 16 a4 + 8x2? + yt — 4x77? 

= (422 + y?)? — 4 ay? = (402 — 2ay + y) (40? + 2ay + 9’). 
8lat+9a2+1= 81lat + 18274 1— 92 

= (907+ 1-32) (9274+1+4 82), 


10. 


iy 


12. 


13. 


MANUAL TO ALGEBRA [PAGES 


: a + Qay + yi—2= (et y)2—2=(@+y—z) (@+yt2). 


8. (@tyP?—-@—yPr=(@+y+e-—y@t+y—“2+y) =42y. 


a? + b2—a—1+4+2ab+2x= (a+ Bb)? — (x — 1)? 
=(a+b—a%+4+1)(a+b0+4+2—1). 


az + 2ab + b? — (a — 2ay + y*) = (a+b)? —(@— y)? 
=(a+b—“x+y)(a+b+au—-y). 


4@2@4+4a—-8=4@+4a4+1-—-4=(2a+41)?-4 
= (2a+1—2)(2a+1+42) 
= (2a—1)(2a+ 3). 


x? —6ay + by? = (a2 —6ay+ 9y2) —4y? 
=(@ —8y — 2y)(@ —8y + 2y) 
= (« — By) (@ — y). 


w+ 4ay + 3y? = (22+ 4ay +4y%) — 
=(@+2y—y)(@+2y+y) 
=(& +) (+ 3y). 


Exercises. XI. 


1. 1— aS =(1 + a4) (1 + a?) (1 + a) (1 — a) 
= (1 a= —04)(— 1 224) (a = 1) 
= (1 + a4) (1 + a?) (— 1 — a) (a—1) 
= (1 + a4) (—1—a@4) (14+ a) (a—-1) 
=(—1—a)(1 + @)(1 +4) (a—1) 
= (1+ at) (— 1 — a%)(—1—a) (1 —a) 
= (— 1 —a*) (1 + a?) (— 1 — a) (1 — a) 
= (— 1-—-a4)(—1—-—a*)(14+ a) (1 — a). 
Check. Let a = 2. 

1 = 28 = — 265 =17% 5-38 — 1 


=17-5--—8-1 
=17-—5:-3-1 
=—17-5-38-1 
= iit — bi — se 


81-82.] 


. (2 — V2)2, or (V2 — 22). 
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2. 28 —1= (e+ 1)(@? + 1)(@—1)(@ +1) 
= (— #t — 1)(— #2? —1)(— 24+ 1)(—a@—-1) 
= (=F — 1)(— #7 — 1) (@— 1) @ + 1) 
= (— af — 1) (a? + 1)(—2+1)@ +41) 
= (— xt — 1) (@ + 1)(% — 1)(— 2 — 1) 
= (et +1) (— 2? — 1) (—2# + 1)(@ +1) 
= (et +1) (— 2? — 1)(@ —1)(—2-1) 
= (xt + 1) (a? + 1)(— 2 + 1)(—2 — 1). 
Check. Let « = 2. 


28 —1 = 255 =17-5.1-8 
=—17-—5--1 3 
=—17-—5-1-8 
=—17-5-—1-3 
=-—17-5-1--—8 
=17—5.-—-1-3 
=17-—5-1--—3 
=17-5-—1--—8 
. 16—at= (44 2) (2 + x) (2 — 2) Check. Let x = 1. 
= (—4—2#%)(—2 —2)(2 —2) 16—1=15=5-3-1 
= (— 4 — «2)(2 + «)(x — 2) = b= 8. 


= (4 + x)(— 2 — a) (a — 2), Byogio <= il 


. a — 8 = (a8 + B8) (a3 — D8) 


= (a + b) (a? — ab + 6?) (a — b) (a? + ab + 0?) 
=(—a-—0)(— a + ab — b?) (b — a) (— a? — ab — B?) 
=(— a—b)(—@ + ab — b*) (a — b) (a? + ab + BD?) 
= (— a — b) (a? — ab + b?) (b — a) (a? + ab + 0b?) 

= (— a — b) (a? — ab + 0?) (a — b) (— a? — ab — 0) 
= (a + b) (— a? + ab — b?) (b — a) (a? + ab + 0?) 

= (a + b) (— a2 4 ab — b?) (a — b) (— a? — ab — B?) 
= (a + b) (a? — ab + b?) (b — a) (— a? — ab — b?). 
Oheck. Let-a =2,b=1. 26—16=68=3-3-1-7 

=—3.—3-—1-—-7, ete. 


. (24 —3y) (24+ 3y) (422 + 97), 


or (By —22)(—2a”—3y) (4224+ 9%), etc. 
The check is similar to those above. 


. (* — 11)%, or (11 — 2)?. 


52 
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. (2B V2)2, or (v2 — 2)?2, 
. (x — 14) (w — 12), or (14 — @°) (12 — 2°). 


(a+b+c)(a+b—c), or (—a—b—c)(—a—b+¢). 


. (4074 1 — 54%) (402414 57), 


or (— 422 —1 + 57%) (— 4a? — 1 — 5y’). 
— «(@ — 1) (a? + 16% — 7), or x(1 — a) (aw? + 162 — 7), ete. 


(lla —1ly —8)(1lv~—11ly +3), 
or (— llw+11ly+43)(—1la+1ly—3). 


. (224+1—-y—2)(2¢+1+4+Yy42), 


or (y+z2—2%—1)(—2xe—1—y-—2). 


Exercises. XLI. 


.1-824822- 28 =(1—2)3. 


Check. Letx=2. 1—6+412—8=—1=(1 — 2)8. 


. @&—3a?+3a—1=(a—1)3. 


Check. Leta=2. 8 —124+6—1=1=(2—1)%. 

v2 — 348 + 824 —1 = (xt — 1)3. 

Check. Letx=2. 2% —3-28 + 3-2 — 1 = 3375 = (16 — 1)8. 
27 28 — 2722+ 9%—1=(82 —1)3. 

Check. Letw=1. 27-—274+9-1=8=(3-1)8. 


. a& — 3asb? + 3 a2bt — 08 = (a? — b2)8 = (a — B)8 (a + B)3. 


The check is similar to those above. 

27 a? — 27 a8 + 9a8 — 1 = (8.a8 — 1)8. 

823 — 120% + 6ay? — y= (2a — y)3. 

54a? — 27% + 8x4 — 3603 = 824 — 3623 + 540? — 274 =H (2a — 3)3, 
1.331 23 — 7.26 2? + 138.2% —8 = (1.la@ — 2)3. 


64 aby — 48 atyt + 12 42y? — 1 =(4a%y? — 1)8=(Qay—1)saQey+ 1)3. 


. wyoz8 + 6 xoy4z2 + 12 x8y2z + 8 = (a8y2z + 2)8. 
. 0.125 a8 — 0.75 24 + 1.522 —1 = (0.5 2? — 1)3. 
. (44 634+ 3(a4 0)? +3(a4 6) +1=[(a +b) +1], 


or (a + b + 1)3. 
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17. 


18. 


Exercises. XLII: 


. a +1=(% +1) (28 — 25 + et — 28 + oe? — 2 +1). 
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Check. Letbwsi. 1741 =2=(1+1)(1—1+1—14+1—1+)): 


at — 16 = (a? + 4) (a + 2) (a — 2). 
8 — yf = (a8 + 8) (x8 — 3) 
= (@ + y) (a? — ay + y*) (& — y) (e? + ay + y?). 


1 — #6 = (1 + 28) (1 — 28) = (1 + 8) (1 + w4) (1 — at) 
= (1 4+ #) (1 + a4) (1 + 2) (1 + x) (1 — 2). 


. 8+ 8y3 = (x + 2y) (x? — 2ay + 4y?). 

. + y= (x + y)(et — ay + ay? — zy? + yt). 

. 822°+1= (22+ 1) (16ct — 823 +4272 — 22 +1). 

. eem+lt 1 = (e+ 1) (22m —g2m—1 4... 4 4-1), 

. v2 + 4096 = (x4)? + (24)3 = (at + 24) (a8 — 24. at 4 28) 


= (xt + 16) (28 — 16 x4 + 256). 

a*b* — b?a4 = ab? (b? — a?) = a?b?(b — a) (b+ a). 

729 x8 + y6 = (9 x?)8 + (y?)3 = (9x? + y?) (81 24 — Oxy? + x). 
216 a — 63 = (6 a”)? — 68 = (6 a? — b) (36 at + 6 a2 + B?). 
(@+yP+l=@+y+)[@+yP—-@t+y) +1] 
=(@+yt+1)@+2ey+y?-x-y+1). 


125 a3 + 27 = (5a)? 4+ 27 = (5a + 38) [(5a)? —3-5a + 37) 
= (6a + 8) (25a? — 15a +4 9). 


64 2° — 729 y® = (4 x?)3 — (9 y?)8 

= (402 — 9y?)[ (4x2)? + 42? -9y? + (9y?)?] 

= (24+ 3y) (22 — 3y) (16 ct + 36 xy? + 81 y4) 

= (244 3y)(2e —38y) (4a? —6ay + 9y?) (427 + Oxy + 9y?). 


27 a? + 6403 = (3.4)? + (40) 
= (8a + 4b)[(8a)? —8a-4b + (4b)?] 
= (3a + 4b) (9a? — 12ab + 168%). 


125 a7 — 27 ay? = a [(5x?)8 — (3y)?] 
= 0 (52? — 3y) (25 xt + 152% + 9y?). 


@+rat++b=a+¥%+a+b=(a+0d)(a?—ab+b? +1), 
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(a — 6)? — (a + 6) 

= [(a — b) — (4 + 0) [(a — 0)? + (a — 6) (a +B) + (@ + 0)? 
=— 2b(8a? + b?). 

m2 —n2?+2n—1=m?—(n? —2n+ 1) 
=m—(n—1)2?=(m+n—1)(m—n-+1). 


Exercises. XLIII. 


. 24324+2=(2+1)(e+4+2), since m+n=3, mn=2. 


ew—x—2= (4 —2)(x4+ 1), smce m+n=—1, mn=— 2. 


. +22 —12 = (2? 4 4) (@ — 8), sincem+n=1, mn=-— 12. 


. 2 —5a+6 = (e — 38) (e — 2), since m+n=— 6, mn=6. 


x2 — 42-165 =(a% — 15) (w+ 11), since m+ n= -— 4, mn = — 165. 
p? — p — 600 = (p — 25) (p + 24), since m + n =—1, mn = — 600. 
a? — 3a — 180 =(a — 18)(a + 10), since m-+- n=—3, mn =— 130. 
v2 —4¢ —21=(# — 7) (e+ 3), since m+n=—4, mn =— 21. 


a* — 1la—60= (a — 15) (a+ 4), since m+n=— 11, mn =— 60. 


. && — 498 — 45 = (x8 — 9)(2? + 5), since m+n=—4, mn =— 45. 


. 4024 82 —45 = (2a)24+4- (22) — 45 


= (2@ + 9) (2% — 5), since m + n= 4, mn =— 45. 


. a@+17a+4 66 = (a + 11) (a4 6), since m+n=17, mn= 66. 

. w+ 41a + 420 = (a + 21) (x + 20), since m + n = 41, mn = 420. 
. wt + 162% + 55 = (x? + 11) (@? + 5), since m+ n= 16, mn = 55. 
. @ — 24a + 185 = (a — 15) (a — 9), since m +n = — 24, mn = 135, 
. ety? + 4a2y + 3 = (xy + 1) (wy + 8), since m+n =4, mn =3. 
. xt—15 x?—100= (a?—20) (w?+5), since m+n=—15, mn=—100. 
. @—16 a—225=(a—25) (a+9), since m+n=—16, mn= —225. 

. atet + 5 02a? + 6 = (ae? + 38) (a2x? + 2), since m+n=5, mn=6. 
. @+7ey+10y=(¢+5y)(e+2y), since m+n=7, mn=10. 
- 4a? + 2ab — 202 = [ (2a) —b][(2 a) +20], since m+n=1, mn=—2. 


. a&a*—b ase —14= (a®x%—7) (a8e+2), since m+n=—5, mn=—14. 
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23. m?—38m-+165=(m—33) (m—5), since m+n=—38, mn=165. 
24. x74 1laey—26y?=(%+13y) (c—2y), since m+n=11, mn=—26. 
25. mx?—T mz—18=(ma—9)(mx+2), since m+n=—7, mn=—18. 


26. m?x4+12 ma? +35=(max?+7)(ma2+5), since m+n=12, mn=365. 


Exercises. XLIV. 


1. 672+ %—12=6224+ 927 —82 — 12, 
since mq + pn=1, mgpn=-— 72. 
607+ %—12=32 (2% + 3)-—4(2e +3) = (8a — 4) (2a + 8). 


- 2. 129? -—p—1=12p?4+ 8p—4p—1, 
since mg + pn=—1, mgpn =-— 12. 
-. 12p?-—p—1=(8p —1)(4p +1). 
8. 422-427 -—3=42724 24-62 — 3, 
since mg + pn =— 4, mqpn = — 12. 
40? —4% —3 = (244 1) (2a — 8). 


4. 8a@+8a+4=3a°9+6a+4+2a+4, 
since mq + pn = 8, mgpn = 12. 
8084+ 8a+4=(8a+4 2) (a4 2). 


5. 600a2 -a—1= 600 a? + 24a — 25a —-1, 
since mq + pn =— 1, mgpn = — 600. 
.. 600 a2 —a—1= (25a + 1) (24a —1). 
6. 922-1747 —-2=922?+ 2-182 —2, 
since mg + pn =— 17, mgpn=— 18. 
“90? —17¢ —2= (x — 2) (9% 4+ 1). 
%. 8402-52 —1= 8422+ 72 —-— 122-1, 
since mg + pn =— 5, mgpn = — 84. 
, 840? — 54 —1= (7x —1)(12e+ 1). 
8. 8a24+ 22a+12=—8a?+6a+4 16a + 12, 
since mq + pn = 22, mg pn = 96. 
-. 8a% + 22a+12=(2a+4)(4a+8). 
9. 12p2?-—7Tp+1=12p?—3p—4p+1, 
since mq + pn =— 7, mgpn = 12. 
“122 — 7p +1= (8p — 1) (4p — 1). 


10. 


Lee 


12. 


13. 


14. 


15. 


16. 
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6 p2 + 25p + 25 = 6p? 4 10p + 15p + 25, 

since mq + pn = 25, mgpn = 150. 

-. 6p? + 25p + 25 = (2p + 5) (Bp 4+ 5). 

a2 — 7 afb§ — 8b12 = al2 + abd — 8 ab® — 8 O12, 
since mg + pn =— 7, mgpn=-— 8. 

.. al2 — 7 asd — 8 b!2 = (aS — 8) (a® + 0°). 

16 x2 — 62% 4+ 27 = 162? — 542 — 8a + 27, 

since mq + pn = — 62, mgpn = 482. 

-. 1642 — 62% 4+ 27 = (8a — 27) (2a —1). 

16 a2 + 48 ab + 27 b? = 16 a? + 16 ab + 27 ab + 27 6B, 
since mq + pn = 48, mqpn = 482. 

«. 16 a? + 43 ab + 27d? = (16a + 276) (a+ b). 

40 a2 + 61 ab — 840? = 40 a? — 35 ab + 96 ab — 84 B?, 
since mq + pn = 61, mgpn = — 3360. 

.. 40 a? + 61 ab — 8402 = (5a + 126) (8a—7b). 

16 wy2z2 + 389 xyz — 27 = 16 x72y2z2 4+ 48 xyz — Dayz — 27, 
since mq + pn = 39, mqpn = — 432. 

«. 16 x2y2z? + 39 wyz — 27 = (16 wyz — 9) (xyz + 3). 
30 a2 — 41 az — 1522 = 80 2? — 50 az + 9az — 1522, 
since mg + pn = — 41, mqpn = — 450. 

“. 8022 — 41 az — 1522 = (10% + 32) (8a — 52). 


Exercises. XLV. 


. 1. f(v)=28 — 19% — 30. 


f(1) =1-—19— 380 0, f(—1)= —14 19 — 800, 
Jf (2) = 8 — 88 — 30 £0, but f(— 2) = —8 + 388 —30=0. 
2. ..% +2 is a factor and by division 

1+0-—19 —30 

—2 4 30 

1—2-15; 0 ..2%—22—15 is the quotient. 
8. 22 — 2% — 15 = (x + 8) (w — 5). 
4, «. 28 —19% — 80 = (@ + 2) (x + 8) (a — 5). 
1. —38e%—2. f(1)40,f(—1)=0. .. 24 1 is a factor. 


14+0-—3-2 
—1+1 2 
1—1—2; 0 ..%?—a%—2 is the quotient. 


2. v%—x% —2=(e%+4 1) (x — 2). 
3... 8% — 38H —2=(@+1)@ +41) (@ — 2) =(@ + 1)2(@ — 2). 
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. m® —2mn? +n’. Considered as a f(m), f(n) = 0. 


*.m — nis a factor. 
1+0—2n?+ n3 
n n? — n3 
1 n— n*; 0 .«.m?+mn-—7n? is the quotient. 
m3 — 2mn? + n3 = (m — n) (m2 + mn — n?2). 


. @—a?-a-—2 f(1) #0, f(—1) 49, £(2) =0. 


“. @ — 2 is a factor. 


ite -. @ + a+ 1 is the quotient. 
a —a?#—-—a—2=(a—2)(@+a+41). 


. B+2a%—a—2 f(1)=0, f(—1)=0, f(2)40, f(— 2)=0. 
. « 2+ 2a%—a—2=(a—1)(a+1) (a+ 2). 


. +9224 202412. f(1)40, f(—1)=)0, .. © +1 is a factor. 


1+9+ 20+ 12 
—1l-— 8-12 j 
1 8 12; O .. 22+ 8% + 12 is the quotient. 


. 2+8e+12=(@+42)(~4 6). 


-. 03 + 922 + 20% + 12 = (x + 1) (x + 2) (x + 6). 


.@—6a2+1lla—6. f(1)=0, £(2)=0, f(3) =0. 


-. @ — 6a? + lla —6 = (a — 1) (a — 2) (a — 8). 


. B+ 8a?—112a4 256. f(+1), f(+ 2) 40; f(4) =0. 
. « a—4 is a factor. 


1+ 8—112 + 256 
4 48 — 256 
1 12— 64; O ..a?4+12a—6¢4 is the quotient. 


. a2 + 12a — 64 = (a + 16) (a — 4). 
. . +4 8a2—112.a + 256 =(a—4)(a—4) (a +16) = (a—4)2(a +16). 


. a — a? —15a412. f(+1), f(+2), F(+ 8) #0; £(4) =0. 


a — 4 is a factor. 
1—1-—15+4 12 
4 12-12 
1 3— 8; 0O .«..a?+8a — 3 is the quotient. 
a3 — a2 —15a+ 12 = (a — 4) (a2 +34 —3). 
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Exercises. XLVI. 


Note. While it is always desirable in solving problems to employ a 
check, it will be suppressed in this work except where information 
concerning the method is needed. : 


1. a4 4=at4 4224449? = (a? 4 2)? — 422 
= (x? — 2m + 2) (a2 4+ 2a + 2). 
2. e+ 4yt—at+ 4a2y2 4+ 4 yt — 4a2y? = (22 4 2 y?)? — 4 a2y? 
= (a? — 2axy + 2 y?) (2? + Qay + 2y?). 
3. 25 + yS = (x2)3 + (y2)3 = (a? + y?) (at — wy? + 4). 
4. l4+ae2?4+¢8#=1+222 +4 xt — 2? 
=(14 a)? a = (1+2+4 27) (1 —2@-+4 2). 
5. a8 — atyt = (at + x2y?) (et — xy?) = (at + ay?) (2 + xy) (x? — xy) 
= xt (2? + y?) (& + ¥) (@ — 9)- 
6. x8 + y® + aty* = (xt + y*)? — atyt 
= (at + ay? + y4) (at — ay? + y?) 
= (a? + vy + y*) (x? —.xy + y) (at — ay? + y'). 
7. of + 244 = (x? + 4)? 
8. xt — 2ary? + yt = (a? — y®)? = (@ — y)? (@ + y)?. 
9. asbect — atboc8 = atboct (at — ct) = atd’ct (a? + c?) (a — c) (a4 C). 
10. a (2 + y?) + yt = (a? + y?)? — xy? 
= (x? — xy + y?) (@? + ay + y?). 
11. a® — a — 110 = (a3 — 11) (a3 + 10). 
12. ot+ ay + 2a8y = a (a2? + y + 2ay). 
13. ef — 1la?+1=at—2a2+4 1 — 9a? = (2? — 1)? 922 
meee Sayeaeh Ih 
14. 222+ 11e%+4+12=20248%+4+82x+412=(24+43) (e+ 4). 
15. 622 — 2382 + 20 = 622 — 152 — 82-4 20 
=32u(2a — 5) —4(2a — 5) = (8a — 4) (24 — 5). 
16. y2—227422-—1=y77— (2-224 1)=y%—(%—1)? 
=(y—z+1)(y¥+z—-1). 


17. x8y3 + 2 wy? + vy = vy (wy? + 2 zy + 1) 
= xy (wy + 1)% 
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18. @+y)' a yl =(e+y'-@ 4+) 
= (@ + y)[@ + y)§ — (w — ay + arty? — 28y3 + ary4 — ays + y6)] 
= (& + y) (Tay + 14 aty? + 21 ay? + 14.02y4 + 7 xy) 
= (@ + y) (at + 2a3y + Bary? + Qay3 + yt) 7 ay 
= Tay (& + y) (@? + wy + y?)?. 

19. at — 15 a2b2 + 9b4 = at — 6 a2b2 + 9 Dt — 9 22 
= (a? — 3 6?)? — 9b? = (a? — 3 ab — 3b?) (a2 + 3.ab — 302). 

20. ax? + (a+ b)x +60 = (ax + b) (x +1). 

21. ab+ y? — ay —by=a(b—y)—y(b—-y)=(a—y)(0—-y). 

22. 122%y? —1l7 ay + 6 = 12 4742 — 8ay —9ay4+6 
= (4ay — 8) (Bay — 2). 

23. at — 8 ary? + 16 94 = (a? — 4y?)? = (@ — 2y)2 (a + 2y). 

24. (© + 1)? — 5a — 29 = a? — 3a — 28 = (@ — 7) (a + 4). 

25. (a+ b)3 + (a — b)3 
=(a+b+a—D)[(a +d)? — (a+b) (a — db) + (a —d)7] 
=2a(a? + 306%). 

26. 1624 — 28 xy? + yt = 16 24 + 8x?y? + yt — 36 xy? 
= (422 + y?)? — 36 xy? = (422 — 6ay + y?) (40? + Bay + y?). 

27. 7 + 3y? + 6y + 18 = y7(y¥ +3) + 6(y + 3)=(y? + 6) (y +3). 

28. 722 + 9622 — 103% =2(7 2? + 96x — 108) = a(7x + 103)(a — 1). 

29. 21a? + 26ab — 1502 =(7a—3b)(Ba+5d). , 

30. xt — (a2 + 6?) a? + «2b? = (a? — a?) (x? — 6?) 
= (@— a) (a + a) (@ —b)(@ +d). 

81. mon’ + 1 = (m?2n?)3 + 1 = (m?n? + 1) (mtnt — m?n? + 1), 

32. a8 — Qatbt + 08 = (at — b4)? = (a? — B42 (a? 4 BY)? 
= (a + b)? (a — b)? (a? + 6?)?. 

83. 9a? —16y2= (Ba —4y) (8B2+4y). 

34, x2” — 11a” + 28 = (a — 7) (a — 4). 

35. a —2a2+a=a(at—2a?+1) 
= a(a? — 1)? =a(a — 1)?(a + 1)?. 

36. 9a2™—4a"—5=9a?™—9ar+5ar—5 
= 9am(am — 1) + 5(a™ — 1) = (9a + 5) (a — 1). 

87. 10a? — 360 bt = 10 (a? — 36 b*) = 10 (a — 6B?) (a + 60). 

38. a2 (a2 — 24) + 63 = at — 24 a? + 63 = (a? — 8) (a? — 21). 

89, imi gm+ 1 a=gim4 2g2m4+ 1 — arm 
meee 1) 2 — 2m, — (gam — om 1) (gam amt 1). 


48. 


49. 
50. 
51. 


52. 
53. 
54, 


55. 
56. 
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3 @ —ac= be = 2 (GA SB) Sele ED) = (e 8 aoe 


. t+ eat + a8 = vt + 22204 + a8 — wat = (2? + at)? — oat 


= (a2 — va? + at) (x? + wa? + at). 


. w+ 122y + 86y? = (e+ 6y)?. 
. 4162+ 63=(@+7) (x4 9). 


. m2 — 2 — w? + 2tw = m2 — (2 — 2tw + w?) = m2 — (t — w)? 


=(m—t+w)(m+t—w). 


. @—14¢ 449 = (x — 7). 
. (a +13 — (6 + 13 


= [( +1) —@ + YI] [(@ + 2+ (@+ 141) + +17] 
= (a + b) (a — b) (at + bt + 8a? + 302 + a2? + 3) 


. a8(a8 — 1) — 56 = a® — a8 — 56 = (a® — 8) (a2 + 7) 


= (a — 2) (a2 + 2a + 4) (a8 +7). 
(2 + yt +4(w + 2)4 
=(r+y)t+4(e+y)(w +2)? +4(w + z)§ —4(@ + y)*(w + 2)? 
= [e+ y)? +2 0 + 2)? — 4( + y)%(w +2) 
=([(@+ y)? +2(w + 2)? -2(@+y) (w+ Z)] 

[(@ + u)? + 2(w +2)? +2(@+¥) (w+ 2)]. 
15a?—194a+6= (8a — 2) (5a — 8). 
5 ab — be + cd —5ad =b(5a —c) + d(c —5a) = (b— a) (5a—C). 
8—(e+y+ z)§ 
=[(2-—(@+y+2)])(4+2@+y¥+2)+(@+y+2)?), 
or (2 —2% —y — 2) 

(4+ 2¢24+2y+22+ 24 y?4 224 2ry + 2yz + 220). 
w+ y8 — 4a2y —4ay? = 28+ y8 — 4 ay (x + y) 
= (« + y) [(@? — ey + y?) — day] = (& + y) (2? — Bay + y’). 
a®b — ab? + a®b + ab? = ab(a? — b? + a +b) 
= ab(a + b) (a—b +1). 
a(a+1)—-BP(b+1)=e0—B4+a— 0? 
= (a — db) (a®# + ab + 0? +a +4 D). 
scy(@t+yt+e+y=a + 3ery + day? + y® = (x +y)3. 
4 a2y? — (a2 + y2 — 22)2 =(Qay — a2 — y? + 2?) (Qay + 2? + y? — 22) 
= [28 — (w@ — y)*] [@ + 9)? — 23] 
=(@-a@+y)(@+e-—y)(e+y—2z)\(@+y+2). 
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24+ (x? — 4)y —2ay2? = 24 wy —4y —2ay? 
= “(2 + wy) — 2y(2 + wy) = (x — 2y) (2 + wy). 


121 at — 795 ab? + 9 bt = (11 a?)2 — 66 a2b?2 + (8 b2)2 — 729 a2b2 
= (11 a? — 3b? + 27 ab) (11 a2 — 3b? — 27 ab). 


(a —4)2?—4(a— 4) + 4=[(a — 4) — 2]? = (a —2)2. 


(x — 5)? — 8(@ — 8) + 12 =[(@ — 5) — 2] [(a — 5) — 6] 
= (a — 7) (« — 11). 


x(x —2y)—yP(y — 22) = wt — 2Qa’y + 2ay? — yt 
= xt — y* — 2ay (a? — y?) = (a? — y?) (a? + ? — 2ay) 
=(«@+y) (« —y)?. 


1 — (a — b) — 110(a — 0)? 
=1-—11(a—b)+10(a — db) — 110(a — db)? 
=1-—11(a—b)+10(a — 6) [1 — 11(a — d)] 
= [1+ 10(a —d)][1 —11(a—))]. 


10 + 16 (a + 6) + 6(a + B)? 
=10+4+10(a+ 6)+6(a+4+ b) 4+ 6(a+ 6)? 


“= 10[1+ (@+b)]4+6(a+0)[1+ (a+ d)] 


= [10 + 6(a + d)] [1 + (a + d)]. 


(m + n)? + 10(m + n) + 24 
=(m+n+4)(m+n-+4 6). 


202 — ay + (y — 2) (xy — @)? = 4 ay — 4 x2y? + xy? 
= wy (4—4y 4+ y’) = wy (2 — y)*. 


a2 + y? — (w? + 2?) + 2 (ay + wz) 
= (72 + 2Qay + y?) — (w? — 2wz + 2”) 
=(e@+y)?—-(w-zP?=@+y-—w+z)(@t+yt+w—~Z). 


1. (a +b) —(a +b)? —(a +b)? +1, 
considered asa f(a +b), f(—1)=0. ..a+0-+1 isa factor. 
2. «.f(a+b)=(a +b + 1)[(a+4+ 0)*— (a+ 0)? — (a+ b) + 1], 
for by synthetic division 1 +0 —1 —1 40 +1 
—1 1 0 1 —-1 
1-1 0-1 ls” 

_ The quotient is (a + b)* — (a + 6)? + 0(a+ b)? — (a+ b) +1. 
3. f(1) =0, .. dividing the last quotient by a + b — 1, the result 
is (a + b)8 —1, or a+ 0—1)(@?+20b+0?+a+b+1). 

4... f(at+b)=(a+b4+1)(a+b—-1)? (@2+20b+0+a+b+)). 
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pee ee 


Check. 


. 4124 287 = 48.41 = 1968. 72+ 287 =48-7= 
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Exercises. XLVII. 


v—1=0. 
(ce —1)(@@+1)=0. 
e— l= 0, ore ol 0: 
w=1, — 1. 
(+1)?-1=0. 


au? + 287 = 48a. 
xv? — 48a + 287 = 0. 
(x -- 41) (« —7)=0. 
e—41 =0, or e—7=0. 
Anis 


Co 
Co 
a 


202? +2=—52. 
202—52%+2=0. 
(2x —1)(@ — 2) = 0. 
Pe — = 0. ore: —2'= 0; 
CaS, Be 


. 2-(4)2? +2=24=5-4. 2.2242=-10=5-2, 


622—18%+6=0. 
(8a@ — 2)(2% —3)=0. 2 
38% —2=0, or 24—3=0. 


3 
. 6+ (2)2—18-246=0. 6-(%)2- 18-34+6=0. 


x2 = 2a + 148. 
x? — 2% — 143 = 0. 
(@ — 18) («+ 11)=0. 
«= 138, —11. 


ok, 182= 2-184 148=169. (—11)2?=2-—11 +143 = 121. 


vt*— 10024 21=0. 
(«2 — 7) (x? — 3) = 0. 
a= V7, V3. 


. (Vit — 10. (V7)? + 21 = 0. 


(V3)* — 10 - (V3)2 + 21 =0. 
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ies e+4e%7+¢=6. 
De v+4¢2+%—6=0. 
3. (% — 1) («+ 8) (w+ 2) =0. 
4. w= 1, —'\3) — 2! 


heat. 1344-124+1=6. 
(— 8)? +4-(—3)?+(—3)=6. (—2)%+4. (— 2)? +(—2)=6. 


Note. The + signs may be omitted where the extraction of a root 
is made, as in ex. 6, this being taken up in § 124 of the Algebra. But 
in the case of x2 — 1 = 0, the pupil should be encouraged to factor it 
into (« + 1)(2 —1) =0, rather than to extract the square root of 1. 
All the roots will then appear. 


Oh ile x — 1444 + 49 2? = 36. 

eee: BES ae at 

3. e+e HIe+3 +H (0- 2) 05 

4, = 1, 3, <8, as 2. 

Check. As usual. 
9. 1. xt — 134? + 36 = 0. 

2st: ve) os 

B. 2. (x + 3) (x — 3) (a + 2) (@ — 2) = 0. 

oe "a= —3, 3, — 2, 2. 
10. 1. 223 — 6722 + 3712 = 0. 

2. % (2% — 58) (x — 7) =0. 

ah wt x = 0, 264, 7. 
oy 1. 203 —7T2?+5x=0. 

2 x(222—Tx+ 5)=0. 

5. x(x — 1) (2% — 5) =0. 

Cn gi O01, 2. 
12. 1. xt —150¢?+ 107+ 24=0. 

2. Dee Vee ee heey o. 

Se c= —1, 2, —4, 3. 


Exercises. XLVIII. 
1. V4 Voi =4+2Vae = + 202 
2. V— 8ass2 = — 2 art. 
8. V38(a,— 20) — 3 V(a — 2b) = 3 (a — 2), 
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4. V 16 aim Valanbép = +4q2m ‘/qianpep — + 4 a2(m+npp, 
5. V2a2 V2 Vie = + V20a V2 V4e8 
=—4 V2a- V2b Vie = 4 2abe. 
6. V16 xl0y%z80 = + 4 gdyldzld, 1/32 p10y20z80 — 2 g2y476, 
7. Vee = + 2, net Agha l aie, BORAT St sear ee 
oo SS = 
8. VG64 ql8yl2 — 4+ 8797/6, V64 cl8yl2 = 4 x6y4, V64 cl8yl2 = + 2 x3y2. 
9. V729 al8b6 = + 27 4°38, V 729 al8b§ — 9 aSb2, V720 ashe = + 3a8b. 


10. Varmp3m — + a2b3, m being even; ab, m being odd. 


Exercises. XLIX. 


1, Vgat— gat + = V (Gat)? — 2 (gat) 3 + (§ 
Check. Letw=1. [+(3-$)P=shs=$-$4+ 25 

2. V4a—12 Vad +90= V2 Vay? — 2.2 Va-3 Vd + (8 Vbp 
=+(2Va—8 V2). 
Check. Leta=b=1. (#1)? =4—124 9. 


rs 
~~ 

ole: 

ao 
— 
oles 
io 
. i 
II 

H 
—= 
TS) 

& 
rs 

| 
ciloo 
— 


8. V4m? — 12 ma? + 9at= V(2m)2 —2-2m-3a2 + (322)? 
=+ (2m — 3822), 
Check. Letw=2,m=1. (#10)? = 100 =4 — 48 + 144. 


4. V9 asb8 — 30 addted + 25 atcl0 


= V(3 asb*)? — 2-3 a%bt - 5 are + (5 a2c5)? = + (3 abt — 5 a2c5). 
Check. As usual. 


5. V4 m2 + 4mn + 12 mp + n? + 6 np + 9p? 
= V(2m)?2 + n2 + (Bp)? +2-2m-n+2-2m-3p+2-n-3p 
=+(2m+n++ 3p). 


6. V4 at — 12 a8y + 16 22y3 + 9 a2y? — 24 yt + 16 yd 
= V (202)2+ (—Bay)2+ (4y8)2—2-222-8ay+2-202-4y2—2-82y-4y3 
= + (207 —8ay + 4%). 
3 
7. Viaht O° — 5808 + 4 08 — ty 


= Vga — 3 (Fa)? | + 3(Fa)- GF — = $a? — 


93-95.] FACTORS 


8. V m® + 6 min + 12 m2n?2 + 8 n3 
3 
= V(m2)8 + 3 (m2)2-2n + 3m? (2n)? + (2n)? = m2 + 2n. 


9. V8a5 — 84 a2y + 204 ay? — 343 98 
3 
= V (2a)? — 3(22)2(7y) + 822) (Ty)? — (Ty) 2 =24 —Ty. 


10. V8a° + 1205 + 18a! + 13094 9e438041 

3 
= V(222)3 + 3 (222)2(@ + 1) + 3-202 (@ + 1)2 +4 (e@ + 1)8 
=227+¢+4+1. 


3 
11. Vm — 8m? — 3m + 11 m3 + 6m? — 12m —8 
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= Vids — 3(m?)?m + 3m?-m? — 3-m4-2 + 3-4-m? — 3m?2.2 —3-4.m 


+ 6-m?-—m-—2 + (— m)3 + (— 2)2?= m2 — m — 2. 


It is easier to take m? — m as the first two terms of the root, which 
appears from the first two terms of the given expression, and — 2 for 
the third which appears from the last term, and cube this result, thus 


proving that its cube is identical to the given expression. 


12. V xv — 1245 + 5404 — 11223 + 1082? — 4824 8= 22 


4x42, 


since 7° = (x?)8, —1225=3(x?)?(—42), 8=2°, and the cube of e?-44%+2 


equals the given power. 


138. Vivek + hoy + et ae + 
4 

= V(jay + 4G a) Fu) + 6G a? Gur +40) Gu + Gu) 

=+()0+ 30). 


14. Vi6at — 96a3y + 2162%2 — 216 ay? + 81 4 
= Va)! — 420) (By) + 6 2a)? By)? — 42a) By? + By) 
=4 (2a — 3 y). 


15. V3225 — 80a! + 8023 — 40224102 —1 


= V(22)5 — 5(2a)#-1 + 10(2@)8-1 — 10(@a)?-14+5(22)-1—15 


= 20 — 1, 


5 = 2 
16. Vxl0 — $a8y + Saby? — Saty? + 5, x2yt — oy? 


= V (02) — 5 (@)*(Fy) + 10(@)*(4 9)? — 10 (@)? A y)® + 52a y)k — (by) 


=oe—ty. 
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17. VaS — 12.05 + 60 at — 160 a + 240 a? — 192.4 + 64 
= Vai + 6 a® (— 2) + 15 a*(— 2)? + 20 a3. (— 2)3 + 15a?- (— 2)4 
+6a-(— 2) + (— 2)§=+ (a — 2). 


18. Vai — 2a% + § atb® — 29 aPb8 + fF, at — 2 ab> + 3, 08 
=Vao + 6a5(— 4b) + 15 a*(— 4)? + 2008 (— 4b)? + 15 a2(— 3d) 
+ 6a(— 40)° + (— 0) = + (a— 3). 


Exercises. L. 


af Root = + (a? + x — 4) 
Power = 244+ 2a%3—a++4 contains f2 + 2fn + n? 
fi= at 
Qf=22 203 — 2% 38 2fn + n? 
2ftin=2e7+4+% 20% + x? = és ve 
2f= 2392420 —«#—2x2++4 contains we FS 
2ftn=2%74+ 224-4 —a—ax+4 = oe Sg 


2. Root = + (1+ 4a+4 8a?) 
Power = 1+ 8a-+ 22a?+4+ 24a3+4 9a contains f?2 + 2fn-+ n? 


pial 
27 = 2 8a + 22 a? oe 2fn + n2 
2fin=2+4a 8at+ 16a? = e be 
2f=2+ 8a 6a? + 24a3 + 9a‘ contains ee ke 
2fin=24+8a4+3a2 6a? + 24a2 + 9at = ee ts 


3. Root = + [8 (a? — 1) — 2a] 
Power = 9(a? — 1)? — 12(a?— 1)a+ 4a? cont’s f2+2 fn 4+ n? 
f?2 = 9 (a? — 1)? 
2f = 6(a?—1) —12(@—-lha+4@ ¢ 2fn + n? 
2ftn=6(a2-1l)—-2a —12(@2—lha+4a = “ “ 


4. Root = + («3 — 3a + 2) 
Power = x — 6244 423+ 902 —12%+44 cont’s f24+2fn+n?2 


f2= 2 
hip SR —6at+4%3 +922 OF 2 fn+n? 
2ftn=222—32 —624 + 9 a2 = soe 
2f = 223-62 4x —12%+4 cont’s eee 


2f+n=223—6042 4 x8 —12%744 = ete 
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95-98.] 


gu + UlZ + of 


a 9 
” 7 


9 9 


gu + UlZ 
gu t+ Uf + of 
a oh) 


M9 de) 


ope} diy) 


gu + UfZ 


gu + UZ + of 


SUIG}MOD 


sure}u09 


” 


sureyu0o 


sureym0o 


” 


sureyU0o 


sureyu09 


7} 


sureyu0o 


T+2Z-—etpt+ eg — T—-@6t+@p—eergrut+sey 
T+%Z-—e@pt+etg — LEt+eh- &LQ=SG 
get el Pp — 9 Le +ep-@egaHut+sfsy 
seg + LOL — #9 a ep — 9 =SF 
os ee eZ— Ck Q=UtTSLy 
FOL + oe ZT — st Q=LZ 
96 = of 
T+ 2S — G+ eLOL — 3201 + ZI — o@G = TOMO”T 
([—@+ 2% — g&§) F = o0y “E 
999 + 226 + 90 0 — 98 —96-PYOT=U+SLE 
999 + 296 + q 08 9% —-YOT=SZ 
72 + MOL = AY SO ib Sars she 
go 99 OT — DOT =SLZ 
, 20GZ =f 
2? + 999 + 296 + QP 0G — 09 OT — 20 eZ = IOMOg 
(@g —9— 0) F= 004, 9 
2d + eLQ0 B+ gtQZ— Q— @DZ— CE=U+LT 
20 + QD Z + otQG — ZtD ZG — @LZ=ISZ 
7lzD + LD GZ — 70) — OG — Was 
FLZD + glLD Z — eto=Lb 
gt = ef 
2 + QU ZG + glQZ — -€ + oD FZ — gu = TOMO 


(q — gt0 — gt) F = ooy g 


[PAGE 
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1 ” cca 


” ” SuTe1u0o 


27) ” a 


gu + ULs ” 


gu + UlZ + gf sureyu0o 


” ty} aap 


i. “ny surequ09 


9 9”) ata! 
0 i SUTeIOO 


mie 9 = 


gl + UG ” 


gu + UfZ + Sf suteyu0s 


bed 9 ew 


” 26 SuTe} OD 


9 7 — 


gu + Use ” 


gu + Ue + gf sureyu0o 


9095) OL + ¢95Qe OT — c2eQeP HB 899M F + OF — QeVQI=U+SG 
99296 OT + £949 OL — edeQeP FZ eM F — 2909 = LG 
9922 F + 6959 BL — 6196 — QDI =U+SS 
9929 FF 94D ZT — 2980 9 = SG 
4999 6 = cf 
P24) OL + £9496? OL — 29eQeD FZ + 990 $ + cQsP ZI —- #990 6 = TOMOT 
(s99e0 & + QB — 29. 8) F = oy ‘OL 
GU + MEL — pF — gt OF shot Qo-wWZ-g=uU+ SZ 
gh + gM El — pup — eWOT ug —WE-B8=LG 
pl 6 + glhQ + 2 HZ — gug —-WE—-—BZ=U+SG 
HUG + gh BZ + gt FE — WE-8=SB 
Zu + Ug — uw —Qg=U+fZ 
gilt GZ — UB — 8=S6 
91 =f 
gl h + oll Zl — 7G + pu ge + ul €Z — WB — OT = Jomog 
(cue + cue — mw — F) F= 1004 6 
Zl + <@50 F — eed Q + led + DF —QO=U+Szy 
glo + 4X50 F — ole 9 + elD F — LO=SLG 
9%) F + yD ET — DG — LO=U+SZSG 
gleD F + LV ZT — LO =LB 
st 6 = cf 
algo + 72x F — LDQ + oXOF + AVST — R= TOMOT 
(ugo + exo Z — y2¢) F = o0y a) 
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oh + 52h gQ— zzhgne +Zehgt9 ZheLF ZC + gZhg—Zhxe + hixg—hyexpoau+t iz 
25h + pZhzUQ — peheXG+ 2, hex9 — ZRH e2hg—ZzhxZ+ -hxg—hgrp=Sse 
PhO + 52 hUQ— pzehUPE+ ge eheLQ] — ethp — Zhuge + hag —hgxp=Uut+fZ 
“049 ‘8,909 g2zhoT t+ 52ghLQ — o%hXFZ+ c%eheLOT — ZALG + xg —het$=SZ 
% ” = Zech + ZehizkQ —2hyvH Zhe + hxrg—fherpa=ut Whe 
lady SUTBIUO9 srehigt + Zehgrg— zehigep elixg—hgrp=fle 
ye = pizt6 + ghsxZl— chxg—hgtp=ut+sZ 
gut ule ” XG + ghgXET — hetp=fE 
gU+UsZtzf sureyao0o hgtP=cfL 
“2 ZheLH+ geehO] +52 hUQ— ezehxPZt gegheLOT — aeehigh + Uhexg — 2ehyep + iz + ehyLZ] — ghgcp= TOMO 
= 2p + 5ZNeeQ — pzhetG + 2zherg— | (2+ ezhp—zhz- fixe — fight) - = 004 ‘SL 
ie) 
< 
Py 
2P GB + Py? OF — e906 + Ded OF — PG- PST AP —WA=U+SZ 
eP SS + Ps? OF — PeQ 0B + DeP OG PSA — PO9=SZ 
» ” = 99 OL 1 4999 OL — 40D FB PP+ Ab wWg=UtsZs 
” ” surejzuo0o 8? OL 1 7969 OT — 30zD FG ab—woa=SfZ 
” ” = 99 F + 2920 ZI — e@G— WQ=U+SSG 
gu + UG ” 99 + £9? BT — 9=SZ 
gu + Use + gf surezuos 96 =f 
eP GS + Px? OF — PeQ 0B + De? OF — 99 OI + 72q OL — MHS + 0b + £0) ZI — 32 6 = TOMOg 
(Pg — 9h + 69% — YE) F= Ooy “TE 


98.] 
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13. Root =+ (1+ 42—127+4 1 23..--) 
Power=1+2 contains f2 + 2fn+ n2 
pa 
ie a ee 2fn + n? 
2ft+tn=2+4¢ e+ia2 = ue oe 
2f=2+ & —ix contains ee eg 
2ftn=2+ e-—42? —1e?-1734+ 424 = ee ue 
2f=2+ u—t2? 4e3—A 2+ contains gs e 
2f+tn=24+ e—47+4 72% 1 78 is xt ge Ptah, 7? = 6 
14. Root = + (1 — a — 4.22 — 328...) 
Power = 1— 22 cont’s f2+ 2fn + n? 
fa 
2h = 2 — 2% 33 2Qfn + n2 
2f+n=2—-— « —2%+ 22 = “ ‘% 
2f =2 — 2x — x cont’s ue ce 
2f+n=2—2a—}22 — a + g8 + 124 = Bb ee 
2f=2—2x%— x — 28 — iat cont’s ee oe 
2ftn=2— 2x x? — 428 oot tae igh = te BY 
15. Root =4+ (24+ 4%— 7,074 A, 23---) 
Power = 4422 cont’s f2 + 2fn + n?2 
pas 
PMN a 2% re 2fn + n 
2ft+tn=4+he 2% +122 as os es 
2fa=44+ @ — 1g cont’s ve te 
2ft+n=44+ e—-F 0 —1e- 702+ 54,04 = ae “ 
2fH=4+ 2-42 .. +p? — 54,04 cont’s vi ue 


==: 1 2 a 3 1 1 j = oh 
2ftnaH4+ T- EO t yO e+ Het —strh +a H= 


16. Root =+ (Ba+2a---) 
Power = 9a? + 12 aa cont’s f2 +2 fn + n? 
f2=9a 
2f=6a 12 aa 38 2fn + 2 


2f+tn=6a+2e War+4e2 — = “ 6c 
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17. Root = + (a2 + 38a —1) 
Power = at + 6a? + 7a?—6a+42 cont’s f2+2fn+n2 
f2= at 
2f = 2a? 6a3 + 7a? fe 2fn +n? 
2ftn=2e+ 34a 6a? + 9a? = ue SU 
2f=207?+6a —2a?—6a+42 cont’s Oe ue 
2f+n=2a?+6a—1 —2a?—6a4+1 = Be Be 


0 Oo Wr ah aes il, 
“. © = 1 makes the expression a perfect square. 


18. Root = + (24? + x + (m — 1)/4) 


Power = 424+ 423+ ma?+42%+4+4 cont’s f2+2fn+n2 
f? — 44 

2f=422 403 + ma? a 2fn+n2 
2fin=40?+e 4a3+ 2 = Be 
2f=4224+2% (m—1)a?4+42+4+4 cont’s eee ues 

ie = 2 
Qf+n=4224+22+(m—1)/4 (m—1)a? + mn ye ne Ee ai 

[4 we) en (m—1)? 

2 42 

This remainder must be zero by the given condition. It is zero 


(m — 1)? 


when both 4 — m2 = and 4 — = 0, x being any num- 


2 — 1 .— 1 
y = 4 and a ='9, or ey 


(m—1) _ 
te 


= +2 and m=9, — 7. 


Dera te. ot 


a 


0, ... m=9 makes the expression 


But — 7 does not satisfy 4 — 
the perfect square, (2%2 + «+ 2)?. That 9 is the number can be seen 
at once from the 2d remainder, since (m — 1) + 4 must equal a umber 
which multiplied by 2 is 4; i.e. 2(m—1)/4=4. ..m=9. 


19. Root= +(8a?+2a+1) 
Power=9a!+12a?+10a?+ma+1 contains f2+2fn+n? © 
f2=9at 
27=6 a 12a?+ 10a? Ge 2Qfn+n? 
2ft+n=6a?+2a 12a?+ 4a? = oer oe 
2f=6 a?+4a 6a?+ma+1 contains OE a 
2f+n=6a?+4a+1 6a2+4a41 = GBs Gb 


(m—4)a=0, if m=4. 
-. the expression equals (3a24+2a-+1)? if m=4. 


(@> MANUAL TO ALGEBRA [PAGES 


20. 1. 2[(m+n)*+ (mt+n4)]=2(2 m4+2nt+4m3n+6 m2n?+4 mn’). 
2. [42(m?2+n2+ mn) ]?=4(mt+2m3n+3 m2n2+2mn3+n'). 
3. 2. W2[(m4+-n)t+ (mt +n4)] = £2(m2+n2+mn), 
since (1)= (2). 


Exercises. LI. 


1. Root= 9 7 9 
Power = 95‘84‘41 contains f2+2jfn-+ n? 
f2 = 81 00 00 
2f:=1800 14 8441 ee 2fin+n2 ff, = 900 
2fit+tm=1870 1809 00 = ob oF ne 10: 
2 fo = 1940 17541 contains 2fone+ ne? fo = 970 
2 fo + nz = 1949 1 75 41 = ee CI yas oe) 
2. Root i882 2 
Power = 77‘79.24 contains f2+2fn4+ n? 
Jf? = 64 00 
2f1 = 160 18 79.24 ce 2fin+n2 f;=80 
2f1 + ni = 168 13 44.00 a 20 us Ny = 8 
2 fe = 176 35.24 contains  2foengtn? f= 88 
2 fo + ne = 176.2 35.24 = “ uC Ne =" Ose 
3. Root=75..7 1 
Power = 32.60‘41 contains /2+2jfn+4 n2 
Jf? = 25 00 00 
2f1 = 1000 7 60 41 uG 2fingt+ ny? ff, = 500 
-2fi+m=1070 74900 = “ “ m= 70 
2 fe = 1140 1141 contains 2 fone + 22 fo = 570 
2 fo + ng = 1141 11 41 => JU ois Nz = 1 
4. Root= 4.9 1 
Power = 24.10‘81 contains /2+42fn-+ n2 
f2=16 : 
ify =e) 8.10 81 a 2fimtn2 fr=4 
2f1 +m = 8.9 8.01 = ¢e «m= 0.9 


2 fo = 9.8 0.09 81 contains 2fone+ ny? fo = 4.9 
2 fo + No = 9.81 0.09 81 se 6c Se 0.0 
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246 + 296 + 
” ” ” = 29 LG — 29M FG + G20 98 — QUST Ze 
gu + 
el + Use + UsLE ” 69 LG — 290 FS + Qed 9g — ule tse 
Y3=ef 
el + UE tuslEtef  sureyuoo 69 LG — 24P FG + QP OG — oP 8 = IOMO"D 
Q8 — DZ = 004 
‘III ‘sesto1exy 
9000 =%u s; » = 96 46 00'0 99F'0 = UU + YZ 
SoO= YF Zou + Ue sureyuoo 96 1600°0 9F0= YS 
soos ,, ” = 66100 srpo=uUut+YzZ 
GOH=Y glut us ” 9¢ T0'0 FO= YS 
FO0=<z 


gu + Use + of 


600'0 = Cop, ” 
HOO =f chu + Butle 
P00 = Tu ” ” 


60=Y fut tuys 


gu + ule + cf 


sure} 109 


sureyuoo 


ue) 


sureyuoo 


96:99>90'°0, = tomog 
9 € 6 0= 7004 


10 0L 10°0 688° = U+ YZ 


1002100 S88l=¥Zs 
9€ 10°05 FPETH=Ut+Ys 
10 90 60°0 SIT= YZ 
18 0=cf 


10:90,06'°0 = IoMog 
6 PF 6 0 = 3004 


gu + 


3) GL 


at § 
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re) Led ” . 


gl + gUfe+Ucle ” 


gl + ULE + USE ” 


FUG + e@ BI — ee 6+ 
9 LET cL FG—5€@ GO + el 9G—226 eIETLEL[—E] eLBl—2ve| wel—e 
+ eUsEetUcsE SUTRIWOD gx 1Z+ upo—seEgQ+ gx 98—2@6 Ut UlEtesSs wU+Uf Ee at & 
wept gePt 
eB —@Elt+rg— LO—-§ LQ— g 
gut gut 
a Fb—e1E+CO— | Uletcls ULE | SE 
=ef 
Ut MET UeSEt+e Sf SUIRINOD o@ 12+ @F9—s0E9+ eX PH—~w 1Z+29—[—IeMOg 
avg +2E—T=100y ES 
2&9 OT + 3&9 OL + 
eX%sd F9 — eXeQD BF + elQzd ZL — ZXQD GI — eleD G| eLQU TL —|zkwe 
gu + gu + 
eed FD — 2% BF + e@Q2P ZI — ufe + cf | UE! LE 
eed = of 


el + fe + Ugle+ef surezu0s 


6%9 VO — sXzQ0 8h + COD SL — eeD = IOMOT 
LQ F — LD = 10H 2 
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Note. In the following cube root exercises the work will be abridged, 
the full form being necessary for explanation only. 


4. Root = a? — 2ab + 40? 
Power = a — 2.4%) + 3 a4b? — 20 q8b3 + 4, abt — 2 abe+ wks 08 
ae 


—2asb + Said? — 30 adds 

— 2a°b ale 4 atb? 7 a3b3 
4 atb? = 42 0808 + OS a2bt — ¥r ab® are wig be 
3 ath2 — ie a3b3 ae ar a 


5. Root = a? —4ab4+ 2b? 
Power = a® — 12 a5b + 54 ath? — 112 a3b? + 108 a2d* — 48 ab® + 8 BS 
ae 
— 12 ab + 54 ath? — 112 abi 
— 12. ab + 48 ath? — 64 a3b3 
6 atb? — 48 ab? + 108 abt — 48 ab® + 8 dE 
6 a4b2 — 48 a3b3 + 108 a2b* — 48 ab® + 8 bE 


6. Root=x+y-—2 
Power = #243 227 —622+ 38ay?—1l2ay+12¢4+y* —6y?+ 12y—8 


3 
Baty eat t Saye = 
Baty +8 ay? Age 
—62 —12ay+122 --6y?+12y—8 
— 62 —12ey+122 —6y?+ 12y—8 
\ 
Exercises. LIII. 
1. (a) Root w= nl we. 
Power = 10‘077‘696 contains f? + 3f?n + 3 fn? + n3 
fi= 8 
8f2 |8fn |38f24+38fn| 2077696 “ 38f%4+8fn?+n3 f;=200 
+n? + n2 


1261000 = «* «y= 10 
816 696 cont’s ‘ i te = 910 
132300 | 3816 | 136116 816696 = * “ «  ne= 6 


120000 | 6100) 126100 
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(b) R00t= 3 eel 
Power = 81'855‘013 contains f?+ 3f2n + 3 fn? + n3 
f3 = 27 


38f?2 + 3fn + n? 4 855 013 etc. as before. 
270000 + 9000 + 100 2 791 000 


2 064 015 
288300 +. 6510 + 49 2 064 0138 


(c) ROO tea Ons Our al 
Power = 125.751‘501 
125. 


Bf? + 3yn + n? 0.751 501 


75 + 0.15 + 0.0001 0.751 501 
2. (a) Root Ft gels 6 
Power = 367‘061.696 
343 000. 
3f2 + 8fn +n? | 24 061.696 
14700 + 210 + 1 14 911. 
9 150.696 


15128 + 127.8 + | sal 9 150.696 


(b) ROOt =" Oo OY 
Power = 997.002‘999 
729. 


3f2 + 3 fn +n? |268.002 999 
243 + 24.3 + 0.81] 241.299 


| 26.703 999 
294.08 + 2.673 + 0.0081] 26.703 999 


3. (a) Root = 8.198 
Power = 551. 
512. 


3/24 8fn+n2 | 39. 
192 + 2.44 0.01 | 19.441 
newb rr 
196.83 + 2.187 + 0.0081 | 17.912 259 
201.228300 + 0.19656 | 1.646 741 
+ 0.000064 | 1.611 399 392 
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(b) Root= 9.916 — 
Power = 975. 
729. 
8f2 + 38fn +n? | 246. 
243 + 24.3 + 0.81 |241.299 
299.03 + 0.297 + 0.0001 | 4.701 
2.943 271 
3/2 = 294.6243 | 1.757 729 
1.765 7458 


4. (a) V2 = 1.2599. 


Review Exercises. 


(b) V5 = 1.709976. 


LIV. 


= 5 10, 
I. Root=1—44¢—422-—$, —j% a4... 


Power=1—«z 
fr=l 
38f2| 8 fn+n?2|3f24+3 fn 


—z 


contains f2+3/2n+8fn2+n3 
BC (Bf2+3fn+n2)n 


“ce 


3 —2 +n? 
+422 |3—2 —¢+ie—to = 
+5? 
8f?+3fn4+n? 


ae | 


—ig?+4,23 contains 
eee 5 2 ab) coe eee 
—4$27+ 3th ge? = 


ce 


8 gf 
3-20-34 a8 + Fe 


1 1 6 

—P7OPt sO +adgh 

Ot pd ee Sue ee Dn LOE 

thy D+ 5 hh 0° | — Fy O8t GL Ott hg O — aye Po — ght 
a 


CONG Samat 


2. Root = 4 —a# — 7,2 
Power = 64 —48a%+ 92? 


64 


—48¢7+ 922 
— 48a + 1202 — x3 


38a? + 2 
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$3 + 26-8 
06 + GE — 8 
sl + 72-9 
yao 9 
ae eon 
Vee VI eta yacr thet Fo 
So Oar | : SMOT[OF WOISIAIP OY, 
Ettp—@ _w@—2ol-6+(1+279+ 22a) 
POT LIL—@SI— ote 8 86i(gt—e+ee)(g—2+ 2) 


‘BTtgt w= 


"(ghg® + gitg2 + @eh) — (pe + hi + gt) zha= 
geht — g%@et — ghigt — zhu + 2; fix + ,zha= 
weghizt — Zhge + Ae + ohgt — yZAX + ott — g@gh — géghee = (hv — z) (xz — gh) (2h — zx) g 


(E— a(S + 2) + e— ee 2) = 
(F—e)(L+@)=(F—-e) + (h—- et) et=p—Wt+@ep—@ ‘Dd 


62 + 82? 6 + 192P OE + oe? LG + OP GH + 34eD8l + eQqDE 
62 TF 89% 6 + 192P 9E + 999 LG + OO GH +3QeD8l + QQDE 
09 LB + oA5P 18 + $4eP 801 + 299? FS + 20196 
9220 $8 + <OsP QZ + 9c? VST + 290M LG + 291.06 
299) LB + 291) LG + 990 6 
299) $8 + 291) 9G + 990 6 


gD 


62 + 896 + 19eP OF + 998) FB + 95? VST + 599? OZT + c99 F8 + 20.0 9E + 9906 + GD 
29 + QO E + QE + gd = JOON ‘g 


\| 
tH 
o 
E 
je) 
uy 
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10. 


1s 


12. 


. (© +8) (@ +4) (e+ 5)(7 +6) 41 


= + 1843 + 11922 4+ 342 a + 361. 
Vat + 1823 + 11902 + 342 + 361 =+ (a2 + 9a 4+ 19). 


. 1. 7-2{6 —3[5 -2(44-34 22)]} =1. 


2. ..7 —12+ 80 —48 4+ 864 2427 =1, simplifying (1) 
Del sts 247 = — 12. Aes 
Ze v= —+Ht. INS 6, 7 


V (2a — 0)? — 2(2 a? — Bab + 202) + (a — 20)? 
=V4a2 —4ab + b? — 4a? + 10 ab — 4024 a2 —40b +482 
=Va?+2ab+02=+ (a4 D). 


1. o —2?4+1=7. Check. 13 — 1241 
2. «. 08 —a2? —%41=0. (— 1)? —(— 1)? 4+ 1=-—-1. 
3: 7. 27 (@ — 1) —(@ —1) =0. 
4, 
5. 


Il 
an 


«. (@ — 1) (a2? — 1) = 0. 
opti hee le MU as 


1. + 92?4+ 82 —60=0. 
2. .. (vw — 2) (@ + 6) (@ + 5) = 0. 
oe f= 2, —16, —.b: 


a —2{b+3[c—2a—(a—b)] +2a—(b+30)} 


7 46 = (8) 6 = 8) 


= —3—6[7+3]+12+6 
= —3—60+12+6= —63 418 = — 45. 


Exercises. LV. 


1. 1. 5ab3ctd® = a2b3c8d? . 5 cd?. 
2. 4.a5btc3d2 = a2b3c3d? - 4 a2. 
3. .. a2b3c3d? is the H.C.F. 


1. 15 mnaz? = a? - 15 mnex. 

2. 17 maxyz = a. 17 myz. 

3. abcmz = x? - 3 aber’z. 

4... v2 is the H.C.F. 

1. 10a?yz = xz - 10 xy. 

2. 15 ax2yz? = xz: 15 anyz?. 

3. 20 amaz! = xz - 20 amz?. 

4, .. vz is the H.C.F. § 134 


80 


we wre 
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_ e—y=@— ¥)(@+y¥). 

. y— 28 =(y — 2) (y? + zy + 2). 

. 2 82yt+7Ty2= («—y)(e—Ty). 
-.% —y is the H.C.F. 

x — y8 = (w& — y) (v2 + ey + yy”). 

y? — a = (y — &) (y+ 2). 

a —taey—ty=(e—y)(e+ty). 
--% —y is the H.C.F. 

x2 — 4 = (x — 2) (w+ 2). 

x2? —x — 6 = (a + 2) (w — 3). 
2—52 —82%= (@ + 2) (1 — 32). 
-.@% + 2 is the H.C.F. 


SVR Ne Haat AND teal ater SPAS) ee 


eS 


. 29%? ay —y? = (22+ y) (x —y). 

4724+ 10ay+4y2?=2(22+ y)(e@+2y). 

22+ y is the H.C.F. @ 

6a? + 19 ab — 7b? = (8a — b) (24470). 

. 2a% + ab — 210? = (a — 36) (2a+7D). 

*,2a@-+ 70 is the H.C.F. 

9. 1. 4a? (a3 — b') =a-4a(a — b) (a? + ad 4 BD). 
2. gab? (8a? — 5ab+ 2b?) = 4b?-a(8a — 2b) (a — J). 
3. .. a(a — bd) is the H.C.F. 


to 


co 


bo 


co 


Exercises. LVI. 


-  — yb = (w — y) (xt + By + 22y? + xy? + yf). 


y= («—y)(e+y). 
“a2 —y is the H.C.F. 


x? — 4 = (x — 2) (@% + 2). 


. © —4a% — 16 = (@ — 2) (at + 208 + 4024 4@ 4 8). 


-. © — 2 is the H.C.F. 
aw? — 4 = (x — 2) (w+ 2). 


2. a +7 22+ 100 =(w+2) (e°—-20°+4 at-8 3 +16 22-25 7450). 


“.@% + 2 is the H.C.F. 


»@8+4+1=(¢+1)(2-—2 +41). 
. 8+ ae+ax+1=(@ +1) (e+ ax —2+4 1), 


..%+1 is the H.C.F 
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5. 1. 2? —32%-+4 2 = (@ — 1) (a — 2). 
. 2 — 9x + 14 = (@ — 7) (x — 2). 
3. .. % — 2 is the H.C.F. 


i) 


6. 1. 2 —9x%+14 = (@ — 7) (w — 2). 
. 203 — 5a? — 441 = (@ — 7) (20? + Oe + 68). 
-. a2 — 7 is the H.C.F. 


w bo 


. + e2?+2%—3 = (e —1)(e? +22 4 3). 
. 38+ 3074+5e2438= (e+ 1) (a? +224 8). 
“. 224+ 2%+ 38 is the H.C.F. 


wm 


x? —4= (aH + 2) (x — 2). 
5at + 22% — 2342-8” +4 12 = (w+ 2) (x — 2) (5a — 3) (x +1). 
. . (& + 2) (@ — 2) = @? — 4 is the H.C.F. 


wwe 


9. 1. 20 —b5ay4+3y2? =(«@ —y) (2a — 3y). 
2. 6u38 — 23a%y + 25ay? — 6 y = (2a — 8y) (Bx — y) (%@ — 2y). 
3. ..2%—3y is the H.C.F. 


5 


10. 1. a — 6? = (a — Db) (a? + ab + 0?). 
2. b?— a? =(b—a)(b+ 4). 
. 117 a8 — 117 ab — 231 ab + 231 6? = 3(b — a) (776 — 39 a). 


3 
4 2—-0rIs tne EH. C,.L. 


ll. 1.-¢8—1=(@—1)(@2+2+1). 
2c? — N= (2 — 1) 1). 
3. 293.25 — 200 a4 + 728 — 50a? — 25a — 25 
= (%— 1) (293 zt + 9823 + 100x2 + 50a 4 25). 
4. .. 2 —1 is the H.C.F. 


12. 1. 1—a=(1+4 22) (1—2)(14+ 2). 

2. —1=(¢@—1)(a*+ 234 22+ 2+ 1). 
3. 08 — 3892+ 38e —1= (2 — 1). 

4, 247 2? — 240% —7 = (w — 1) (2472 +7). 
5. .. © —1 is the H.C.F. 


18. 1. 25 — 32 =(# — 2) (at + 248+ 4224 82% + 16). 
2. 16 — at = (2 — x) (2 4 a) (44 2). 

8. a —9x+ 14 = (w — 2) (x — 7). 

4, wt —492 +64 —12 = (a — 2) (a + 22? + 6). 
5. .«.¢ — 2 is the H.C.F. 
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.e8@+1=(@41)@—2+1). 
.@+2e44+1=(@+41)% 
.  4+1= (+4 1) (et — 28 4+ oe — a + 1). 
. 82445 + 247 at + 100 2% + 204 2? — 27 

= (a + 1) (8244 — 7743 + 177 2? 4+- 27 & — 27). 
5, «.@+ 1 is the H.C.F. 


Bm cob 


Exercises. LVII. 


1. 1. Reject the factor « from the 2d expression since it is not a 
factor of the first. 


2.0 —2xe4+4)e34 a+4+4(1 


w—2e+4 
war 42a 
&+2)e2—22+4(a2-—22+42 
x8 + 2 92 
—2%2—24 
— 202-42 
2%+4 
PegteDits, be) koh. 2ae+4 
2. 2)2034+2e%—4 
w+ ¢—2)e8—3827+42(1 
3 + o— 2 
—4)—4¢44 
e—l1l)e+a —2(2? +442 
aw — v2 
w+ 2 
w2— 2 
2% —2 
.. 2% — 1is the H.C.E, 2% —2 


go No 


. t+ 4>at+ 40244 — 40? = (2 + 2a 4 2) (2? — 26 48), 
. ef — 208 + a2 + 2m — 2 = (2? — 2a + 2) @2 47. 


+2 — 12 2 issthe E.G m. 


. e&— 724+ 6382 — 81 = vt — 81 —7T2724+ 68a 


= (a2 — 9) (a? + 9) — Ta (e? — 9) = (@? — 9) (@ — 7a + 9). 


. w% — 40% + 63 = (@ + 7) (x? — Tx +4 9). 


0 ie = 9s the H..Gory 
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5. 1. 2 + y6 = (@?2 + y?) (wt — w2y? + yt), 
2. vt — y* = (a? + y?) (a2 — y2), 
3. a + ay? 4 a2y8 + yb = x8 (a? + y?) + y8 (a? + ¥2) 
AE? Ye 1) 
4, .. 22+ y? is the H.C.F. 


6. ¢)6a4+ 43 — a. (1) 
628 + 22 —1 6+1+0--1)12—18—12+4 9(2 
12+ 2+ 0- 2 
—20—12411 
(2) 
6+ 14+ 0- 1 
10 
— 20 —12411)60+10+ 0—10(—34 138 
60 + 36 — 38 
— 26 + 33 — 10 
10 


— 260 + 3830 — 100 

— 260 — 156 + 148 

243) 486 — 243 
2=1 


(3) 
2—1)—20—12+11(—10—-I11 
SAV sp MY 
— 22411 
..2%—listhe H.C.F. —22+411 


7. fa 01s 98 — 12 
2 
9+ 0-18 + 14)2 +0 = 80-+ 86 = 24(1 
2016 + 14 Oe seid 
+8) — 15 + 42 — 24 5 
5 144 8) 10 5 0 1h 10 (254 
10 — 28 + 16 
1=2)5—1448(5—4 7) 28 — 91 + 70 
5 —10 a= 13 10 
ay er; 5 
aa 8 20 — 65 + 50 
20 — 56 + 82 
= 9) = 99-18 


«. @ — 2 is the H.C.F. 1— 2 
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8. 1. 203 — a2 —27+41= 22 (2% —1)—(2@ —1)=(2@ — 1) (a? — 1). 
2. 7¢8—1022—724+10=7 a (x?—1) —10 (22-1) = (@?—1)(7%—10). 
2) a — le 1S the sae eH 


9. 1. a —42%—-117=(@+ 9)@— 18). 
2.1 —18 —1 414 —18 
18 0 —13 13 
0-1 Re 0 
38. .. by the remainder theorem x — 13 divides the 2d expression, 
but obviously « + 9 does not. ..%— 13 is the H.C.F. 


10. 2)98at + 34a? +4 18 6sat = 1a Lia— 3 
49a4*+17a2+4+ 9 7 
441 at — 119 a? + 1194 — 21 


4940 497 04 0) 4b 1194 04 119— 2149 
441+ 04158 el 
' 17) 119 oS T10) — 102 
Pe 6 Sie 


7+9-—7+6)49+ 0+ 174+ 0+ 9(7-9 
49 +63 — 49+ 42 
—68+ 66— 439 
=03 = (e163 = 64 
21) 147 — 105 + 63 


i Sees 
he 62k By Ti Ose PPOs 
Pate 
14—10+6 ° 
14—10+6 


« 1a2—6a +8 is the H.C.R. 


ll. 1. a? 4+ 4a —21=(%+4+ 7) (2 — 3). 
2. w+ 20% + 91 = (x + 7) (@ + 18). 
3. ©(202+ 4a —70) = x(x 4 7) (2% — 10). 


At se 1s the HoCab: 


12. 1. ~)8at— 1003+ 7a? — 2 x?) 6a — 1Lat + 823 — 242 
823 — 1002+ 7x —2 62% — 1la4- 8a —2 
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6—11+ 8-2 
4 
2. 8 —10 + 7 — 2) 24 — 44 + 32 — 8 (8 
soit 6 
=i) Pale2 


14-1142 
8— 104+ T7—-— 2 
if 
38. 14—1142)56— 70+ 49 — 14(4— 18 
56— 44+ 8 
— 26+ 41-14 
: 7 
— 182 + 287 — 98 : 
— 182 + 143 — 26 
72) 144 — 72 
4. 24) 1k to (792 
14 = 
— 442 
5. .. ©(2% — 1) is the H.C.F. — 442 


13. 1. 9a? — (40? — 4bc + c?) = (Ba—2b+c¢)(Ba+2b—C). 
. 2024+ c+ 3ab—3be —38ac = (8a+4+2b—c)(b— OC). 
3. ..3a+26—c is the H.C.F. 


bo 


14. 1. (a—b)(a? — ce?) —(a — cc) (a? — *) =(a — b)(a—c)(a+ce—a—b) 
= (a — b) (a —c) (c — D). 
2. a2 —b =(a —b) (at+a24+a?+a+ 1). 
3. ab — b? — ac + be = (a — b) (b—C). 
4. ..a@—bis the H.C.F. 


15. 1. 23 — 10(22+ 3) + 81a = 2 — 102? + 312 — 30. 
2. x2(@ — 11) + 2(19% — 20) = 2 — 112? + 38a — 40. 
8. 1 —10+4 81 — 380)1—11+4 388 — 40(1 
1— 10 + 31 — 30 


nae Pen et pened = 10 
4. {7 AO) — 12h 8 ile 0 uke 
Lente do) 


— 38+21-—30 
— 3+21— 30 
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16. 


bef 


5. 


6. 


do 


ile 
2. 


4, 


i 
2. 
3. 
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1—7+10)1—9 + 26 —24(1-—2 


1—7+ 10 
—2+ 16 — 24 
Se I) 
eae: 
1— 2)1—7+10(1-—5 
1—2 
-. © —2 is the H.C.F. —5+10 
—5+10 


b?) ath? + 4 a8b3 + 3 a2bt — 4 ab? — 403 
at+4a%b +3a2b2? -4a —4b 
b) ab + 3 ath? — a®b3 — 3 a2bt — 4.a2b + 40° 
a+ 3ath — ab? — 38 a2b? —4a2 +40? 
at + 4a3b+ 8a2b2—4a—4b)a>+3atb— a3b?—3a?b? —4a?+ 4b2(a—b 
w+ 4a4b-+ 8a3b? —4a?2—4ab 
— atb—4a%b?—3a2b3 + 4ab+ 4b? 
— atb—4ab?—3a?b3+ 4ab +462 . 
.. b(at + 403d + 3 a2b? — 4a — 4b) is the H.C.F. 


3a2—7ab+ 2b? + 5ac — d5be + 2c? =(8a — b+ 2c)(a—2bH+¢). 
12 a?—19ab+5b?+11ac—11bc+2c?=(8a—- b42c)(4a—5b+¢). 
“«.8a@—6+2c is the H.C.¥F. 


Exercises. LVIII. 
1. — 10 a%xyz, 5a2yz8, tasxy3z. asx2y3z3 is the L.C.M. 


c+ yP = (@ + y) (@ — zy + ¥). 
e+y=r7+y. 

Ly — x2 — y® = — (a? — ay + y?). 

. (@ + y) (x? — wy + y?) = 2 + y? is the L.C.M. 


ww re 


a 


. a + 0? — 2ab= (a — d)?. 

b? — a# =— (a — db) (a+ DB). 
a—b=a—b. 

“. (a — 6)? (a + b) is the L.C.M. 


Noe 


Pe 


. 27 —12%+4+a2=(9 — 2) (8 — 2). 
. w+ 2% — 15 = (@ — 8) (x + 5). 
. 1. (% — 8) (@ + 5) (@ — 9) is the L.C.M. 


wwe 
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A go bo 
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w+ 4 = at + 4024+ 4— 492 = (02 4+ 2 — 22) (22 +2422). 


2 — 22 = (V2 — x) (V2 +2). 
w42=e42. And s—V2=2— v2. 


. ts (a? + 2) (a? — 2) (at + 4) = (wt — 4) (et 4 4) is the L.C.M. 


a+ % — 12 = (% — 8) (a + 4). 

— 36 + 18e—22?=(—9+2) (4 —2). 

x? — 16 = (a — 4) (w + 4). 

“. (&@ — 8) (w@ + 4) (x — 9) (« —4) is the L.C.M. 


w+ yi + day (a+ y)=(e& +). 


P+ YP =u + Yy) (x —ay + y). 
» © Yyv=xr + y. 
. 1. (@ + y)? (2 — wy + y?) is the L.C.M. 


2 ay — a? — y? = — (a — y)2. 


. 2aYy + a2 + y? = (& + y)?. 
.2—y2=(e+y)(e% —-y). 
_e+ySe+y. 

. ©. (@ — y)?(@ + y)? is the L.C.M. 


Exercises. LIX. 


+a?—2z+1). 


mere (end (ero ts Coe etal) ds uner Ia. C2 Me 
. 8a8 —1la2 +4 = (8a — 2) (a2 — 3a — 2). 


6a? —a—2= (8a —2)(2a+1). 


(8a — 2) (2a + 1) (a2 — 8a — 2) is the L.C.M. 


. 4 805 +a+4+3 = (2+ 3) (a + 1). 
. 8 -—84+3=(¢+4 3) (22-3241). 


ws (@® + 1) (x + 3) (a? — 3a +1) is the L.C.M. 
622+ 138% +6 = (8a 4+ 2) (2a + 38). 

1022 4+ 18% —8 = (5% —1) (24 +3). 

w. (B@ + 2) (2a + 3) (6% — 1) is the L.C.M. 


.@+2ax+a*= (x + a)?. 
. +ab+ (a+ b)x=(x + a)(@ +d). 


“. (@ + a)? (@ + 6) is the L.C.M. 


. e244 9 = 2 (27 + 1)= w(x + 1) (a8 — 29 + et — 28 + 22-42 + 1) 
. ell + g8 = x8 (79 + 1) = 28 (@ + 1) (28 — o + 8 — > + ot — 28 
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6. 1. 6234+ 11a2-92%41=(2%—1) (822+ 72 —1). 
2. 2224.30 —2=(2¢ — 1) (a+ 2) 
3... (2@ — 1) (8a? + 7x — 1) (@ + 2) is the L.C.M. 


1. of — 28 + 22 —2 —4= (2 + 1) (we? — 2024 3a — 4). 
2. of —w2+2¢—8=(@ + 2) (73? —227 + 3a — 4). 
.  (& +1) (@ + 2) (@8 — 22? + 3x — 4) is the L.C.M. 


Co 


@ 
(i 


. 8414 3(2?+ 2) = (x4 1)3. 
2. +14 4(23 + 2) 4+ 62? = (x + 1) 
3. .. (« + 1)4 is the L.C.M. 


9. 1. 343 — 15 ax? + aa — 5 a8 = (3a? + a?) (w — 5a). 
2. 6a* — 25 atx? — Yat = (8a? + a?) (22? — 9a?). 
3. .. (3a? + a?) (@ — 5a) (222 — 9a?) is the L.C.M. 


10. 1. 2+ 202 4-91 = (x + 18) (@@ + 7). 
2. 85 —2e%— a= (5 — 2) (7+ 2). 
8. 24+ 623 — 642+ 6¢ —7 = (e + 7) (@ — 1) (2? + 1). 
4... (w + 18) (w + 7) (5 — a) (vw — 1) (w? + 1) is the L.C.M. 


11. 1. 224-208 -—- 22 42-— 7 

204+ 643 —177?4 8a — 35 
— 4)— 8a + 16a? — 12¢ + 28 
28 ——4a22 3a= 7 


2. 208 —42?+ 3e%—7)2a+4+ 6a3—1772+ 8a—35(x2+5 
2 — 4g3 Sia ee 
10.23 — 2022 + 15.¢— 35 
1023 — 2027 + 15a — 35 
8. 2083 —4227+38¢e—7)2at— 2a8— w-— 4e4— T(a4+1 
2Qet*— 4984 8227-— Tex 
208 — 49274 34— 7 
2x8 — 492-383 — 7 
4. .». (© + 1) (@ + 5) (228 — 422 4+ 3a@ — 7) is the L.C.M. 


12. 1. e#4+a34+e+4+1= (284+ 1) (+41). 
» 2, 205 —3at+ 4034 20? - 38244 = (#8 + 1) (222-824 4). 
3. (@ + 1) (v8 + 1) (222 — 38@ +4 4) is the L.C.M. 


13. 1. 28—a—2+at—6 a8 —4+4+7=(e—1)(x' + 25-246 2?—64—7). 
2. v7 4+ 2 — ot — 622-62 —T=a! + 26 — at — 622-62 —7. 
3... (w — 1) (a7? + 2 — xt — 622 — 6a — 7) is the L.C.M. 


112.) 


15. 


16. 


17. 


18. 


19. 


~ 


x 
x 


ee 
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x" + 20% — 325 + ? + 2a —3 = (x + 1) (a + 8) (2 = 1). 
a! 4 42° — 72> 4+ 224 4a —7 = (2 + 1) (22 +40 — 7). 
xe + 1=% +1. 

. (2° + 1) (a? + 4% — 7) (x + 8) (w — 1) is the L.C.M. 


4a2(3.a + 2) — (27a + 18) = (2a — 3) (2a +38) (3a 4 2). 
12a? — a(8a + 27) + 18 = (2a — 38) (2a +3) (Ba —2). 

6 (8a —2) + 2703 —8 = (3a — 2) (9a? + 6a 4+ 10). 

. +. (2a—8)(2a+48)(8 a—2)(8.a42)(9a24+6a410) is the L.C.M. 


(w@—2y)(e+2y), w(@—2y), w(wt2y), (w-2y)(w+2y), wy, 
+2y, x. Each of the three different factors, 7, c—2y, «+2 y, 


may be plus or minus. 


1 
2 
3 


. Let P and Q be two expressions and F their H.C.F. 
. Then P=aF and Q = DF, a and b being prime to each other. 
. « PQ = abF? = abF. F in which abF is the L.C.M. of P and 


Q by step 2 and the definition, and F is the H.C.F. ; which proves 
the proposition. 


1. 
2. 


a 


Let P, Q, R be the expressions and F their H.C.F. 

DheneP = Gi, Ol= oF, hk cr. and POR = avers. 

Here it is not necessary that a, b, or b, c, or a, c¢ be prime to 
each other, but simply that a, b, ¢ be prime to one another ; 
therefore the L.C.M. of P, Q, R may be less than abcF?. 

. .. the proposition is not generally true for three expressions. 


a#—1=(a—1)(a+1). 

. (a —44+38) =(a—1) (a —8). 

. (a — 8) (a — 1) (a + 1) is the L.C.M. 

If a = 3, the value of the L.C.M. is 0, an inefficient check. 

If a = 5, the value of the L.C.M. is 2-4-6. 

But a2 —4a+3=8, and a—1=24. The L.C.M. of 2-4 and 
4-6is 4-6. 

If a = 7, the value of the L.C.M. is 4-6-8. 

But a2 —4a43= 24, a—1=48. The L.C.M. of 4-6, 
6-8, is 6-8. 

When a is odd, step 3 is the product of three consecutive even 
numbers. Step 2 is the product of the first two and step 1 is 
the product of the last two of these numbers. Step 3 will 
therefore always contain at least the factor 2 in excess of what 
is necessary to form the L.C.M. of the values of the given 
expressions. 
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Review Exercises. LX. 


1. «(7 —1)—a(a—1)=0,ife=a. .. 2 —- wisa factor, 
or a2 —x2—a?+ a= (a — a?) —(@ —a) = (@— a) (2 + a4 —1). 
2. 1. 4e274+1=4¢. 3. ‘ pe ae 
.402?-4¢241=0.  (2a—1)(82+4 7) =0. 
(Pie — Ter) 0 ~e@=4,—f. 
A iby Be Check. 6- (4)2 + 11-4-—7=0. 
Check. 4- | apie 4. 6. (—4)?411- (—3)-7=0. 
4 Root = a (e+ eee . ) 
} 8 a3 
Power = 7? + 1 contains f2+2jfn4+ 7 
f= v? 
2fin il contains 2 fn + n? 
1 1 
2 pee | I Pals = oe ce 
os tga 
1 ‘ 
— — contains ‘‘ 
4x2 
1 1 
2% SS SS — bene = 6 ce 
8 a8 42x 


5. The expression is a rational, integral function, homogeneous of 
the fourth degree in # and y, and symmetric as to x and y. 
6. 1. Let n=one number. 
2. Then n + 1 is the next integer. 
3. n?—(n+ 1)? =n? — n?-2n—1= —2n—1=—(n+nF 1). 
4. (n+1)2—nW=2n4+1l=n4+n+41. 
-, the absolute value of the difference is equal to the sum of 
the numbers. 


7 2+1+ 4+ 442+ 8 


3 
643 eaapue ag 9 2-425 425 23 
6—5+12-— 845 6 4 


8+ 04 204+1415)8+44104 104 S121 

8+04+20+4+ 1415 

P24 (5 eR 

2 

§ Seer 30 — 14-4 24 

8+0+20+- 14 15 

-1)—8+10—15+4 9 

8 — 10 5 eo 
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8—10+15—9)8+ 04204 1415(141 
8—10+15-— 9 
6)10+ 5+10+15 
2+ 1+ 24 8 
4 
8+ 44+ 8412 - 
8—104+15— 9 


Tyi4 = 7 21 
2— 1+ 3)8—-104+15—9(4-—3 
8— 4412 
— 6+ 38-9 
-. 202 a +3 is the H.C.F. — 6+ 3-9 
2—1+4+38)241+4+4+4+4+4+243(14+1+4141 
2-143 
2+1+4 
2—1+53 (x? + 2? + a+ 1) 
pea aes 
2—1+43 
2-143 
ate ey 6 5 fee ES = 6 (8 — fel av? 
C5 
Tao ee 
—2+4+ 1-3 (8 a3 — a? + © — 2) 
2—65+5 
2—1+3 
—4+4+2-6 
—44+2—6 


*, (202 — x + 8) (23 + 2? + & + 1)(8 08 — a + & — 2) is the L.C.M. 


8. 1. xt—a?—2¢—1=2 —(224+ 224 1)=(@?+2+1)(22? 2&1). 
2. 24 — 2? — 202 —2¢ —1= (2? -—a2— 1) (227+2+41). 
3. 8a4 403 + 622? -—Te—8 = (x? 4 —1)(8a?—-& + 8). 
4, .. (w2—x—1) (a2 +0+1)(20?+2+1)(8a?—2-+8) is the L.C.M. 
9. et+5e2+ 522+ 82+ 16 


w#+603+ 1002+ 42 —16 

1 + 5 —4 —82 subtracting (1) from (2). 
ol) 2 + 1 le 12+ 0 adding (1) and (2). 
2+11+15+4 12 dividing by z. 

T+ 23 +716 subtracting 2 times (8) from (5). 


ee ae 


10. 


jae 


12. 


13. 
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1 


. g2 4+ 230+ 76 =(1+4)(e+19) contains the H.C.F. 
8. +4 is the H.C.F. by the Remainder Theorem. 
14+2-—5+415+4 12 
—4 8—12-—12 
—2 8 357 80 
1. Let m and n be the given expressions, and suppose a is a 
factor of m but not of n. 
2. Then m = af and n=n. 
3. The H.C.F. of m and n is evidently that of f and n. 
Def. of H.C.F. 
4. .. a may be rejected in the process of finding the H.C.F. 
1. (402 — a?) (4x — 5 a?x? + at) = 16 xo — 24 a2xt + 9 ate? — a’. 
2. (160% — 24 a®at + 9 atx? — as) + (403 + 4 ax? — ara — a3) 
= 403 — 4a2? — ax + a. 
a® — b3 = (a — b) (a? + ab + B?). 
. B+ 03+ 2ab(a + db) = (a + b) (a2 + ab + O°). 
. 1. (a — b) (a + BD) (a? + ab + 6?) is the L.C.M. 
. Let = S32: 
Then a’ — B38 = 56. 
a® + D3 + 2ab(a + 6) = 168. 
(a — b) (a + 6) (a2 + ab + 0b?) = 336. 
5. 168 is the L.C.M. of 56 and 168... 336 is not. 
1. Let a and b be the numbers, a> 0b. 
2. Then (a + 6)? — (a — b)8 = 2b(3a? + DB). 
This is divisible by 6? + 3 a? with a quotient, 2b. 


mwhd 


Exercises. LXI. 


a@—sa+2  (a—1)%(@+2) — @—1)(a+2) 
@+4a2—5 (a—l)(@2+5a+5) a?+5a+5_ 

a2 — b2 1 

at+—bt a2 +82 

2lz—10—92? (2—382)(8a—5) 2-32 

802260485 (@—7)(e—5) a2—7 

e+y®  — @t+y)(@—-a2y+y’) “6 a —xy+y? 
o+y> (e+y\(et—ey+ay—ayty) xt—xsytoy—aye+yt 
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6. 


10. 


1% 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


a@+a?+8a—5 _ (@+2a+5)(a—1) at+2a+45 


4 ag ES Te: 8) (@ 1) w= 8 
w+ ay = a2 (a? + y) ny Cee 
w—y? (@+y)(e2—y) ay 
Gar +Tay—3y _(8e—y)(2e4+3y) 38a—y 


' 6a? + lley+3y2 (Ba+y)Qa+3y) Baby 


a*be?d? sac - abcd ac 
—abcdt —bd-abed® bd 
Cae 1248 (422 1)@—3) 2-3. 
w+208+2¢—1 (224+2e2—1)@241) 2241 


may — may? _ m (x?y — xy?) “¢ m 
nity —narys na (e+ y) (ay — ay?) ne(c + y) 
e+y?—2+2ey (+ y)2— 22 
w—y2— 2@+2yz° 2% —(y—2)2 
EOP Dery +A) ety tz 
— @-yt+a(et+y—2) w—yte 
@+a2?—2a_ a(a+2)(a—1) a-1 
@—a?—6a a(a+2)(a—3) a—3 

Coe 122 Sale +4) (2—S8 x(x — 3) 
w+4a24+52+20 (@4+4)(22+5) a2+5 
Bey +4ay>? ay (Bx+4y) y(Br+4y) 

5 wy? — 4a3y ay (5y—42) x(5y—42) 
1—@ = 1-@ adel 
(l+ax)?-—(a+2P? (1—a@%)(l—2) 1—a? 

@+38a—10  (a+5)(a—2) _ a+5 
3a2+2a—16 (a—2)(3a+8) 3a+8 
e—6a+Te—-3 (%—1)%(@-8) 2-8 
Q208—5a2+4e—1 (2 —1)2(22—1) 22-1 


x8 + wey + ey? _ x(x? + ey + y?) x 1 

w+ aby? +ayt oar + ay +y?)(a?—ay+y) way +e 
a® — arxt _ @(a—2)(a+2) (+a) @ + a? 

a + abe — atx? —a8x 8 (a — &) (a + 2)? a(a +x) 


Ee 80m + 10 _ (em — 8) (mm — 2) (m+ 7) _ (m — 6) (m= 2)- 
m=—3m—70 ~— (m— 10) (m +7) m — 10 


94 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 
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ms —6m%2+11m—6  (m—1)(m—2)(m—3) m—3 


2m8—14m+12 2(m—1)(m—2)(m+8) 2(m+3) 
ew —ay—l2y @w—4y)\@+3y) x—4y 
w+bayt+6y2 («~+3y)\@+2y) x+2y 

+ (m—nje—mn_ (&—n@+m) _, 
x(e+m)—n(e+m) («+m) («x —n) 


Cet) eats COR (x + a) (@ + b) et ; 
(c+a)(e+bd)(e+c) (@ta(a+bd)(@+te) «+e 
2a? — 10a — 28 2G aha — 1) ae) 


3a3—27a24+21a+147 3(a2—2a—7)(a—7) 3(a2?-2a—7) 


mx? —(m + y)mnx + mn2y _ m(x&—n)(me — ny) _ m(ma — ny) 


x —(m + 1) nx? + mnex a(x —n)(c—mn) 2£(x — mn) 
a?(b—c)-+02(c—a) +c?(a—b) _ (a—b)(b—c)(e—a) _—ssi 
abe(a—b)(b—c)(c—a) — abe(a—b)(b—c)(c—a) abe’ 
(a — b)(b — c)(c — a) = (a — b)(b — c)(c — a) 
a(b—c) + B(c—a)+c(a—b) (a—b)(b—c)(c—a)(a+b +0) 
1 
~ 42bye 
ab(a — b)+ bc(b—c)+ea(le—a)_ — (a—b)(@—c)(e—a) | 
(a —b)(b — c)(e — a) , G2) 0c ae 


ab (a + b) + be(b + c) + ca(e + a) 
(a +b) (b+ 0) (6 +.) 


is not reducible. 


Exercises. LXII. 


—1)1+0+4+0+40+41 
=ilpl—-i+1 ey 


wary +aye— y+ 2¥ 
1-1+1-1; 2 “@4y 


at+y 


v8 + y8 + 23 — 8 ayz 
r+y+zZ 

This quotient can be written by inspection from the relations of 

symmetry and homogeneity. 

G23 cea 3 a2 — 2 

TUR AG ee Ba 


= e+ y? + 22 — wy — ye — 2. 
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443 a2 
OG BEETS BENE is Hg L : 
222+2+1 207+a2+1 
3a2+4+2%—1  (8%—1)(@+1) 
5. = = ll 
38z2—1 382—1 in 


6. 14+14+04140+41-6)14+04+04140+41+0- 6(1-1 
14+1+4+041+0+4+1-6 
—1+0+4+0+40+40+6-— 6 
—1—1+4+0-—-140-1+ 6 
1+04140+4+7-12 


x’ + x4 + 22? —6 Ze go re Te — 12 
gt eb4+ a8 +e—6 26+e4+e3+2—6 
Bias 2 2 < 
es 5 yo 
e+y r+y 
8 Se 2) + oa BF (es 4) 
: a? —2ab + b? (a — b)? 
= 3 2 
Saeed 6-2-8 _2 + 62 gel tS EO AV ie rae 
—2— 8-8 L+2 
1444+ 4; 0 
10. 14+34+2)14+4+4+5+42(1+1 
tema 
1-342 
hep Shae 
3.1 492 bay? +278 
ee OEE on yy, 


w+ 3ay+2y? . 
5 
11. 1/14+04+04+0+0+0 | 1 =lta+@+a@+at+——. 
10; 


a a a es es ear 
1) Je en Se TERS 


Exercises. LXIII. 


ay x ab _ abcdet 
je eye. Sd chet 
yy 2b) Sete 
mm Lyz cad? c3d2et 
z Z2 a?b  a?bc8d 


vy cyz det c3d2et 
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g, 2. 8PM a ae 
y te @+y)yt+2a@+2) 2+ yo stay 
G_ | VOTO yl ae 
+2 (w+y)(y+2)(@ +2) es ee ae 
2 _ _ a(@tzyyt+2) e _rety@rty) 
ety (e*+y)\(y+2)(e+2) Cy xt — yt 
5 e+l  (@+i1)@—38) 


w+4e+3 (#+1) (2-9) 
%*—1 (@—1)@+-1) 
a2—9 (« +1) (a2—9) 

e  2#£(x+3)(e+1) 
z2—8 (#+1)(@2—9) 


1 2m+3 


. m2+6m+8  (2m-+3)(m+2)(m+4) 

2 Ay 2(m + 4) 
2m2+7m+6 (2m +8) (m+ 2) (m+4) 

"7. 2m—2n —_ 10(m—n)(m?+ mn +4 n?’) : 
m2—mn+n2 5 (m2 — mn + n?) (m? + mn + n?) 

4(m + n) fs 4(m + n) (m2 — mn + n?) 

5(m2+ mn + n2) 5 (m2? — mn + n2) (m2 + mn + 2) 

8. ae a+b fe (a + b) (a® — ab + b?) (a — b)?2 ; 
a—b3 ar+ab+2 (a? + ab + 6?) (a? — ab + 62) (a — b)? 
(a+b)? a+b _ (a + b) (a? + ab 4+ 02) (a — b)? 
a +08 a2@—ab+b2— (a2 + ab + b%) (a2 — ab + B) (a — db)? 
a+2ab+02 1 _ (a2 + ab + b?) (a2 — ab + b?) 
(a2 — 42 (a — by? (a? + ab + D®) (a? — ab + b®) (a — db)? 

9. 9x? + l2ey—5y? _(82+5y)Be—y)_384-y 
3822 — zy — 10y? (8%+5y)(e—2y) w—2y 
6a2—llay+4y?_ (2%—y)(8a—4y) 3xa—4y 
Q02—5ay+2y2 (Qe—y)(@—2y) «—Qy— 

10. fe OEE LO ee), 

x? — vy + y? x — ¥8 
ety  _@+y@+y¥)@—y) 
etay+y? xo — x6 i 


Zinky2 aint y2 
gy go ys 
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11. w—202+3¢"—4 (a — 202+ 3% —4) (28 — 2024 82 + 4) 
e+2e2?4+ 8x44 (a8 + 2224 30 + 4) (w® — 202 + 8a 44) 
we —2a?—382+4 (x8 —222— 384 + 4) (28 + 202+38 +4 4) 
—2Qa2?+3e%+4 (a8 + 202+ 3a + 4) (ce? 22243244) 


12. oI es (a + 1)? 
we+bex+6 («+ 1)(@+ 2) (4+ 3) 
ae (a + 2)2 
a+4e+3 (e@+1)(e+2)(e+3) 
Catton eee (x + 3)? 
a+324+2 (¢ +1)(@+2)(¢+3) 

As c3 2 as 2, e373 
a—9a+18 (a—38)(a—6) a-—6 (a—6)(a —8)(a +43) 
ROPER 9 2a+8 ee (G(r) 
Pipe = 12 (+4) @—s) a@—s (4—6)(G.—3)@+ 9) 
a+5 = a+6 2 ope eee (a — 6) (a — 3) 
@+8a+15 (a+3)(a+56) a+3 (a—6)(a—8)(a+3) 
14, rad = ad 
(y + 2) (z+ 2) (y + 2) (2 + 2) 

yz o) yz 
at zy+aztay (+y)(Z+a) 
LZ LZ 


Pt yetay +e (yt2)(et+y) 
The lowest common denominator is (x + y) (y + 2) (+2). 
: xy Da xy (« + ¥) 
(Y+z(@+e) @+y)Y+Z) +2) 
and by symmetry 


yz Pe yz(y + 2) ; 
(~@ + y) (2 + &) (e+y)(y+2) (+2) 
vz a xz (e+ 2) : 
(ytz(@@+y) (@wt+y(y+z)%+2) 


Exercises. LXIV. 


a b Cc a b2 CUP are 
“be ca ab abe abe abe abe 


ao a-b_ (a+b) (G0) ead 


a—b a+b (a—d)(at+b) (a—b)(a+bd) @—B 
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2% 5z Away 5 28 _ way +528 


sf Syz2 byw b6wyz?  6wy2? 6 wy?2? 
4 Se x—2 ee (2 — x) (1 — 22) 
(1-2? 1-222 —2)04+2)0=—22) 

(x — 2) (1 — 2) a, x(x — 2) F 

(l—a)(l+2)(1—22) (1—2)(1+~2) (1 — 22) 

5 1 lao xur—y e+y - 22 : 
“a@+ty w-y (@t+y)@—-y) @-y)@+y e-¥ 
6 43 eo Buy SA BECAUSE 2 xy as Qn 
“aty e@-y @-y By w—y? w—-y a+y 
” Gtle a+2  a—1_ (@+1)@+8) _ (a + 2)? 


atin ag+8 a+2° (a4+2)(a+8) (a+2)(a48) 
(a—1)(a+ 8) _ V+ zaast 
(a+2)(a+3) (a+2)(a+3) 
gee he et eee ee ee ee 
@—y)* ora @-y¥ (% — y)? («+ y) 
_ 843e2y+3a0y2+y3 +08 —3 227 +32y2?—y—— ay +2y?+y8 


(7 —y)?@+y) 
_ 8 — ay + Try? + ¥8 


— @-yP@+y) 
5a4—Ta8®—9224+11 2-1 (523-242-112 —11)(~—1)(e+3) 


Qat—8284202-1 248 (2a8—22+2+1)(e—1)(@+8) 
(a — 1)2(2a8 — a2 +441) 
(@ — 1) (@ + 8) (2% — 22 +241) 
_ 5at + 1848 — 17 a? — 44a — 33 — 2a4 4 3823 — 20241 
ne (@ + 8) (228 — a2 + +41) 
_ 3x4 + 1608 — 19a? — 44a — 82 
= (@ + 8) (203 — 2 4+ @ +1) : 
10. a—4 a—5 Gor ye a—5 re! 


a—9a4+20 a@%—lla  a®—7a4+12 a—5 -a(a—1l) | a—4 
_ a(a — 11) (a — 4) + (a — 5)2 (a — 4) + a(u — 5) (a — 11) 

> a(a — 4) (a — 5) (a — 11) 

_ a — 15a? + 44a + a — 14a? + 65a — 100 4 a3 — 16024 55a 
© a= 4a Oia = 1) 

_ 8a — 45 a? + 164a — 100 

~ \0(d— 4) (b= 5) nll) 


124,125,} FRACTIONS 99 


1 2(1—2z), 1+2? 623(1—2) 


Bis (l+a)2 (l+2a)3 (142)4 
_(G+2)  2(1—2)(1+2)? (l+a*)(l+2) 622(1-—2) 
(+2)! (1 +2) (1 +2) (1 +a) 
_ 148%+480?+4a8—2—2742024223841492+¢+03—-622+628 
a (1 + a) 
_ 2x (1 + 522) 
aren 
12. a+ab+b? a—ab+P 20° = 0 a? 
a+b a—b a? — b? 
_ (a + ab + 6?) (a — b) — (a? — ab + 6?) (a + b) + 203 — 02 4 2 
a2 — b2 
Bee Or ee en 
a2 — b2 Qian ae 
a b c 
4 G2nG@a0 C2=G=0) ~aaean) 
i —a(b—c) — b(¢—a) 
~ (a—b)(b=c)(e— a) (a—b)(b— 0) (C— a) 
ae git (= 2) 
(a — b) (b —c) (c —@) 
— = ab -+ ac — be + ab—ac-+cb _ 
me: (a — b) (b —c) (ec — a) ry 
a b2 Cc 
Site soa) Cm ad 
a? (b — c) — b? (e — a) — C2 (a — dD) 
Va ieSn =a) sr 
a2 (0) be (c= a) cz (a — 6) 
io (a — b)(b — c) (c —a) 
_(@-d)@-o(c-a)_, 
(a — b) (b— e) (¢ — a) 
15. 2 ue sa 


Y—2)@-2) | @-a@-v | @-NU-4% 
_ ty (% —Y) + yey — 2) + 2 (% — @) 
(«© —y)(y— 2) (2-2) » 
(@ —y)(y — 2)(@—£) _ ome 


(@—y)(y- z) (2-2) 


SF 
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1 aa? + byz ay? + bzx az? + bay 
“(@—y(@—2) (y—2z)(y—2) (@—2)(@-y) 
(aa? + byz) (y — 2) (ay? + bea) (z — 2) 


(@©—y)(y—z(@—z) (©—y)yY—2)(%—2) 
(az? + bay)(e—y) _ (a+ b)(x — y)(y —2)(2 —2) 
(x — y)(y — 2)(z — @) ( — y)(y — 2)(z — @) 
The numerator of the last fraction is easily found from the preceding 
three by the use of the Remainder Theorem and symmetry. It is not 
necessary to expand and collect the terms. 


=a+b. 


21 2 Qa 398 — 28 3 2 y292 — a4 
17. e 2% +y pene se8—y day? — 2a y 


y ay ay ay? 
_ wy A2xey+ay? sayF—B8asy— yt 42y3 — 2az2y? — yt 
pty? xy? xy? ax2y2 

2 x2y2 


1 1 1 
si 1G=DG=s. bbl aoa clon ace 
— be(b — c) — ac(c — a) — ab(a — db) 
abe (a — b) (b — c) (ec — a) 
_ (¢—d)(6—6¢)(e—a)- 1 
~ abe(a — b)(b—c)(c—a) abe. 


xy og Ye a 2a 

(ytz)(2@+2) (@+a)(@+y) (©+y)(y+2) 
4 : 2.Lyz a ae 

(e+ y)(y + 2) (+2) 
_ ty (& + y) + yz(y + 2) + 0 (2 + 2) + 2ayz 

(c+ y)(y + 2) (z+ 2) 

_@+vyyt+2e+2)_, 

(x + y) (YU + 2) (2 + 2) 


Exercises. LXV 


Tay? 1atye 7-3-6 aly! 3 


| " 12Qa%y Wadyt 6-2.7-4aty? 8 


oe—y w—ay+y «-y 
e+ y8 P+ayty? x+y 


125-128.) FRACTIONS 101 


2ie ety 3-9e(@+y) 92 


“87 +82 3 3-8(¢+y) 8 


al ala eh, Oem Ca ea A ae PT 
a—b a—b (a+6)(a—b)? (a—6b)? 
ai — yS a2 y2 (a3 + 3) (a — y2) 
FP MY)? (x+y)? 
(@+b)a@+y) @—-B_ (a+b)? 


= (x? — ty + y?) (@ — 9). 


6. = 
(a—b)@-y) e+y aB-y 
eee Py OTD Hye te 
(@-y? @+ay P+y (@—yPraty)(er+y)ax 
g Vteytoit+ys z-y _(w@t+yPer—szy+y)(e—y) 
G+ 2ay+y2 2+ xy (e+ y)?(@ + y)a 
_ (sy t+y’)(e—y), 
a (% + y) 
9 w+ae—12 #+42%—385_ (e+ 4)(@@—38)(e& +7) (e —5) 
 @— 182440 22492420 (¢ —8)(x — 5) (2 + 5) (x 4 4) 
_ (= 8)(@ +7). 
(x — 8) (x + 5) 


24+5%+6 2492420 (+38) (@+2)(x+5)(@+4)  2+2 
z24+72+12 224112430 (2+4)(@+3) (+6) (a@+5) x+6 
20?+5a+2 9a?+15a+44 

6a?+5a+1 5a2+ 12a+4 

_ (2a4+1)(a+2)(a4+1)8a4+4) 38a+4 


" @a+1)@a+1)6a+2)la+2) ba+2 


10. 


11. 


Exercises. LXVI. 


2h2e2 
1. nd ae 2. Noe ee 
25a abc 
ae 2. ae ne 
2, Te SED SGA DI lee 
e—y &-—y 
3 2 a a 
4. ea op ge ere Mik 1) 1) _* 1 
x—1 xa—1 


eas CS Ue a 


» e—e+e22?—¢+1= 
5 y a+1 z+1 
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8 _ 3 3 3 6 .. F6 
A Pe en Co b8) (a? + 68) a —B 


as + 03 ~ a8 + 68 
Tee ay pe ee 
a? — xy + y? a? — zy + ¥? 


_ (4b) = He — a) (a+ 1) + e)(e +a) 
(a + b)(6+ c)(e + a) 


8. (a — b)(b—c)(c — a) 

_ (@ — B) (8 — (2 - @) 
(a + 6) (b+ c)(€ + a) 

6ab—2 12ab—6ab+2 6ab+4+2 

9. 4a— = = . 
380 30 3b 


Check. Let a=b=1. 4 St eee 


5 eoe.8y 
b2 a2 — b2 + B2 a2 
10. a+6+———= = . 
3 ee a—b a—b 
Check. Leta =2,b=1 nay eee ie : 
; Ua reeks eae ee | 
9 3 _ 2 Ps = 2 3 
ll. v?4+e4+14 aie oe ore wa Bacal. 
a—1 a—1l x—1 


Check. As usual. 


3a (3 — @) — a8(@ — 2) —3a(x — 2) — 32(8 — 2) 


12. 28 — 3x 
x—2 xz—2 
2 
x—2 


wee fe ee eas 
er 


; 
) _(@—1)+a(a—-1)+@(a-1)+@(a-1)41_ a 
| 
| 


a—l1 Cat 
1d es Dey yt ee sO Pee 
. a? —2ay + y? (x — y)? aA 


Exercises. LXVII. 


1. (221) 22 

x—Y x — 3a2y + 3ay? — 48 
DON do tee eee 
ai a Pee 


Checks Leta jl yi} ( 


128-131.] FRACTIONS 


2. (“)'= oe a3b3¢3 


10. 


Ly 


12. 


a—b a? — 3a% + 3ab2 — 63 


LEGS, WS, Oil, a2 \a—8 13854 


(2+2)'= w+ 6e+9 

L—3 a2—624+9 

ies ae es Shea 

13 4 ee Sr esis 

ee 2 ee 
abe = a2b2c2 g 

Check. As usual. 

m+tm+1i_ m+m+i1 

(m +1)? — m?+2m+1 

ee 
te peg" 14? 2 pg 2 pr + Ber 


Let ¢= 1. 


eee ae 
? el 


1444+ 422 +22 


at + 9b* + 6 a2? a? + 3b2\? 


" 81(a? +b) +162ab  \9a+9b 


100.a# + 200241 _ (ees = 
at + 20 x? + 100 a2 + 10 


eee pe eG 
ee —V—3e2(@2—1) x —3a44822-1 \a?-1 


4224+ 9y2 4+ 12ay _ i) 
4224+ 9y2—12ay \2Qa—S8y 


a —3a%y +3ay2—-y® e—y\ 
w+ 302+ 3e41 Saar 


Exercises. LXVIII. 


=e — 1. 


2a ace 4a? 
3 WE 
9.2 


vo 3 
Check. Let « = 3. (= -1) 2g eee bs a 


103 


heey array 


104 


2 


10. 


. (G+ 


MANUAL TO ALGEBRA 
b2 
a 


g2 


b\2 
chet 


Check. Leta =b=1. 


ook a 


Checlewluetivw 2 == ke 


CLG Gs 


Check. As usual. 


rt et 
wee 
nh 2¢ E 
3 3(1—a)IL4 
a+b a 
a+b 


a—b 
a+b 


=o 


ye 
(1+ #)(1 


427H99¢98 


—})=-8=1- 


4 
T 


2 


b: 


D97099q98 


= 

32x =|=5 
(ral 
a—b 
a 


ac 


EM BETA LS: 


2 
DS) 


y 
3+y 


se 


oe 


1+@ 301-2) _ 
3(1 — 2) <A (Ese = 
a+b 


+0) 


~a(a—b) 


a—o 


1 


ba ar , gp 
be ab 


ab 
oy eran 
)=2¢ abe 


se 


a (a — b)? 
=i( a+b = 
(a — b)?7 a®—ab4 b2 
1 1 a 
=(a-+ b)?. A 
( Pea a? — ab + b? 
a? —ab+b? a (a + b)? 


“ab(a— db)? a—ab+B d(a—b)? 
2 


Gane 
¥ 2 
ab (a + b)2 


PY 4qr 


me ab be 


( 


i as oe 
b 
a+b 


ab 


a2 + ab 
a2 — ab + b2 


) 
ve a(a + b) 


= (a + d)2- 


1 a? + b2 
(a+b)2 ab? 
— ab 
ab? (a + b)? 


a+b 
* ab 
__(a+op 
a*b? (a + b)2 


1 
sat 


131-134.] FRACTIONS 105 


mn G+a) + CH) H+) 
=o+2 2+o + 5+245 ++ ot24% 


eas tal (es) carts) 


abe ac®? bc be? ah are ab? abe 


Cr a 
car ie sae ape ae ohoee 


“GH +H HG) 
at+($42)0+8)(E+9) 


12. w—(atb+c)rt+a(b+c) 2-2? + 2be 
x? — 2ax + a? x? —2(b+c)x+(b+c)? 
_ («—a)(e—b—c) (© +b—c)(@—b+c) 
im (x — a)? (¢ —b=c)? 


_(@+60—¢)(@—b +c) 
ene =n bac) 


wy wy2 Ary?  16y4 x 25 
Ge ee Wee CATE 81 MG ge 3 

ff HONG PNG te 32 y? 

aca) = 3 ) 822 248 

This is a type form, hence it is not necessary to multiply out. 

See § 117, 3. 


13. 


Exercises. LIX. 


a+2a—15 a?+9a+ 20 

* @24+8a—33 at+7a—44 

_ (a+5)(a—3)  (a+5)(a@+4) a-4 

Bia i)@ 8) 1) ee) cat 4 

Check. Let a= 1. 

Pere 15. 61 8 20-3 12> 80 4018s. =8 
mst S00 fps dé = od 8660280 8: 
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2 ee ete. (f48y Ch Me +d) er ore 
 @+(b+eet+be \ate  @+d)\(@+c) (@+aPz z+a 
© 2 1 
Check. Leta=b=c=2=1. ea (yee 
14+241 1+1 141 
3 a@+B—c+2ab (at+b—c)? 
; (a+b+cj2 — abe 
eat Osea D ae) abe a abe 
a (a+b+c)? (a+ b—c)2 (@+6+c)(a+b—e) 
Check. As usual. ) 
Puy Teil ANS 25x — 29 
eee a Beer ar 
_6(—2)-14(5—42) 252-29 
(6 —42)2@ —2) (5 —42)(2—2) 
_ Loe — 
» 26¢2=25-—" 
a a a l-—a 
5. (— )=( eZ 
fee l+a a ) 
2a _ 2a%—1 2 a2 


ia says a(l+a) G@—a@a—1) 


JA otra) Gr aha) 


“il _&(e +1) IL 
a(e+1) 2e29-1 ° Qe2_] 


” (5S). (ee? <—*) 
"Nab? a? +32)” a—b a+b 
4 ab? a? — b2 ab 


(@-—B)(a2+0%) 40d ~ Boe 


(a 2a—5b 2 \3 1 

a—3b 38b—a “a=8Dd 

3 (7a — 180 — 2a + 5b) — 8 (a — 8b) 

2s -(a—8 
3(a — 88) rae 

— 21a ~89b+15b-6a-8a424b 7a 

= - =a. 


134-136.] FRACTIONS 


10. 


A. 


w—6ay+9y? x?-9y? 224 ay —6y? 
ees aaa aaa | a — ay — 6 y? 
asic 9 eet OE 
—{a—2yP  \eP+4y (© +38y)(e—2y) 

_@ sy t+ sae -2y)_ w+ 4 y? 

— @—2y)? @—B8yP2@+2y)  @-2y)\@+2y) 


b a 3a 8a—b | 1 1 4) 
ee Bian TE een CHES: 3a+5b 
_b643a “3a—b (a—b)(8a+b) (8a—b)(Ga+b)? 


~ 8a—b 92 +R 2d 20 (9 a2 + b2) 


63 xy? {ae ‘ E (a—b) _ 16(a = \ 
m+n 15(a + bd) 5 e2y 7 (m2? — n?)4 J 
_ 68 ary? _ (eae DCE =n) 20 xy (a + b) | 
“mtn | 18(a+6) —7(m?—n2) if 

_ 68a7y? B(m+n) _ 189y 


"mtn 8a3y 8x 


Exercises. LXX. 


a+b 

a—b a+b a+60 (a+b? 
eee i Ge 

a+b 

a2 — y2 

2 #-y y _y@-y) 

E+Y c e+y © 

i 

a—b 1 38a 

2b+a 2  2(2b+a) _ 34 22b+a) 5 

5a+ 7b —3a 2(2b + a) —3a 


a+2b 2(a+ 26) 


a+1. a—-1 (a4+1)?4+(a—1) 
a—-1 a+1 (a—1)(a+1) _2W74+2_ @+4+1. 


a7utoad—=1 (a@-ley={a—1)? | 4a 2a 


a—-1l1 a+l (a —1)(a+ 1) 


| 
. 
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tifa 140 (1 + a) (1 + a) — (1 + a?)? a(a—1)? 
5 it@_i+@_ Geta) _ Gna +a) 
“1+a? 1l+a3 (14+ a4%)(1+4+ a4 — (1 + a9)? a? (1 — a)? 
1-a® 1+ at (1 + a) (1 + at) (1 + a’) (1. + at) 

1 
leh Ge 1+ at 
Se eee 
1+ a+ 
a(a—b)—b(a+b) a(a—b)—b(a+b) 1 
6 Ce Say eis 
a a a(a— b)—b(a+b) i 
a+b a—b (a + b) (a — b) a? — b 
a2 — b2 ; 
” igs sr 0e ee (ae =) if 
= a-0 = N@ 4 Be” GAD ae 
a® + 6 
5 a2 — 2 5 a2 — 302 
goi4 a b )=1 15a AO ek uae ; 
9b lba 135 ab 45 ab 5a? — 3b2 
9 
ie a 14+2a 
9 Lae (Gate er alee ce bee Te 
. lie Seoee at Oe ee 
a+ — 
l+a l+a 
aa! 
(a+b) —ab—dB a 0b 
LO. saree 
(a+b)? —aF -—v a wo 
iam xe b—a 
_ Sat + 10 a8? + 10 a?03 + 5 abt ab 
b 3a2b + 8ab2 a3 — b2 
ab 
_ 5(a8 + 2a% + 2 ad? + b') ad 
aq 3(a + b) a2 + ab + b? 
_ 5 (a+b) (a + abd + BY) —1 _ — 5 
3 a+b @+tab+e 83 
1 1 


W at + a7? + bt aS—b% (a? + ab + b*) (a2 — ab +b?) a — BS 


RCS eae tes OA Absa a—d 


a8 + b8 a2 — ab + 02 


136-137.) FRACTIONS . 109 


1 
_ (a + ab + B?) (a? 
1 


ee) are oe Oh 


a2 — ab + b? 
1 
(GE b-+ b?) = 1. 
a2 + ab + b? ee) 
(1+$)(2+2) s+) (b + a) (2a + 0) 
12 b Ga, = ab 3 (a + b) 
: a oid = ab + a2 + 82 as — D3 
1+-4- — —J ——e— 
ets b8 ab b? 
_ (b+ 4)(2a4+0) | 3P(a+d) 
~ a + ab + b2 a® — b8 
_ (a—b)(a+b)(2a+b)+302(a+b) 243+ ab? + a + 263 
* ae — BB * Gaps : 
13. : Oe 
(DED C6 CED 
22 : 


ee a (@—2)@—¥) 
Ba OU Seite DP ORY) 5 
(xz — y) (y — 2) (@ — 2) 


lees Ges Pa 
14 gz y? ge y? 2 2 lL y? yf? =. y2 a 4 xy? 
et tt Pa ee gy hy 


ge y? 2 5 


8 = 4 x7y? | 


= ee w—y?/\ ay 
4 1 a 
ay? aa | 


1 il Baer x a 72 
1 1 A a (2244 “\(S+" 2) 
a y2 a yy a—-y a+y/\y w 
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Exercises. LXXI. 


Z £ bal 
1 b e b a b ~ Aaa) 
; ane @ a2—+a3 b(a?— v2 4 ad) 
is b2 pears: a2 — b2 
 @e 
1 = 1 
3 it aL (nee ies) 
ap nee 7_a+2) (1-2) 
1 —e+ae-—1 
4 ed 
1-2 
ge fe 
we Aol ly =e Pe sot 
—e@+e2?—¢e—1—#+2+4+23 
oe a=) _ aD 
7 G “% te “PEP a6 bia Se Sh) 
1 ab —1 
a-—— 
b 
4 1 7 1 _e—a+l 
: iat = es Rea Tae as a 
ye elas = be : 1)@—1) 2%—1 
pase al eek 
f= 1 
5 : u 
jae is la el ee 
Pr aa oe Pye cae Ty 
a oe x2 ge 
e+ 1 
tet 
7 PERS 
(pS anes Vee: BARS t+y 
; = 
ge ee reg vee eee 
yp bo eral 
“e+y 
(e+ y) (@— y*? +1) _ wei yr +) 


@+y@—-yY+2e+y 2 y~r2 


138-141. FRACTIONS 111 


ue a ee a ¢ 
jo ee 
iste a Ree a(1 +a + a?) 
1+ ame a 1+3a42a2+ 4 
l+a+ a? 


— 4(1+8a+ 2a? + a) 
1+4a4302+423 


2 
8 a + ——*__ ee 
Bailie a 
eae hae ee oe 
ab ; 
2(1 — @B 
= a8 + SOO) <4 1a) =1. 
1 
9 ee et 
' Ber se a etc 
zs (@+y)?+1 
a+y 
ey ee EU) LE (2+ yt + 38+ y)2+1 
+ yP+2e+y) +H +2@+y) 
RM pyc ce aw 
(a — bd)? + : ; 
Ab) 
( ia 
= (a+ 0)?-+4—_* _ 
(a b)2 + (a — 6)? 
(a — v2)? 41 
= (a + 0)? + (oe eet 


ee a oa) 
_ (a — 8) + 8 (a? — 022 + 
(a — b)? (a? — BP + oe 


Exercises. LXXITI. 


Pay @+e+n] = = 
z—1 


5 39 2 
2, = =* Be ee cain ~ 80 
oy | CG = DB 2 
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2. g2 sees 
3. 2 = | =* “.@+a)| 2a. 
TiO Nia a 


4 6a2—132+6 _ (Ba —2) (2% —3) ef 
" 80+a—2'12 82—2) @+1) tIe— 


2 = a 
pe =] = =. (¢ + 4) ] eG. 
x—2 2 4-2 2 


6 oe | _w—42+8 
i £ 


= (c+2)| = 3. 
x?—4274+3 Paige ) 1 


e2+2¢—8]7 “+4 


%. = («— 2) a 
ei ee pias pe 
ae 2 il 1 ‘ 
g Steer + 20+ | ae (+041) +1, 
+1 eae i 


Exercises. LXXITI. 
i * should be interpreted to mean an expression whose value 


is infinite. For the fraction = increases without limit when the 
numerator so increases. 


2. = should be interpreted to mean an indeterminate expression. 


For both numerator and denominator being unlimited, no definite 
value can be assigned to the quotient. 


3. tS S| att +9) ao 
w—4¢4+4+3 s w—42%43 3 
PA a i b > c 
(a—b)(a—e) | (b—e)(0—a)  —a)(c—d) 
a —a(b—c)—b(c—a)—c(a Or: 
(a — b) (b— 0) (¢ —a) 
No equal values for a, b, c are available for checking, since 
these render the denominators zero. 
5. a—b 2 ab? 1 ae a (a — b) (a® — 08) + ab3 (a3 + b3) + bab 
b a®—b8 ab — 08 b(a® — 08) 


a’ — ab’ — a®b + b' + atd§ + ab’ + afb ai + ath? + 07 
b (as — 8) ~  b(a® — b8) 


142-143,] : FRACTIONS TLS 


a =b=any number is not admissible for checking, since there 
results only this conclusion, that an indefinitely great number equals 
an indefinitely great number. 


1 1 1, @—d)?+(b— 0)? + (c — a)? 
7 a BD aes a 2(a — b) (b —c) (ce — a) 

_ 2(b—¢)(c—a)+2(a—b)(c—a) +2(a—b)(b—c) + (a— bP +(b—CP + a)? 
s 2 (a—b)(b—c)(c—a) 

__ 2(b—c)(c—a) + (c—a)?+2(a—b\(c —a) +(a —bP + 2(a — b\(b—c) +(b—cP 
e 2 (a—b)(b—c)(c—a) 
(2b—c—a)(c—a) +(2¢—a—b)(a—b) + (2a—b—c)(b—c) _ 


=o 2 (a—b)(b—c)(c—a) c 
a a b ee 2 b2 a+b 
ar a—h (a+b)2?(a—b)t a—b 
| ea 
e (a + 6)2(a — b) a—b 
(a — b)? a 0-2. 1 
Pas b)2(a—b) a—b a+b 
1 1 2a 2 a 2 a2 


l1—a ili+a l+@' G@—-aid+ay (1 + a) (1 + a?) 
_ (14+a)(1+a?) —(1—a) (1+?) —2a(1 —a?) +2a7(1+4 a) —2a7(1—a) 
q (1 — a?) (1 + a?) 
1l+a+a?+a3—1+a—a?+a3—24a4+-203+2 a2+2 a3—2 a?2+2 a3 


1 — at 
_ 8a? 
a at 
a2y2z2 (x2 — b?) (y? — b2) (22 — b2) (a2 — c2) (y? — c2) (22 — c?) 
Ul SEE TG 
b2¢2 b2(b2 — c?) c2 (c2 — 02) 


ar2y2z2(b2 — ¢2) + ¢2(a2 —b?) (y2— b?) (z2— b?) — b?(a? — c?) (y2 — c2) (22 —c?) 
= b2c2(b2 — c2) 
b2c2(b2 — ¢2) 2 + b2c2(b2— c2) y2 + 62c2(b2 — c2)z2 — (b? + c2) (b® — c2) b?c2 
a b2c2(b2 —c?) 
tee ye tee — (02 1 C* i ety ee 01073 
Cheops Len — 7 = 2 2,0 — 1, and ¢= Ss. 
4.4.4 ele, Ue) (4 — 9) (4 — 9) (4 — 9) 
1-9 1(1 — 9) 9(9 — 1) 
“a8 27 ‘ ee ee Ds 2G aig i 
9 —-—8 72 72 
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ye (ye we@—h) , Y—a(e—e) 
b2c2 b2 (b? — c?) c? (c2 — b?) 

_ -yPae(b? — 0) + 02 (y? — b*) (2? b2) — b2(y? — c®) (22 — c?) 

b2c? (b2 — c?) 

b2y222— c2y2z2+ c2y222— c2b222— c22y? + c2bt — b2y2z2 + b2c2y? + D2c?22? — bet 
b2c? (b2 — c?) 


c2ht — b2e4 

~ B2c2 (62 — ¢2) 

Gheck: Neti 2= 2,70 1 6 3) ‘ 
(4—1)(4-1) , (4-9)(4-9) 16 9, 2 


1-9 1(1 — 9) GO=by  ~.9 8 
E128 — 814 257 72 
= 2 ef We 


Review Exercises. LXXIV. 


2 — 
ile Where” otis : a 
b(+a) a b—a a+b 
my a2\(O 2) e(o=a) 4 
~~ ab(b+a) b(b+a)(—a) a+b 
— a(b— a) a __—ab He epns MEae h 
~ b(b+a) d(b+a) d+a) b(b + a) i 
2. See §§ 149, 167, 168. 
ah 6a? Oh Ore 
3. ea Ee i Mie set STS SN 
a6 +1) i OG 0 b&b «bA 
2 2 
=-1-$--(75%). 
3 
4. (a) Root =+ oe ate 
9 xo 
Power =~ — 8 iy ah oils 
4 5 5 25%? 
Oat Ca 4 
ee 5 6 a2 
= Sh 44 11 gy ae 4 ea 
—8+ 2 5 ese 
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(b) Root =4(1+=4 5+. 


Power = 1 +4 cs } { 


+ 


(c) Root =+(fe-54- —). 
vy 
ey Vy le De 42 


Power = = 

1622 2e °° 7 49 y2 

9 y? 

16 x2 
l5y . 178 3 200% 4x? 
rT 7 Ty 40% 
Lyte {0 )e cae: Wer 
Saye wie 7 Ta Tipp a8 


(a) Root = rae +4. 
a 


3 48a2 96 
Power = == = a 
a 


8 23 
a 
DG 
LT 
a a 
2 9 
48 x BO 4 
Qa a 
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116 


S19 99% ee iri 70. @ 
a1g_ 998 70 79 | oe , & 
o& sv G 1G WG Gl6 FQ ekg gl Gh & 
GIG 996 F9 9 GS 9T 8 a7 
eee eT + aah +2g\-'¢ 
mew svg s%EG gGQL& clG& 7fQ gute OQ gl G6 We 
-( A fe 
Mae G&S 9L 4 P = v eee 
ge hE WQ hE QEl|e exe 
G&S 8 P 8 P P 
SP 4P == ye We 
9G @E MEG eG wEG Fike ee 
8 G 7 G 
ee +—~¢ 
et = gtG UE ge LE 
P P 6 G 
oP af Ut Use + 
we eg met ag (TET of 
= I 
GIG 98% 9 6S 8 P P G G 
= ate 7 ats = a aig = I0M0 
oe stG WE WG @E FE’ eG we LE : f 
8 P G 
px et ak ed (0) 
et +09 F — owt + oq t + 090 — ogo oe ae 
et t+ 299 t — 200% + 929 ¢ + on } — o— h 
7 — eqD + Ot — 
ee — 2Q0 4 + qgnt — 
ie 
eT 
oF + oat — ob + og f + oqo t ~ opp} + a4 — 20 + qe t— vt = s0moa 
ee ey. a 
\ Mia gers 


144-146. FRACTIONS AG 


6. 1. Let x, y= the quantities. 


2. Then <4 = ay, for SEY 244 _ py). YX ay. 
Yi Lats eee a+y 
cy Sal “Ly 

“ = a v= 3 = mo which by the required substitution 
12 (a + 1) 

= —~—2aF a1 4(e + 1) (x — 3) 
pprand i (e — 3)? + 8(@ +1) 

(x — 8) 

=, @+D@—-3)_+38-84+3e—-e+3_ 2842) 

w+ 3 w+ 3 3402 


The second part is done in the same way. 


1s @. ACG hes Ge eellae,) 
at 62> 70% 
Bs a ate Pet ae. 
Check. Leta=1,6=2. : 
(k—2)#=81= 3146-16416. 


a) Ga) Ga 
Bee) ees) Ga) on ae) eae) 


64a  96a®  60at | 1502 304 06 
SS: L 20 : ——. 
bs bt 4 b2 ey 4at ' 8a8 | 64a 
Check, et a= 1,0 =2: 
64 ae 60 60 48 64 
6 — 64 = — — + — + 20 —-+- 
(1 + 1) ria Ba Se et ser SBA 


1 ee 


Exercises. LXXV. 


deesee § 16. 2720, .. HE 5. 

2. See §17. (a) lL 38H%-+b5=0. 
a et, 
By dx 2=—}. 
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(b) 1. (@ — 2)(a@ — 3) =0. (C) 1 (=a 2) =0: 
De aes x—-2=0, 2. eS ee 
z—3=0. tf 2 = 
sic’ Led eb Oumeess Pa ho. 
(d) 1. @+2)@—8)=0. 
y Pee z+2=0, 
t—53=0. 
3. z= — 2, 3. 
8. See §17. (a) (¢+4)(2—2)=0, ».%=— ft, % 
(b) (22 —1)(2e%+3)=0, /..2=1, —3 
(e)-a(e —1)(# —2)@—3)=0, .2=0,1,2,3 


4. See § 19, § 3. 


5. (a), (b), (f) are simple equations with respect to a. 


Exercises. LXXVI. 


1. In solving an equation it is customary to place the known terms 
in the second member and the unknowns in the first member. This 


order may be reversed. The axioms involved in these operations are 
2573,,0n p. Li 


2. Divide by the coefficient of the unknown quantity according to 
IX EMC 


8. (a) Add to and subtract from both members of the equation such 
terms as to place the unknowns in the first member and the knowns 
in the second member. 


(b) Divide both members of the equation by the coefficient of the 
unknown quantity. 


4. Check the solution by substituting the value found for the 
unknown quantity in the original equation. 


ie vale 12% —28=8+4 32. 
oar 12a — 3x8 4528. : Ax. 2, 3 
Sar Sai 368 
4. Dean Asc 


Chen. 12.4—28 = 20=8+3-4, 
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62-15 Li eS 2a — 1 
PAs —x“%—2xe=—1—17. 
Stas —38x=- 18. 
AS v= 6. 

Check. 17 —6=2-6—V=11. 

ws Vs 27 ¢ — 127 = 11 — 192. 
Beez 2 a= 19-4 = 11 + 127. 
By 46 x = 1388. 
Anes Ciator 
Check. 27-3 —127 =— 46 = 11 — 19.3. 

Sak 2e¢+3=47¢+5. 
2.3 2%e—4%=5 —3. 
oe SG 
Ne ae CVS=— 1, 
Check. 2 — 14-8 =4. = 1-51 

5 vale 4x — 34 = 22 — 3a. 
Sone 4g +30 = 22 + 34. 
SH oe ios 
Aes si teh 
Check. 4-8 — 34 =—2 = 22 — 5-8. 

105: 2+24+8274+4=5274+6 
2. ae+32—57=6-2-4., 
on —“*=0. 

Ane. ip (0): 
Check. 0+24+3-0+4=5-04+6=6. 
iy ok 82 --Ag + b6a=60 -— 72: 
De sao 40 seoe — 62 = 72. 
3. Gites 
4. hie Ne 
Check. St? eA ele 1 ad Gas 
Exercises. LXXVII. 
Le A a+2=65. 


2. Then (w + 2) (% + 8) = 5(x% 4+ 38), 
multiplying both members by x + 3. 
Bh ae v?4+527+6=52+4 15. 


120 
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a= 9. 
Geos 


— 3 is an extraneous root since it does not satisfy step 1. 


z—a=—0. 


2. Then -(x—a)(e+a)=0, 


nuns both members by x + a. 


3. S— G20, c+ a= 0: 
4. s. C=, —@. 

— ais an extraneous root. 
il xv2—1=0. 
2. Then (x?—1)(r?—52+6) =0, multiplying by 27-52 +6. 
Sys w—1=0, 7—527+6=0. 
4. Har oe ol Fe - 

2 and 3 are extraneous roots. 
Ile 2—2=—4e- i. 
2. Then 3 (a — °F =3(42 +4 1), multiplying (1) by 3. 
Bi ae 8% —6=12% 43. 
4, 3¢2—12%2=3+4 6. 
5. —9xrx=9. 
oe ot 
Check. —1—2=4-—1+1. —1is not extraneous. 
Ns e—5=52—- 21. 
2. Then x(x — 5) = x(5a — 21), multiplying (1) by z. 
Sea w—5e%=—52a?— 212 
4.. —42774+ 16%=0. 
5. z«=0,4. 0 is an extraneous root. 
1. xv + % = (1 — 2)?. 
2. Then x(t? + x) = a(1 — x), multiplying (1) by a. 
Sis e+ a= ew —2a2 + 28. 
A. 3822-2 =0. 
Kid x=0,4. 0 is extraneous. 
i 8¢a—4=—42 —3. 
2. Then 21 (3a — 4) = 21(4a@ — 3), multiplying (1) by 21. 
One 63a — 84 = 84a — 63. 
js heave — 21a = 21. 
5. Tal 


Check. Deena cre bore lf RS SU 
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Oe ak (c+ a)?=(@—a) 
2. Then (© + a)?(@ + 1) = (@ — a)? (w + 1), 
multiplying (1) by # + 1. 
3. -. 3 + (2a + 1)a? 4 (a2 + 2a)a4+ a? 
= 2+ (1 —2a)22+4 (a?—2a)r+ a2. 
Ae te: 4ax*+4axr=0. 
: x=0, —1. —1 is extraneous. 


Or 


Exercises. LXXVIII. 


Dre: : =4 
ae 
4 
3. die 
a 4 4 
Cee : =i 
4 
The resulting equation is equivalent to the given one. 
; 2 
acl ies ar) 
x—2 
Das x+2=0, and «=— 2. 
oo 
3. Ba Ee t5) i) 
x—2 
Aone 2—_4=0, and c=+2, --2. 
The resulting Brincian is not equivalent to the given one. 
8 2 
S00: ee) 
Bb we 
De w+9+6=0, or a=+ V— 15. 
3. (F+-+=)r=0. 
By ey 
2 panes 
Ao, St84+2=0, or e=+ V— 16. 
The resulting equation is equivalent to the given one. 
a Cee ee 
OSs Se Ge ee 
2 oe 
Bk ee ed 6! 
Cie we I 
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ee 1 
3. “1 (¢— 1) = - (a — 1). 
eh PS ayo qs ) 
Sees codtemorsl We CO) gi pieercs oa a] f 
The resulting equation is not equivalent to the given one. 
1. x2—62%+45 _s 
x2—5a+4 
Dis « w—6xe2+4+5= 52? — 25a + 20. 
Bh od 4e2-—197+4+15=0. 
4, (4a — 15) (@ —1)=0, and e=1, 43. 


s “—6e+5  (e—l)\@—5) 2—5 
5, = 

w2—5a+4 dle cae) a on 
Gast £—5=62—20. ».4%=16, org = se. 


The resulting equation is not equivalent to the given one. 


1: x—652%+6=0. 
Pa Se (x — 2) (« —8)=0, and z=2, 3. 
3. Pale TOG Se ay ae 


x—2 
*. the root 2 is lost. 


The 222 —5 = o2 — 1. 
ss 2 40) ander — 2. 2 
2 2a7—5 g2-—1 
oO. = = 
T+2 r+2 
PY = is Oe 
4 Page Sp Ae 1_o. 
x+2 z+2 
YI 
5. Se SO a ee 
x+2 
*, the root — 2 is lost. 
1. a? — 32 —28 = 0. 
Moe oe (e —7)(@+4)=0, andg=7, —4. 
a — 28 
3. eee 2 op ean ee 
ye 
*. the root 7 is lost. 
1 a+ 9x + 14 i! 


a? +14” 4 49 ~e7 
nee (@ + 2)(@ +7) _ 1 ; 
(©+7)(@+7) 247 


151-152. ] 


“ g24 1424 49 


oO ON 
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BasZ | Tl 
DT oer! 
x+2 il Soke, 
Ole le Gels Yl Ye duels 
ae za+1=0, andz=—1. 
w24+92%+4+14 


- (a? + 14@ + 49) (x + 7) 


1 
= ——- (47 + 14a + 49) (@ + 7). 
ay tt a + 49) @ +7) 


. 3. (2+ 9% 414) (@+7) = 2? + 14e¢ + 49. 
- oe (@+2)(@+7)?2—(x+7)? = 0. 
; (x + 7)2(2@4+ 1)=0. 


A Vt fo gc 


+. — 7, — 7 are extraneous roots. 


10. The first introduces the extraneous root — 7, the second does 
not change the equation. 


Exercises. 


LXXIX. 


1. x=0. By squaring this becomes 2? = 0?, and « = + 0. 
.. an extra zero is introduced ; but + 0 =—.0. 
ae i. TSH 3. 2 w= OE 
2. CAO Go — Oe ane Ox — Ovand a= 0-6; 
.. — 6 is an extraneous root. 
3. 1. Cia Di De eee 
oy g—4¢4+4=4. ..22?-42=0, andz=0, 4. 
.. 0 is an extraneous root. 
Es ie 2 a Os tase 
2; 4a2=81. «.c2=+ 2. 
.. — 2 is an extraneous root. 
One le iO) ene Os 
2, fed = MAD SES Ue Ae Sra Sy 
.. an extra 5 is introduced. \ 
(ae 4¢=—28. «.%=—T. 
2 16 x2? = 784. 20 ake As 


7 is an extraneous root. 
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ie Diet aenoan wer eae 
4e%+424+1=9. .. (2 —1)(2+ 2) =0, andz=1, — 2. 
“. —2 is an extraneous root. 


iS) 


oh BE ll Ra ie 
2 
we 

2. ee i 
4 


“. —2 is an extraneous root. 


Me T41=2 «.24+8=6, and 2=3. 
»o 

2 

9 

“. — 9 is an extraneous root. 


3 3 


3 


Exercises. LXXX. 


y ewle ax+b=be+a. 
yee ax — bx =a — bd. 
3 (a —b)e@=a—b. 
4 tories 

a—=b 
Check. @-1+060=6b-1+4 4a. 

2. ili. (e —1)(1 — 2) =— 22, 
2. —7?+22%-—1=-— 22. 
oy od Dads desta | 
cee Lf. 
Check. (4 —1)(1-—4) =— (4)? =—-4. 

3: a. 8x2 — (7 — x) = 29. 
2) 8a —7+2= 29. 
Sa 9a =36. 
Ae cae 
Check. 8-4 — (7 — 4) = 29. 

4. 1, 3¢—2(2 —@) = 21. 
Qe. 8¢—44+997 = 21. 
Bioens 5a — 25=0. 

4. Ci 5. 


Check. 3.5 —2(2 — 5) = 21. 


152-153.] 


10. 


ie 


12. 


13. 


how CSE Nee 


be ad 


pg Oh 


heck. 


eh 


ba Coe 


SIMPLE EQUATIONS 


(2 — 2) (5 — @) = 22. 
10 —7a@ + a = 2. 


Uf p= 10) 
c= 40. 
As usual. 


38(@ —1) =4(% 4+ 1). 
32—38=427-+ 4. 


L=—7. 
9x2 —3(5a% — 6) = — 80. " 
9a — 15a +18 =— 80. 
— 62% =— 48. 
Cae 


2(« + 3)— 8(a 4+ 2) = 0. 
2 yb — 3.0. =O" 0. 
iO: 


x (2? + 1) = a(x? — 1) 4 9. 
Hy I Pep reai vis) = i) te tO 
PNGrei). 
x = 42. 


(2 + 5)? = 21a” +4 (4 — 2)?. 


a 10% -- 26 = 214 4. 16 = Sia x2. 


—38x%=——9. 
Lo 


82+ 14 —5(@ — 3) =4(2 + 8). 
3a + 14 —5e+ 15=42 + 12. 
—6x2=-17. 


=e 
v= if, 


x(e —1) —x(@ — 2) = 2(x — 8). 
e—x2—g7?+2H7=22-6. 
Hi Oy 


e(l+2+7)=23+ 2+ 52 — 17.5. 
etertoe — 2384+ 22+ 3a — 17.5. 


= 9a = — 17.6. 
a = 83. 


125 


987 


126 


15. 


16. 


ee SS 


bas CNS a 


SS i 
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(2 + 1)(@ + 2) = (@ + 8) (w + 4) — 40. 
e+3¢42=274+ 72 + 12 — 50. 
—4x2=— 40. 
a0: 


2(@+1)+38(@ + 2) +4(@ + 3) = 101. 
2¢ -+-2+3¢ +6 + 4a + 12 = 101. 
Sa Ole 

a9: 


(x — 2)? — (w — 3)? = (a — 4)? — (x — 6)?. 


*@—4244—272+6¢—9=27?-82+416—22+4 124-36. 


—44+62¢+82—12%= 16—86—449. 
We 


Exercises. LXAXXT. 


ab 


yal = 
ax + bx 
Die ab = ax + bz. 
Beige (a+ bya = ab. 
4 _ ab 
a+b 
Chania ee ee See 
~ ie ee ab ab(a + b) 
a+b a+b 
2. 1 sarees ao deh = 
e-l e¢—3 
2. we—4%+3=92-52a-—6, 
een es = 9; 
Check. we = 
_ =e 
Sat. 50 | 12 _ 49. 
AD” 12 10 
‘ 25 24 49 
Dsante — + —=—. 


22 2% 10 


153-157,] SIMPLE EQUATIONS ily 


Ewes 49 _ 49. 
2x2 10 
4s 2o— Om andere Os 
4 
Check. 50 thy erasing 
45 con lO nh 1098 10 
2 
£1 aT = 2a +15. 
2 202 = 242 + 9a — 465. 
35 92 —45=0. 
4a Gee 
Check a = 25 =2 B+ 15 
ip G 
5. 1 eS ee fs ems 
273 
28% (Sp Se ie 155) Sie 
Shy ke 13'2-= 156: 
Bb es oe 
Check. As usual. 
Ge 4. 0.52 + 0:252 = 1.5. 
ee tos ONO o0! 
Bh, we ee 
koe Ae i ee eee 
a a 
C— = an — as 
Syn oS 00s 
4 eae =l+a 
1—a 
i, ae x 
8. 1 a See ee 
alk 10 
oN Sia ba = 680 — 4a. 
3 17x = 680 
4 az = 40 
Lei Ssyiry 
oF i i 
3 7 
ne 2380 — 15:4 = 2a — 168. 
Be, 2s Oe OS: 


Aes A all 
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x—a_ (2"%—a)? 

a—b (2a —b)2 

2. «. 4038 — 4622 + O27 — 4an2 + 4 abe — ab? 

= 423 — 4ax2 4+ ate — 462? + 4 abe — ad. 


LO. 


Oats b22 — a2a = ab? — ab. 
Ane C= ab (0a) = ab ° 
(6—a)(b+a) a+b 
ste 4a 
hee BPR 
ba a 
2. foes Oe 
a ba \ 
3... a+4ba=—4a4 be. 
4. . 362 = 8a, and @ =~. 


Check. Put a = be in step 1. 


C=O. SOE 


5s alle ~ —= 
C=s:a. 26+ 
Bo Ss (x — a) (26+ 2%) + (86—2) (e+ a)=0. 
3... 20% —2ab + a? — an -+ 3dbe — x2 + 3:ab — ar = 0. 
ae “(5b —2a)=—ab. 
5 . ee ab 
rs  bb—2e Oa = 56 
13. 1. Got sa—4 e 
i 4y=—3 2 
oF Gy ey Oe Fees 
4% —38 
Ge 7 — 2@@Be—4) 
: 4z—3 
Ae: —8e== 27. 
Oe: e = 21 = 38. 
24,01. eS 
8} 5 7 
2. 3. 85¢ — 70 — 2le+ 84=15¢ — 90, 
Bi ies 352 — 21% —15¢ =— 90 — 84 + 70. 
Aes —* =— 104. 


Ores x = 104. 


157.] 


15. 


16. 


17. 


18. 


19. 


SIMPLE EQUATIONS 


BOua 7 
as ae 
2 Dabo 
Ce Mea Sign. cera ; 
aoe 5! 
4% 32 1 
eee 2 
16% —15%= — 10. 
ee 110) 
om > —= 
Ge eee cE a 
(a Cae 
a a 
a@a—a+a=b 
i= 0, 


ag Es Gu es. 
E-9+3"—-9 4 
(@—8) (G20) S26 
270 2B 
@=3\@—0) 26 
202 — 21a + 54 = 2e2-— 244 4 54, 
382=0, and z= 0. 


b+“ b—x% 0? —ax 
ey Saha Gg? — Gene 


+2) 0-4) + (b—2)(a+b)_ Pax 


b2 — a2 a2 — b2- 
2b? — 2 ax = ax — 02, 
b2 
et en 
a 


be 10h— Be —_ 
PASO 8 41." 
102 + 214+ 2%=182 + 9. 
12% —18%=9 — 21. 
—6x% = —-—12, and z=2., 


129 


130 


21k 


22. 


28. 


24. 


Ca bey oe 


2 
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ee en LE: 
2+¢4 38 3- 24% 
4 aie 22 
244% 38 242 
$=4G+2)— $0 
2=>4+2%—4%. 
v= 2. 
Ce ORE ae 8x—2 
2 hy 3 
Lee cere eee 
aeons 3 8 
ig 
—-+2e2=742 
ort Se 
PG So end oe 
2 y 
8 Ch eS 
woo38 22+6 Txe+2 
8 ee 
+3 #248 7242 
7 30 


tt Seis 3-2 
49x + 14 = 302 + 90. 
196, anda 4" 


Coo b2— 6 8— ba 


6 4 12 


. 1444+ 10-1574 18 =8 — 52. 


Ae 20V tie Os 


a a b b 
1=5( ste a) 
ee eke Saga 
TO be nae 

ee bs a 4. BS 

ie ih abe 
a+b2—ab_ a +03 

ab Se 

a 


i e and 2="¢-- 65 


158.] 


25. 


26. 


27. 


28. 


29. 


bo 


w 


co 


ce 
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22—5 6243 35 

=) poe 
Cee ae errs 
4x—10+ 1824+ 9= 602 — 210. 


38% = 209, and x= 1, 


2x24+3 6x + 22 38a+17 


5 15 5.02), 
6ea+9 64%+22 82417 
15 (6b = Bila) 
Ws. 86 fo17 

5-61 Sx) 

g. aB a 17 

5 ney 


13(@ —1)=92+51. 
4¢ = 64, and «= 16. 


2b 1 il 
® © Gen ) Ge 
2_ p2 
1 é Q 2b= a? — b? 
a+b—a+b 
t+4a+b, 4e+a+2d_, 
bee ga gee th My? 
ian 34 4 3a—6) _. 
xta+ob at+ta—b 


Ba(e +a—b)=(a—6b)(~7+a-+ B). 


- 8avr+ 3a? —3ab=8ar-+ 8a?+ 8ab — 6bxe — Gab — 6b. 


—6b% = 662, and t=— 0. 
1 ts) 4 
Po lee Os cee3 6 A 

—2 —2 


@—1)@—2) (@—8)(@—4) 
7— hoe + 12 =22 — 32+ 2. 
Ao Oy 


fi) ate 


132 


30. 


31. 


32. 


33. 


34. 
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c+8 2-8 wo 4 ei) 
i ¢ Lis ¢=neieee poe 
2 ae p 2 
ee eS z—4 v rep tA z—3 
1 il 1 1 
= Poe 1 1d mee! aaa 
4 = & —65 
is (@+1)@—4) @+2)(e—3) 
5 v—e¢—6=2?—82—4. 
Gress Fo 25 and C= 1. 
1 1 = 1 
(©+3)@+5) (+9) (@—5) 
De ss w+4x2—45=—22+4 844 15. 
emcee — 60=42, and <=— 15. 
1 1+38¢% 9-lle_ 14(2x%—3)? 
: Bate, 6 = Te 296-493 
2. «. (1 +82) (5—7 x) — (9 — 11a) (6+ 72%) = 14 (2 — 8)2, 
See: — 40 + 5622 =— 1682 + 126 4+ 5622. 
4, 3. 168 a = 166. 
bye eet 
1 2, 2 el ea 
207 —1~ w= 38) ey 2a— 5 
ae 8a —12 _ 227-8 


(2% —1)(2e2—5) a(@—3) 


(2@—1)(2e—5) aw(x%—8) 
4A. | (4027 — 12% —4 02 + 12@ — 5) (2a — 8) = 0 
Syoee 2“—3 =0, and @= 3. 
The otied factor does not lead to a solution. 


—1 ae -+ 2 


1. 6a — tee ey ue 
e- 2 2a — i 
Ps) ae Pe == : 
2 Es 3 
Ome Lp 86, = 7 ee 


Ce 5%=40, and «=8. 


158-159.] 


35. 


36. 


37. 


38. 


39. 


PT Coy BON 


avi tN 


_ 
. 


SIMPLE EQUATIONS 


#7 ($40—1)-3 0, 
rast — sy -—§-—F-1=0. 
x=38-+ 27+ 81 + 248 = 354 
5 ze a a 8 
5z+8 24438 5\z2 +3 a) 
102 eh he 18 


(5% +8)(2a+38) 6 (@+8)(@+2) 
50 a8 + 33502 + 725” + 510 


= 5023 + 38522 + 678 x + 432 


47% =— 78. 


—~— 78 
x= — 1. 


x 3 5x Gin 
re (-; poe ee —) — 85}. 
: =3( 3 


ee fT 3551 
PUN Ae tb aea( 1 7 a 
3 5 352 2 
(LABS AE Byseae ab = ae ae 
pig Rr ayer gene 3 
38a 56 + 21 + 2011 + 40 
6a 56 
9 
ST tere 
6 


82-2241 (Te-2)(8xe—6) , 9 
5 as 35 10. 
14 (3a? — 2” +1) =2(7% — 2) (Ba — 6) + 63. 
42 02 — 282 + 14 = 42a? — 96a + 87. 
68a = 73. 


a(a+b)e a?—b? 2be  (5a+5b)b 

Sa er ee 

ax 2 bx DIO b 

a—b'a-b a-—b ‘ 

(4+ 2b) = (5a + b)b + (a — b)?. 
(a+2b)(a+ 0) _ 


ea a a 8 ee sag oT 


133 


134 


40. 


41. 


42. 


43. 


A4. 


or 


(a+b)?(@+1) + (a+b) (e+1) + (e+ 1) 
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je-t+ie-j=%+He-H- He 
240 + M0 eee gee 
48 4573 108 14 
65a 447 
“48 280° 
AABCAS as 
0165 a 
132—10 4%4+9 T(@—2) 18a” — 28 
36 18 12 e172 66. 
18a —10+ 82+18—21%7+42 13” —28 
36 5 17s 66. 
25 134 — 28 
18 17¢—66 
99 AG a — 6; 
a 2(3a+5) , 8a+15 3(a-+4 2) 1 
a+] z—1 ON ae yk Og +2 
a 6a 8a sa _ 10 15 6 1 
a] (bol ao, eo ay eo See 
; — 24a ‘a 60 E 
* (@ +:1)(@—1)(@— 2)(@—8) ~ (@ --1)(@ — 2)@ — 8)(@ + 2) 
= 2.05 
Sa ee Ss 
(2a + 5)% = — (4a +4 5). 
4a+5 
~~ Sees 
yy (22 — 1) — yy (Bz — 2) = 9, (@ —12) — 4 @ +1). 
48(2% —1)—45(3¢%—2)  40(@\— 12) — 30(@ + 1) 
6:01” | an Boss es 
— 89% +42 = 102 — 510. 
49% = 62) and w= 1128. 


ibn = (@+6)?+ (a+b) +1. 
(© + 1){(@ + 6)? + (@+ 6) +1} _ 4 
ae eS = (a+b)? + (a+b) + be 


t+1l=a+b4+1. 
e=a+bd. 


—_——” 
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a5. xe+1 =(« SS ees (« =") + 31 
3 2 2 3) 3 60 
fe I GSN GO eRe Ry AGT 
Qe == = : =, 
3 4 5 6 60 
3. «. 2024 20 —15%4 15 = 12% — 24 — 10274 30 4 81. 
Apes ot 2 Anders ee 
me i 30° + 12044 4423 4 18592+4+8e498 323+ 44742 


Bat+ 18084 26e2+152+14 32246242 
2. .. 9a7 +54 2% 4210 7+ 843 xt+ 1222 734 712 224604 7 +196 

= 927+54 084210 2 +843 vt4 1222 234 712 724 646 74+ 28. 
Sh BS: — 42% —=— 168, and «=4. 


Exercises. LXXXII. 


ae Veo Ve 6 7, 
20. #2+2—-2Ve24 112418 4+249=49. 
St Qe —38 =2Va2+ 112 + 18. 
te Ag? — 1524-1444 = 4 42 = 445 72. 
Oy ae MG a= 13 72 sand a — 7 
Check. V7 £2—V74+9=3—44#7. ..7 is extraneous. 


Re Ved Vate = Cheek. 4] + ag . 


Vi V 
a N3 
De We ges ee 
= 2 
x 3 
Aes gee ee 
3 3 3 
Gis 
Ts 3 is not extraneous. 
a. 4 Vz+19+ V2 +3=8. 
oa. Ve +19 =8— Vx +3. 
Bee zg+19=64-—16V7+34248. 
4 Biss iy HES ~ 


ig =O, 
Ghicek. V64+19+V643=8. .. 6 is not extraneous. 


136 
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lo 8Ve—-14+V4045=9. 
2.40 —-444045+4+4V402 4+ 0-5 = 8. 
Oty & 2e¢—20=—V4227+2—5. 
& 422 — 8074+ 400 = 42724 2 —5. 

8la¢= 405, and «= 5. 

Beh 2V56—1+V4-54+ .. 5 is not extraneous. 
1 PVEE 4 8 ova 
2. V8"2+5=1+4+2V22¢ — 
Bes, 8245 a een es 
ee 2=V2e—1. 
5. 4=2xz-—-—1, and x 


= }. 
Check. V8-845 §4+6—-2V2-3-1=5—4=1. .-. 3 is not extraneous. 


1 4Ve4+2—V2e+7=5V2—1. 

2. 164% +32 +e2+7—8Va2+ 9a + 14 = 254 — 26. 
Bis ok Oe Nea Se een 

A i OV ie ae 

ames o— 16074 64=2774+9274 14. 

Ga 25% = 50, and «=2. (Not extraneous.) 
Check. 4V2+2—V2+7=5V2—1,8-3=5. 


Exercises. LXXXIII. 


1. Let « = the number. 2. 1. Let x = the number. 
2. Then 28 —«=—.. 2. Then n—-a2=~- 
28 n 
Sie Oe — 28 Cia Serene — 1 ae 
29 n+1 
2 Land 
Check Wx. O'by Vo aoe 
28 +1 29 
1. Let « = the number. 4. 1. Let x = the number. 
2. Then 162=2-+ 16. 2 hen) 2 nee 
Senet eee Sars re = 
15 n—1 
16 16 


Check Ex, 4 by 3. —— =—. 
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11. 


12. 


1. Let x = the number. 6. 1. Let x = the number. 
2. Then ae x+ 12. 2. Then = =r+n. 
12 n 
3. %= 122% +4 122. Sh oo (Ul Speen 
2 
4 —_o 4 144 4 4 ya ue 
11 1—n 
Check Ex. 6 by 5. g eres 
= 112 11 
1. Let x = the number. 8. 1. Let x = the number. 
2. Then 25 — a =25:2: Deen 1 — ee 
Seas 26% = 25. ental (Let) Ce= 1s 
4a oe £2 pp ae 
26 Wal 
Check. As usual. 
1. Let x = the number. 10. 1. Let x = the number. 
2. Then b+8=2e +7). 2 Then a+a—=—~“(x +0). 
nN 
Seo Tae S35 pe ee 
4 4 n Nn 
fl op Gy == Bh. aus ee U cetes 
nD) 
bas — fo? — Pat $4 
2a+1)at+—5e+4a-2 
at+ia3 : For divisibility the remainder 
"Ss 1@— 5a? must be zero. 
—ia— ie eee ot =O} 
—iga2?+ 4a or %=— 9t, 
= gai 12 a 
sq — 2 
a} a See 
5 a Re 


According to the Remainder Theorem — } may be substituted 
for a, and the remainder found without division. 


1. Let x = the greater number. 
AN ste 121 — x = the less. 

Gy ae ~—73= 121 — «2. 

Ae! Ay a8 fe 

5. .. the numbers are 97, 24. 


138 


13. 


on 


14. 


15. 


16. 


fe 


18. 


poy 
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Let «x = the greater number. 
n — © = the less. 
L— Oia 


ia ie > 
ae: 
eitenuMber arene ees 
2 9 % 


Let C= the Ist number. 


Then 6 8d—= “ fe 
and +(e — 85) = ee 
e009 +(e 8 b= Ne 

9a = 909, ain 


. the umbers are 101, 16, 4. 


+4 — 


. and dao+1l= “ 84 ar 


us 2 ta Ath ck 
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& 2. ©+e2+444¢74142274+4=—99. 
Guns $x = 90, and x = 20. 
7. .. 20, 24, 11, 44 are the numbers. 


Oe A. Let x = the Ist number. 
2. Then Ca? ai) &a Od. we 
1 
3. and ae eo) = SG gig oe 
aoe ce OG) Ath 6 


Ona z+e+2a+"4+14+ar+@=n, 


eee, 1 
6. «(- +-e* jen (a27+2a+41). 
- 5 A 
a ~ (a +1)? 
2 
8. .. the numbers are SS a, aa +a, i ) i dae 
(a+1)? (a+1)? (a+1)? (a+1)? 
20. 1. Let x = the number. 
2. Then x? — 1188 = (@ — 6)?. 
3s Be a — 1188 22 — 124-36: 
ale 1a = 1224, and z= 102: 
21. 1. Let x = the number. 


2. Then (13 2)2?—(8+122)? = (5a — 9)2. 
3. .. 169%2—9—722%—14422=25 7?—-902+481. 
as —9+182%=81, and «=5. 


22. 1. Let a = the number. 
2. Then ee 7am 5 
b+a ad 
aio ad + dx = be + cx. 
4... (d — c)a@ = be — ad. 
(be — ad) 
Bee ip ees 
c—a 
Checks Let a= 3, 0 =5, c=9,.d=10. Then 
¢ 3 
Sau esa re eee ar 
b= e 10 1 


8+ 38415 18 9 
Rieti ae ata 20) 9.10 


140 


23. 


24. 


25. 


26. 


27. 


28. 


CVS CoS a 


Gir FS CS 1 OY ee Ss 


Lai Da 
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Exercises. LXXXIV. 


Let | x = the number of dollars. 


Then x — 0.095 x = 1538.50. 

: 0.905 « = 1538.50 

93 C— LOO: 

-. the sum is $1700. 

Let x = the number of years. 
Then x - 0.035 - $6024 = the interest. 

~. 6024 + a - 0.035 - 6024 = 7658.01. 

: 210.84” = 1634.01. 

as Gants 

-, the number of years is 73. 


Let C= ae number of dollars of capital. 
Then 0.04. 3-24 0.085-2-a = 76. 

0.024 x + 0.014% = : 16. 
“ x = 2000. 
-, the capital is $2000. 


Let x = the number of dollars of capital. 
Then 0.05-4-%+4 0.04 -1-2+0.03- 34-2 = 3700. 
x = 310,000 - 22 = 100,000. 
ane capital is $100,000. 


Let x = the number of miles from Detroit to Chicago. 


Then = =) a ‘* hours taken by the Ist train, 
oO 
and ci (a3 73 ce a ee a3 9d (a3 
40 
x x 
pes RO en A. 
30 t= 40 
ee w= 19 1b = 22865 
‘+, the distance from Detroit to Chicago is 285 mi. 
Let « = the number of dollars loaned to B. 
Then x + 200 = ae OG: 73 (3 (a3 (73 (x5 & 
. 0.045 2+ 0.05 (w+ 200) = 276. 
0.095 « = 266, and x = 2800. 


ime sums loaned to B and C are $2800 and $8000. 


166-167. ] 


29. 


30. 


31. 


32. 


33. 


34. 


i) 


SAB ae ta 


— 
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Let x = the number of dollars of the principal. 


0.0385 ¢ = 
0.0875 2 = 


cc 


. Then 0.0325 = the interest for the 1st year, 


(73 73 9d 66 
66 66 38d 66 


and 0.0500a = the interest for the 8th year. 


Let 


. 0.138-2-2 + 0.09 - 
; he PAA Razer oat 


(0.0825 + 0.035 +--+ + 0.05)” = 1914. 
-. 88a = 191400, and x = 5800. 
-, the principal is $5800. 


b —a=the number of miles gained per 


hour by the 2d bicyclist. 


m : 
= the number of hours required. 


b—a 


x = the number of dollars of capital. 
-~+ 0.03.54 -«@ = 26,640. 


9x = 2,664,000, and x = 296,000. 


Pie capital is $296,000. 


Let x = the number of dollars in his income. 
Then pa hee Bee, 
b ad ¢ 
semi ee lett 
(a =< = ) ise 
ett x abcde 
~ abcd — bed — acd — abd — abc 
Let a — the number of miles from New York. 
Then OPE & ‘ hours before they meet 
50 
450 —a@ _ 


40 


Let 


eo G6 oe 66 73 3 79 


© _ 450 — 2% 
50 40 
4g = 2250 — 5a, and x = 250. 


Other meet 250 mi. from New York. 


a = the number of hours required. 


ee 35a + 40x = 100. 


Toe = 100; and a= 14. 


iss are 100 mi. apart in 14 hr. 


142 


35. 


36. 


37. 


38. 


SIGE ES 


OK 


or 
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Let gz = the number of miles per hour. 
WA 
Then pees oe ‘* hours required to run 75 mi. 
x 
and 80 = oe x3 6s 3 oe 80 (73 
z+ 24 
CS «i 
xe «+24 
75a + 187.50 = 802. 
ri Oar 
.. the rate is 37.5 mi. per hour. 
Let x =the rate of the current in miles 
per hour. 
. Then x +25 =the rate of the steamer in miles 
per hour with the current, 
and 25 —x =the rate of the steamer in miles 
per hour against the current. 
90 60 


= ———., by the given conditions. 
2+2 2-2 


90 - 25 — 90a = 60- 25 + 602. 
150 2 = 30. 25. 
x = 5, and the rate of the current is 
. 5 mi. per hour. 


Let « = the required number of magazines. 
Then 0.0652 = the cost of required number of magazines, 
and 0.06 = the amount received from the dealers. 
0.10 - 0.06 (« — 10,000) = amount received for adver- 
tisements. 


0.065 « — 0.06z = 0.10 - 0.06 (« — 10,000), by the 

given conditions. 

: 0.005 @ = 0.006 (w — 10,000). 
*. & = 60,000, and 60,000 magazines are required. 


. Let 2 =the number of hours required by the steamer in 


going from M to N. 
Then &5.a= the number of miles from M to N 
3 ’ 


35¢@ — 3h 


. and carer the number of miles the sailboat traveled 
“3 


after the steamer started. 
v. (83 @ — 31)- 3, —5 =a, by the given conditions. 


_ 
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5 35% —10 —50= 10a, and z= 22. 
6. .. the number of hours is 22. 
7. .. the distance from m to n is 12-35 mi., or 28 mi. 


39. 1. Let x = the number of horse power to raise 
1 gal. 1 yd. in 10 sec. 
2. Then 22-3102 =the number of horse power used 
by the lst pump, 
3. and 31-176 =the number of horse power used 


by the 2d pump. 


4, 22.310% + 81-176% = 108, by the given conditions. 
5. « 11-1554 +4 31-44% = 27, and x = 5225. 
B22 22 -310- -27, = 60 is the number of horse power 
of 1st pump, 
and 31-176. 527, = 48 is the number of fonen power 
of 2d pump. 


40. 1. The first engine can raise the equivalent of 275-144 t., or 
10,800 t., a distance of 1 ft. in 1 hr. 
2. The second engine can raise the equivalent of 24°. 80 t., or 
14,400 t., a distance of 1 ft. in 1 hr. 


3. Let _ «© = the number of feet in the depth of 
the mine. 
4. Then 82. Me dlie = the number of tons raised by the 
x 
1st pump in 82 hr., 
0 
5, and ifs aaa = the number of tons raised by the 
2d pump in 7 hr. 
6. BP ee sh SS sa Si: mesa by the given conditions. 
4 a9 4 x 
ness 35 - 10800 + 45a = 28 - 14,400. 
Sa 1s. 7.1200 + & = 28-320, and «x = 560. 
9, .:. the depth of the mine is 560 ft. 
Exercises. LXXXV. 
41. 1. Let x =the number of volumes of water 
added. 
2. Then 0.01 (1 + x) = 0.05. 
Sia st 0.012 = 0.04, and « = 4. 


-. the amount of water added is 4 times the original solution. 


a 


144 


42. 


43. 


44. 


45. 


46. 


eee WI te 


oe 


i> 2S 


a 
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Let x = the number of volumes to be added. 
Then x5 (1 + &) = +4, and s=1. 
+, 1 volume of pure alcohol must be added. 
Let xz = the number of hours in a day. 
Then ot Ider bk HOF AG t night. 

e+a¢+13 = 24, and a= 54. 
wither are 54 hr. in a day and 184 hr. in a night. 

The sun rises 22 hr. before noon, or 9:15 a.m., and sets 22 


hr. after noon, or 2:45 P.M. 


Let x = the number of ounces of 1st kind. 
Then (3 —— Piece vt Cee ie 2d 
me ees @ = the number of ounces of silver in 
Ist kind, 
and Zoo's (78 — x) = the number of ounces of silver in 
2d kind. 
zoos : 78 = the number of ounces of silver in 
the resulting ingot. 
pees & + 3900, (78 — x) = 7579, - 78, by the given conditions. 
Tx +9(78 —@) = 7.5.78: 
ae z= 1.6-89.= 584. 
*, 584 oz. and 194 oz., respectively, are required. 
Let «=the number of ounces of pure 
silver to be added. 
750 fine means 75% pure, and 900 fine means 90% pure. 
0.90 (500 + x) = 0.75 - 500 + a. 


: 4500 + 9% = 37504+10a. «.2= 750. 
‘, the pure silver added equals 750 oz. 


Let x =the number of pounds of pure 
water to be added. 

Then 0.02 (82 + x) = the number of pounds of salt, 

and OMlGi32 Noe ae ub ob tee 

: 0.02 (82 + v) = 0.16 - 82. 


& = 7-32 = 224, the number of pounds 
of water. 


eee ae 
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a7. 1 Tet “=the number of pounds of copper 
to be added. 
2, Then 0.15625(37.5 + x) =the number of pounds of pure 
silver in the composition, 
3. and 0.1875 -37.5 =the number of pounds of pure 
silver in the composition. 
4, 0.15625 (87.5 + x) = 0.1875 - 37.5, by the given con- 
ditions. 
5. «. 1562.5 - 87.54 1562.5” = 1875 - 37.5. 
One: 1562.5 @ = 312.5 - 37.5. 
alec. G=7.0: 
8. 5 lb. of copper must be added. 
48. 1. Let x =the number of pounds of pure 
copper to be added. 
2. Then 2 (04.5 +2) =the number of pounds of pure 
9 silver in the alloy, 
3. and _ 4-94.5 =the number of pounds of pure 
silver in the alloy. 
4. . 2 (94.5 + x) = #- 94.5, by the given conditions. 
Ds 94.5 + 2 = 27. 94.5. 
Gra % = 13-94.5 = 873. 
Ue | 873 lb. of pure copper should be added. 
49. 1. Let x = the per cent of water evaporated. 
2. Then ev: 9AGZ=  % % & the solution evaporated. 
3. .. 0.12(1 — 0.94) = 0.06, by the given conditions. 
4. . 1—0.94a@ = 0.5. 
Opens w= 0.587,. 
6. .. 583,% of the water must be evaporated. 
5O. 1. Let: x = the required number of months. 
2. Then 8, - 12 = the number of months in Venus’s revo- 
lution. 
3. 860° + 12 = 80° = the distance traveled by the earth in 
1 mo., 
4, and 360° + (8; - 12) = the distance traveled by Venus in 1 mo. 
195° 75° : : 
— 30° = i = the gain of Venus in 1 mo. 
Gia x = 360° + os = 19.2. 
: 4 


-, 19.2 mo, will elapse. 


146 


51. 


52. 


53. 


54. 


55. 


56. 


a 


SONNE CT eau Cio NSE peat oe Ng 


Bee gel Se 


= 


po — 
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Let x = the number of seconds. 
Then the Ist travels 7-5 in., 
UEC oe 2.01 ee oa 
389 + 52+ 7% = 248, by the given conditions. 
a 12¢ = 204, and @ = ii. 
Or 5a +7e = 243 + 39, and «= 234. 
.. they are together in 17 sec. and again in 234 sec. 
Let x = the required number of seconds. 
Then az + b% =the number of units traveled by the bodies. 
: ax + bx = d — ¢, the first time they are c units apart, 
ax. + bu = d when they are together, 
and ax+be =—d-+c, the 2d time they are c units apart. 
d—c d ad+e : 
oo ; ) > respectively. 
at+bat+b a+b 
Let x = the number of units apart. 


(a + b)t=a — 4d, by the given conditions. 
Bs x = (a+ b)t+d, the number of units. 


In step 8leta=e. Thent= es oe 
(a + b) 
Let x =the number of feet traveled in 
8 see. at 70°. 


Then 5450 ft. + 5 = 1090 ft. is traveled in 1 sec. at 32°. 
a x =8(1090 + 70 — 32) = 9024. 
*, sound travels 9024 ft. per second. 


Let x = the number of days from one full moon to another. 
27 da. 7 hr. 43 min. 4.68 sec. = 27.322 da. 


. 865 da. 5 hr. 48 min. 47.8 sec. = 865.2424 da. 


360° = 27.822 is the rate of the moon, ° 


and 360° + 365.2421 ‘ OB Sees: 

360° 360° ae: 

Sanne eso the daily gain of the moon. 
Q oy 
. 2 = 360 = ( hemes ) = 29.53-+. 
27.3822 365.2421 

.. the full moons are 29.53+ da. apart. 
Let x = the number of months without sunrise. 
Then Cae: cs us by ue sunset, 


andw+1i= “* ae SS ee with sunrise and sunset. 
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Ano eta aN sot SL 
5. .. the long night and day are 3} mo. each, and the other 
period is 5 mo. 


57. 1. Given x! =t. 


g 
9 - 32. 
Dee ey eer add ore, 
32.2 , 22 . 22 
Ones: the length of a 1-second pendulum is 3.26 ft. 
Likewise ‘ ot *¢ 2-second ug CSAS 8 OO 
and eS oe ‘¢ 33-second sé I bas 
58. 1. Given ve=at+ ft. 
Pas 15=0+5f, and f=3. 


Exercises. LXXXVI. 


.. the altitude = 7 in. 


ll 


59. Given [is cl » then h= 
40 $-2 


60. Given bas’, then. b= 18 == [Quon aoe the Dase == (mali. 
h 24 
61. 1. Let 2 =the number of feet in height of 
the staff. 
2. Then x+5=the number of feet in the rope 


when increased. 


3. x2 + 202= (@ + 38)?. 
Aste 62 = 391, and x = 65}. 
5. .. the staff is 65} ft. in height. 


—— 
62. Given r= ae then r= ee = 5, and the radius is 5 in. 


Pan | ene es, 
£0 4.2V3 
. 
64. Given d= Es then d= oer = 50. .-. the diam. is 50 in, 
14 3.14159 
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65. 


66. 


67. 


68. 


69. 


70. 


cave 
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1. Let 2 = the number of inches in the base. 
2. Then Pi eb es se ee altitude. 
Bi 3 2(@ + 2a) = 14. 
ay a7 eee 
5. .. the base is 4 in. and the altitude 3 in. 
(oe V3? 4+ 42.1 in. = 5 in., the diagonal. 
1. 15- 10-1 sq. ft..= 150 sq. ft., the area of each. 
2 18¢:=150; and 7 =8t. 
1. Let x = the number of units in the length of the radius. 
Po MOVs a Py ae cl ‘¢ linear units in the circumference, 
3. and) rz < cs ‘¢ square ‘ ‘6 area. 
4. 2x = 1x, by the given conditions. 
5. x=0, 2. .. the length is 0, or 2 linear units. 
1. Let x = the number of inches in the Ist side. 
De Then 22= 6c 66 66 oe a3 be 2d ee 
3; and $0 = 66 bs be (7 Se 8d (73 
4. L+2e+2e= 765. 
ey sec 50x = 1575, and # = 31}. 
6, .. the sides are 31} in., 21 in., 22} in. in length. 
1 PN ean 2 ieee. 

h 1.256 
250 
3. . 2b? = 250. Ai es or =+ 20. 
: O05 0 
5. .. the base is 20 ft. The resulting equation is not linear. 
1. Let x = the number of inches in the 3d side. 
ae Then e+2= bc 3 6 et C6 66 2d 66 
8. and e+4= (73 6 3 GG 66 66 Ast 6 
(es ~+u+2+a+4= 24, and x=6. 
5, .. the sides are 6 in., 8 in., and 10 in. 
1. Let x = the number of feet in the length 
of the pile. 

2. Then 4e+4e04+7=2. 
Stet 8¢%+4e — 12% =— 84, and x = 16.8. 


4, .. the length of the pile is 16.8 ft., and it projects 4.2 ft. 
above water. 


173-174.] 


72. 


73. 


74. 


75. 


76. 


oT 
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Exercises. LXXXVII. 


Let x = the number of casks required to 
last 24 porters 30 da. 
1 
Then an = =the number of casks required to 
2 last 1 porter 1 da., 
and y° 332 = the number of casks required to 


last 1 porter 1 da. 


2 
eT = aan and x = 120. 


.. 120 casks are required. 


Let x= the number of years in Demo- 
chares’s life. 


. Thentzx+te2+i2+4+18=2, and x=60. 


«. he lived 60 yr. 


Let x = the part of a day required by all 
to fill the cistern. 

$a = the part of the cistern filled in « 
days; i.e. all of it, 

since 144444 25, what 4 pipes furnish in 1 da. 

:: 23% =1, and «= 22. 

*. 42 of a day is required to fill the cistern. 


Then 


ito 


Let x = the number of feet in the depth of 
the pond. 


Then x + 1= the length of the reed. 
‘ x? + 52 = (@ + 1)?. 

Bs 2 — 24. and dls 

.. the pond is 12 ft. deep. 


Let «x = the number of measures the donkey 
carries. 
Then 2(* — 1) — 1 = the number of measures the horse 
carries. 
2(@—1)—2=%+1. 
D= 5. 


.. the donkey carries 5 measures and the horse 7 measures, 
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79. 


80. 


81. 


Se SS ae 


— 


— 
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. Let z = the number. 
. Then (¢¢2+1)(¢7+2) =x 4 18. 


Let «=the namber. 78. 1 
2 
3. ye? +ite—ll=z. 
4 
5 


Then xv + ; = 19. 


7x+ a= 133. a —¢ — 132=0: 
t= 163. (x — 12)(@ + 11) =0. 
Gren 62 OK i 
Let « = the number of feet in the depth of 
the pond. 


Then x +4=the length of the plant. 
° xu? + 22 = (x + 4). 

—x%=—4+4, and # = 33. 
“ahs pond is 32 ft. deep. 


h+mh =x + Vm2h? + («+ h)2. 
a h(m +1) —a@ = VmPh2 + 22 + 2he + 22. 
* h2(m + 1)? — 2he(m + 1) + aw = mPh? + 22 + 2he + h?. 
wh? (m+1)?2?—h? (m2+1) = 2hae + 2Zhae(m + 1). 
a 2hm = 22(m + 2). 
~ hm 
Tin + 2° 


Caius furnishes ;’; and Titus ;*; of the mcal. Each man eats 
zs 5 therefore Chins furnishes ;°, and Titus ;'. for Sempronius. 


Let x = the number of denarii here to Caius. 
Then 50 — x = the number of denarii belonging to Titus. 
s0—a 3 
ert 12 


60 2 Sa aan: a= hy: 
+. Caius received 12 denarii and Titus 18 denarii. 


Exercises. LXXXVIII. 


. Let w = the nuinber of hours for the second 


to overtake the first. 
Then 10-44+10-%= 82. 
5 + 10% = 8a, and z = — 24. 
chad they been continuously riding at these rates, the first 
oni have passed the second 24 hours before the point of 
time mentioned in the problem ; that is, before the time at 
which the first rider starts. 
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2. 


ie 
2. 


3. 


Se 


On 


SY 


wre 
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Let x = the rate at which the second one rides. 
Then at+ah=ca. 


t+h 
ORT Lae 0, z is indeterminate. 


Let x = the number of hours required. 


. Then ace = at + ax. 


pe or et 

a) eee 

(1) If c>1, #40, & is positive, indicating that the second 
will pass the first in the future. 

(2) If c=1, t #0, @& is infinite, indicating that the second 
will not overtake the first in any finite time. 

(3) If c<1,¢t#0, @ is negative, indicating that the second 
has already overtaken the first if they have traveled 
continuously. 

(4) If c=1, t=0, @ is indeterminate, indicating that they 
are always together. 


Let x = the number of miles from Omaha. 
50 min. — 45 min. = 5 mmin., the rate of gain per hour. 

4-50 mi., or 25 mi., the distance between the trains. 

2s %= 5-45 = 225. 

+, they passed 225 mi. before reaching Omaha. 


Review Exercises. LXXXIX. 


If t= 16, 72 —4=0, 2 4=0: 
-f= +2, +27. Heneex =2 and x* = 16 are not equiva- 
lent equations. xt = 16 has three more roots, — 2, + 2%, — 2%. 


A DI =O 
“(ae — 3)=0. 
z=0and x =3 satisfy the equation. 
in general, if xk = 0 and k¥ 0, then x = 0. 
Or if « f(z) = 0 and if f(x) 40, « = 0 satisfies the equation. 


3a —2{a+3[a—2(a—a—22)]} =1la. 
7 IO, 
L=$aQ, 
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Beeline ks (w + a) f(z) = (& + a) f"(@), 
2. then (x + a)[f(x) —f’(x)] = 0. 
3. .. ©+a=0 satisfies the equation, and z = — a, a root. 


5. Ist, an extraneous root is introduced in (2); 2d, the original 
root is lost in passing from (5) to (6); 3d, but the original root 
is assumed to be valid in (6) when it has really been lost. 


Exercises. XC. 


1. 1. Given Te —3y=3, 
2 ba+ Jy = 26. 
Ceo 49x — 21y = 21, multiplying (1) by 7. 
4. Also 15% + 21y = 75, multiplying (2) by 3. 
Broa 642% = 96, adding (3) and (4). 
6 C= 3. 
Ute Es 5, Substituting the value of x in (1). 


Cher k. 7-3—8-3=8. 5-3+4+7-3= 26. Substitute the values 
of the unknowns in all of the given equaticns. 


2. 1. Given 8z%+5y=5, 
2. 4% —3y = 26. 
Se aks 12% + 20 y = 20, from (1), 
4. and 12% —9y= 78, from (2). 
Be kts 29 y = — 58, subtracting (4) from (8). 
Ones Y= — 2. 
hs 32 —10=5, from (1). 
Sue t= 5 
3. 1. Given “+174 = 58; 
2. Sa+y=19. 
See 8x + 186 y = 424, from (1). 
abe 135 y = 405, subtracting (2) from (3). 
bye y= 3. 
Oo x= 2, substituting y = 3 in (2). 
4. 1. Given 6ea+2y=1, 
2. 187+ 8y=11. 
oar 202+ 8y=4, from (1). 
cn 7% = —7, subtracting (2) from (8). 
5. x= 1. 
Ome 15} etrom (1): 
Use Vio, 
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1. Given 62 —5y= 12, 

2 12% — lly = 27: 

Ay Ps 12% —10y = 24, from (1). 

Al ae y =— 3, subtracting (2) from (8). 
BS 2 6a —(— 15) = 12, from (1). 

6 “%=—4, and y =— 3, from (1). 


6. 1. Given L7z2+11ly=18, 
2. 1.32 —0.1y =1. 
Ours 14.3% —1.1y=11, multiplying (2) by 11. 
As 16% = 24, adding (1) and (8). 
Oat Rae 
(Rae 1.95 —0.ly =1, from (2). 
see Ap OVO; 
(eels Given ae ee 
Seed 2 
x Y 
2 —-+-=11 
2 3 5 
URS ip VET 
3h. —— -—=-, from (1). 
6 14 4 (t) 
ae, hi) 11 
4, = + —-=—=—, from (2). 
Greeny a 
y OP Th a A 
Be =—— subtracting (8) from (4). 
: Tee 8, at Saas ee 
Sie y = 1381. 
de 14% —6y = 147, clearing (1) of fractions. 
8. 152 +6y = 330, multiplying (2) by 30. 
Orie: 29a = 477, from (7) and (8). 
OMe. x = 1633. 
: x y 
Sel: ed Aas Sh 
8. 1. Given 5 TE 10 
Kg y 
: —+==3 
Z 10 5S 5 
A) y 3 
lear ee eo (2) 
Y 20 ss LOE 2 @) 
4 ae subtracting (3) from (1) 
derere 20 = 9” 5 


iy Lil: 


= 


YW E etcises. CI. 


3a + By 4d. 


ee 


= 5) multiplying ( 
1380 \\ 


—", subttacting (3 
a ae 


wy = 11 — 2, from (1)4 


Itiplying (1) b 


5 
i 
4 
4 
' 


‘g 
ie 


t 
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. Given 


. Given 
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3a +34 —2a¢ = 44, substituting (3) in (2). 
w= 10: 
y =7, from (1). 


L+y=s, 
c—y =d. 
¢=s —y,, from (1). 
3—y=y=—d, from (2). 


GT ee Se 
ea 
= ae 

s—¢ 

ae ==7$,, irom (1!) 

_std 
ae 
r= Yy, 


Sas Dy 120: 

3¢ +52 = 120, from (1). 
i= Vbs 
y = 15, from (1). 


24+ ay =, 
Coe =a. 
x = b—ay, from (1). 
c(b — ay) +y =4, from (2). 


—acy+y=—oe+d. 
eae 
Tg 
vet eal) from (2). 
ac — 1 
_ad—b 
~ ihe 1 
i= —= 1h As 
e—-y=l, 


y =a —1, from (1). 
y = 29 — 2a, from (2). 
Z—1= 29 — 2a. 
3a = 30, and = 10. 
y =9, from (3). 


155 


156 


6. 


1. Given 
2. 


Sor aide Ts 


Ke) 


. Similarly 


and 


. Given 


. Given 


. Given 
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ax + by =c, 
W“e+0y=c’. 


w= "=", from (1). 


ems, b’ 
C= —~%, from (2). ) 


ed Se 4, from (3) and (4). 


ac — aby = ac’ — ab’y. 
(ab’ — a’b)y = ac’ — ae. 


ee ac’ — ave 
sab = a 
Y= S25, from (1), 
v= eae = trom (2). 
b’ 
C—0%  C — We 
eae 
a’bx — ab’x = c'b — ’e. 
b’c — be’ 
c= ———_ 
ab’ —a’b 


c+y = 6912, 
w= 4444 4+ y. 
x = 6912 — y, from (1). 
6912 — y = 4444 + y, from (2) and (3). 
2y = 2468, and y = 1234. 
x + 1234 = 6912, from (1). 
x = 5678. 


x+2y= 380, 
2e— Fy = 3. 
x —#y=6, from (2). 
iZy = 24, subtracting (3) from (1). 


Gis LO: 
x + 20 = 30, from (1). 
Dis 
z+17y=300, 
llz—y= 104. 


« = 300 —17y, from (1). 
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10. 


HS Osa 


Or 


> 


or 


NS OR wb 


. and 


bap See AS 
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3300 — 187 y — y = 104, substituting (8) in (2). 


Pia Ais 
lla —17 = 104, from (2). 
gies 
Given e+ 12y = 264, 
—a7+4ey = 447, 
(12 + 48) y = 264, + 447, adding (1) and (2). 
spy = 3188. 
y= 1044. 
e+ 18% = 267,, from (1). 
v= 26), — 18,5 = 78. 
. Given 1.543689 « — y = 1.543689, 


x — 0.839286 y = 0.839286. 


. Let a and 6 represent the constants in these equations. 
. Then 


ax—y=a4, 
and a—by=b. 
_ ab —b 
Pools 
. and = ae ab solving as usual. 
ab—1 


. ab = 1.548689 - 0.839286 = 1.295596566054. 


ab — b = 0.456310566054, 


ab — 1 = 0.295596566054. 
= 
= 0.456310566054 — 1.54369 4, 
0.295596566054 
0.248092433946 
d SS Ss BURIAL, 
a 0.295596566054 = 
Exercises. XCII. 
2 0 1 
. Given P _—=— 
py p19 
rx rs 
an a 
aos prx—sy _ p-®, from (1), 
and piz—y — pt, from (2). 


2% —5y=— 19, from (3), 
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6. and 82 —y=4, from (4). 
Tomes 152 —5y = 20, from (6). 
ohne 13@ = 39, subtracting (5) from (7). 
On Co 
10. —y=4-—83.3, from (6). 
IN. 7 = 
Check et ae el ao =r 
é Ley: 
1. Given a as 
2. Eee ety 
ioe fo BIE 
x Cees ag { 
3. te from (1), 
fs Ge oe ; 
4. and ae from (2). 
- x CF eat 1 : 3 
5. pee eee g bp’ adding (3) and (4). 
(bm +an)x  bp+en 
Gar Ee = . 
abmn benp 
7 am (bp + en) 
(. c= s 
cp (bm + an) 
8. Similarly A per 
cp (bm + an) 
: a ob 
1. Given Sy (Oh 
oY 
i 
2: —— =>, 
oe sy » 
3 eevee em, from (1) 
She a a : 
am an 
4. and ee ce = ap, from (2). 
a an — bm 
5. ——— = cm — ap 
Qs Pease 
cm — ap 
7. Similarly Py ALS 


cn — bp - 
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4. 1. Given ae + Jes 13, 
5 64 
2. pula ey 
3 33 
3.3 a 
Bos v(t + 35) = 8 + 43, adding (2) and (8). 
By ug 13 18, 
(Oh E Coie 
tong y = 16, from (1). 
5. 1. Given pre. py = pi, 
7 ges + Qy = qi4. 
ays ae 22+ 5y =831, from (1), 
4. and 38x2+y= 14, from (2). 
Saas 15% +5y=70, from (4). 
Gu. 13a = 39, subtracting (8) from (5). 
Vises C= 3: 
ey y = 5, from (8). 
6. 1. Given 4x. 16Y = 23), 
2. 16% - 224 = 49, 
Sees 222-924 —= 290) from (1), 
4. and 242. 22y — 218, from (2). 
Bt 2%+4y = 30, 
6. and 4%4+2y=18. 
te. Be 4x + 8y = 60, from (5). 
8 6 y = 42, from (6) and (7). 
Ome Y= le 
WO ss x =1, from (6). 
ieee Given Seta (~) Stay 
mee Eel 
: real ~ mo 
BH es mtz—3y — m—8, from (1), 
4. and mozx—4y — m—6, from (2). 
is 4x —8y =— 3, from (8), 
6. and 5a —4y =—6, from (4). 
Ut 8 16” —12y =— 12, from (5), 


10. 


OI 


and 
. Given 
and 


and 


. Given 


. Given 
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15% —12y =— 18, from (6). 
x = 6, from (7) and (8), 
y = 9, from (5). 


4¢+81 _ 
idy la 
12% +497 _ 
iS le 
4x —60y =— 183, from (1), 
12% — 60y = — 165, from (2). 
8x = 18, subtracting (3) from (4). 
x = 2}. 
y = 3}, from (8). 


bliz:h5y — 620, 
b9z 2 b74¥ = b-4, 
lla —diy = 20, from (1), 
92 —Ty=—4, from (2). 
772% — 35y = 140, from (3), 
45a” — 35y = — 20, from (4). 
32 2 = 160, subtracting (6) from (5). 
po. 
y= 7, trom (8). 


Tx—ly=48, 
5y + 4a = 26. 
25-77% — 5y = 25-48, from (1). 
+z + 175% = 26 + 1200, adding (2) and (8). 
226 
ieee Ses oaG, 
Piss 
5y +1=26, and y = 5, from (2). 


e+ y= 11, 
y—7,e= 61. 
lle -+ y= 781, from (1): 
11a + 7,2 = 720, subtracting (2) from (3). 
720-13 
ce — 
144 

y —5=61, and y= 66, from (2). 


187.] 


13. 


14. 


12. 
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. Given 17x —18y = 144, 
. 23% +19y = 890. 
19-17% —18-19y = 19-144, from (1), 
. and 18-23% +4 13-19y = 13-890, from (2). 
(18-23 + 17-19)% = 13-890 + 19. 144. 
13-890 +19-144 14306 _ 


=- = 23. 
23-13 + 17-19 622 


ress acd ea 19, from (1). 


— 13 
. Given Ee Bote : 
a—y+1 
Ae Ve ar ey ss 
za—-yt+1 
Sh oy e+y—l=a(x—y+1), from (1), 
4. and y—x+1=ab(e¢—y +1), from (2). 
Soe oes (l—a)x+(1+a)y=1+4a, from (3), 
6. and (1 + ab)y — (1 + ab)x = ab — 1, from (4). 
1l—a 
tes & Si = 1) from (5), 
Pe ae) > (5) 
8 1 ¢—y =———_, from (6 
anc y ihinab (6) 
1l—a 1— ab 
ek Bee 1 )2=1 
g (et ) cainey 
se I 
ape 


a eel _l-ab_ a+) 
Gist | TE ave al 


» from (8). 


. Given Cee: 6, 
oY 
2 2 
= FO els 
x 
2, 3 
CS ai from (1); 
uz Y 
2, 3 
. and ve eas =a(a—b), from (2). 
x y 
3 3 
aig ath 4- 


y 
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bee Sob 


Os ok Pai re See 
7 y=atd. 
a b 
8 rere: a 
a —a 
ae e a+b 
L102: x =—(a+0), from (1). 
: ie a 
U5 ik —~++- = 6.3, 
Given 5 + 7 3 
2. Ege E809, 
3 656 
Surs s + By = 18.9, from (1). 
7 
4... (23 — #)y = 39.2 — 18.9, from (2) and (8). 
bas 228 y = 20.3, and y = 39.2. 
Gi: on 5.6 = 6.3, from (1). 
le < C= 6.3. 
16. 1. Given PR aes 
x-—y 8 
2 feed - coat 78 
Gs, a 23% —7Ty=0, from (1), 
4. and 632 —38y = 744, from (2). 
Sas 63x — 82a = 744. 
6 eet 
372 
Lise 23-14 —7y=0, from (3), 
17. 1. Given a(x + y) — b(@ — y) = 2a, 
2. a(e—y)—b(x+y)=20. 
3. 2ax —2b% =2a+2b, adding (1) and (2). 
: a= 
4... eterna 
5. Also 2ay + 2by = 2a—2b, subtracting (2) from (1), 
a—b 
6. : , = ——— 
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Se ed EAN eS 


. Given 


and 


and 


So ie 


— 
2 


ie ale 


20. 1. 


WIP a 


Given 


. and 


. Also 


Given 


. and 


Also 
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10[% + 9(y — 8a + 7)] =6, 
5[@+4(y¥—38a%+ 2)])=1. 


10z + 90y — 720x — 5040 = 6, 


5x2 + 20y — 60e — 120 =1. 
— 14202 + 180 y = 10,092, from (8), 
— 495x + 180 y = 1089, from (4). 


— 9252 = 9008. 
% = — 9558. 
535299 + 20y = 121, from (4). 
y =— 20882. 
a a—c a 
ate b ae eo”? 
ene” 
Up ae? 


ees es 


ax » from (1), 


ax+cy=b, from (2). 


2 an = eae + b, adding (3) and (4). 
ee a2 st b2 — ¢2 
| 2 ab 
agen be gee ONE) muCR 
b subtracting (8) from (4). 
ns b? — a2 + &2 
‘al 2 be 


by 4y-19 a 20-—22y 


6 3 6 3 
e+d5y , ~= 2y+21 
6 7 hs 

Bd ZY » from (1), 

6 3 

Np MOP en 

—~ — — + _=¥2%, from (2). 

fae ae (2) 
ide a5) : i 
5 =? Subtracting (8) from (4). 
= 6. 
ly = 7, adding (8) and (4). 


a 
ll 
1 
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Ze ae 
Ames —=—, 
iven oe 
4y?2 4 13 ay — 1222 
4%+6= : 3 
Be Aye 1 
ty. 28% = 29y, from (1), 
and 23 y — 22” = 6, from (2). 
5 23 y — 22.22y = 6, from (8). 
y (28 — 52) = 6. 
Ya= ZS: 
28 2 = 29-28, from (8). 
Di 29: 
13 = 
Given - ey eS ety 54, 
ll-—-a@ 42+8y—-2 
8 y — x). 
pitt ; (y — «) 
BE Oe abe pes ebe rat yn sTie, from (1). 
: 382% —T7iy = — 151, 
ad oo eeGue 16y— 4 44 = 18) 4 ide, from (2). 
—19%+4+ 34y = 49, 
57@ — 1468 y = — 2869, from (4). 


Also — 57% + 102y = 147, from (6). 
, 1361 y = 2722. 
y=, 
38a — 154 = — 151. 
a ces 
2 — 672 
. Given oo aie toe, Sy =2r+3y — 181, 
2%+18~2y 
oo — 4y = 29 
4x? + 2ay + 288 —6y?= 
4a? — 6y? + 2ay — 236% 4+ 801 y — 1708. 
236 x — 301y = — 1991, from (1), 
92 
and Cis aaa, from (2). 
236 (22 + 4 
( ms De anny & 1bot ar (4). 
i) 
561 y = 15147. 
Ya Qin 
5% — 108 = 22, and a = 26, from (2). 
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Given URE py aan Putte 
Rr eee ed ga eee 


6 5 3 
-. 2ly+89—15%+12y = 24@ — 12y — 8x + 64, from (1), 


4. and 30% 4+ 25y+ 10% — 184472 —48y 


= 120 — 150 — 207 + 40a. 


Osha 45y — 381% = 25, from (8), 
6. and —38y—18x= — 102, from (4). 
ewe: — 45y — 270% = — 1530, from (6). 
8. -: 301 a” = 1505, adding (5) and (7). 
O ae Aree 
10; <: —3y —90= — 102, and y = 4, from (6). 
Exercises. XCITII. 
1 13 Get x = one number and y the other. 
2. Then a+ y=30, 
3. and x —y=17, by the given conditions. 
Abt 2x%=47, and w = 234, adding (2) and (3), 
5. also 2y =18, and y = 64, subtracting (3) from (2). 
2. 1. Let ‘ i= the fraction. 
2. ‘Then pees 
y 3 
3. and ane Z by the given conditions 
peprepe- Vee ; 
ges 382+4+3 =4%, from (2), 
5. and 4x —l1=y, from (8). 
Ome: 38“2+38=42—1, from (4) and (4). 
Ue BS GA. 
8 aie : = 2 and y = 15, from (2). 
y 38 
9. .. 34 is the fraction. 
4+ 1 1 4 1 
heck. = ==. 
ps Cpge tein L124 
8. 1. Let x = one digit and y the other. 
2. Then 10a” + y = the number. 
le+y=5(x+y), 


By, i 
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and 10x+y+9=10y+42, by the given conditions. 
x0 52 —4y=0, from (3), 
and x—y=-—1, from (4). 


4x —4y = —4, from (6). 

Ae x = 4, subtracting (7) from (5). 
ae y = 5, from (6). 

.. 45 is the number. 


Check the work by substituting «= 4, y = 5 in (2) and (8), then 
see if 45 satisfies the conditions of the problem. 


Be 


ee 


5. 


FSS HDNAMT PW 


P wher 


. Let x = the rate of one and y that 


of the other. 
Then 16000-.8-a%-+ 11000-6-y = 8090, 
and 16000-8-y + 11000-6-z = 8090 + 310. 
: 128000 x + 66000 y = 8090, from (2), 


and 128000 y + 66000 2 = 8400, from (3). 
x - 422400 x +. 217800 y = 26697, 3.3 x (4), 
and 422400 x + 819200 y = 53760, 6.4 x (5). 


601400 y = 27063. 

sei y = 0.044, or 44%. 
Also 128000 x + 2970 = 8090, from (4). 
- x = 0.04, or 4%. 


Let x = one number and y the other. 
Then LE ys; 
and e—y=d. 


2¢e¢=s8s-+d, and a 
Also 27 = s8—d, ‘and pai. 


Rule. Add the difference to the sum and divide by 2, subtract 
the difference from the sum and divide by 2. 
The results are the required numbers. 


Gre 


2. 


9 
vo. 


Let x = the number of dollars in the larger 
capital, 

and y = the number of dollars in the smaller 
capital. 

Then x+y = 12000, 


and 0.05%-5+0.05y-4 = 2800. 
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4k: x + 0.80 y = 11200, from (8). 
5.4 ed = 800, subtracting (4) from (2). 
6.2 = 4000. 
oso x+ ee = 12000, and z = 8000, from (2). 
Soa ale capitals are $4000 and $8000. 
om = et x =the Ist part of 80, and y the Ist 
part of 90. 
Then 80 — x = the 2d part of 80, and 90 — y the 
2d part of 90. 
2. z+y = 100, 
3. and (80 — z) — (90 — y) = 30, by the given conditions. 
Bie —a%+y= 40, from (8). 
6. . 2y = 140, and y=70, adding (2) and (4). 
Go. x = 30, from (2). 
i eee 80 — 80 = 50 is the 2d part of 80, 
and 90 70 = 20 te oe Soa: 
8. 1. Let x = the rate of one, and y that of the 
other. 
2. Then 202 — 20y = 100, 
3. and 4x+4y= 100. 
A 4¢ —4y = 20, from (2). 
Oye 8x = 120, and «=15, adding (3) and (4). 
Gals 60 + 4y = 100, and y = 10, from (3). 
7. .. the rates are 15 ft. per second and 10 ft. per second. 
9. 1. Let x = the rate of A, and y=the rate of B. 
2. Then 5a =the number of miles traveled by 
A before 11 a.m., 
3. and 4y =the number of miles traveled by 
B before 11 a.m. 
ae 5a+4y = 80. 
5. Also 4.25% =the number of miles traveled by 
A before 11 a.m., 
6. and 5y =the number of miles traveled by 
B before 11 a.m. 
(fee 4.25% + 5y = 80. 
8. 17% + 20 y = 320, from (7), 
9. and 25% + 20y = 400, from (4). 
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8a = 80, subtracting (8) from (9). 
ih ANU). 
y = 74, from (4). 
. the rate of A is 10 mi. per hour, and the rate of B is 74 
mi. per hour. 


Let x = the number of ounces taken from 
Ty the 1st kind, 
and yy a the number of ounces taken from 
“Sos. the 2d kind. 
Then : 21.8165 2 = - themumber of ounces of pure silver 
| fromthe Ist kind, 
and 4 140675 %y ‘y = the numbeFef ounces of pure silver 


. from the 2d ‘ki 
*, 0.21875 % +0. 140675 y = - 60 - 0.1875, 
er f a + y = 60, by the given ecee j 
oti n1eTow 0.21875 y = 13.126, from (4). 
0.078075 y = 1. 875. 

y = 2473%. 
x = 60 — 9473$> = 351924, from 
as 351925 0 oz. of the Ist kind must, be taken and 24,44, 02 
the 2d king must be taken. 


of 


i 
ti 


it 


. Let eo the velocity of the bullet in yards 


per second, 
and _y = the velocity of the sound in y 
per second. : 


fil 


- AL, from (2). 


e x = 1663. PA 
*, velocity of bullet is 375 yd. per s md, 
and velocity of sound is 166} yd. per second. 
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1251; Let % = one number, and y = the other. 
2. Then - + e =): 
cy 
cy 
3. and ~+-=2ay. 
5 ap 3 xy 
1 1 5 
4. . =o =—— = = 3 f 2 
ae By 2 rou); 
5. and = tise — = 2, dividing (3) by x 
x 
il ae : 
4. ; gata cei 2, subtracting (5 m (4) 


13. 


14. 


15. 


a 


x 


38+—=5, and y Si. \ 
Let % = the rate of one,and y that of the 
other. 

Then 82+ 8y = 96, \ 
and 48x —48y = 96. \ 
ee x+y=12, from (2), \ 
and. x—y=2, from (8). 
ce 2e— 14) andi 7, acaing\6 and (6). 
Also 2Yy— 10; 

y = 5, subtracting (5) ee (4). 

athe rates are 7 yd. per second and 5 yd. per second. 

Let “ = one number, and y = the other. 
Then x+y = 15390, i 
and 1000002 + y = 4(10y+72), by the given conditions. 
ay 392 + 89 y = 600210, from (2), 
and 99996 « — 39y =0, from (8). 
: 100035 « = 600210, adding (4) and (5). 

Ags = Loy, 2 

y = 15384, from (2). 
Let a =the number of cubic yards ad- 

mitted by the first in 1 min., 

and y =the number of cubic yards ad- 


mitted by the second in 1 min. 
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Then 10% +18y = 15, 
and 142 +5y=15+4 2.4, by the given conditions. 
aS 702 +91y=105, multiplying (2) by 7, 
and 702 + 25y = 87, multiplying (8) by 5. 

y=7r 

10% + 39 = 15, from (2). 
C= 13. 


-, 13, cu. yd. and 58, cu. yd. respectively are admitted in 1 min. 


. Let x = the fineness of one, and y that of 
the other. 
132% 4 
. Then ——-=the number of ounces of pure 
1000 


silver in the Ist, 


. and ie =the number of ounces of pure 
1000 silver in the 2d. 
13% 12y 852 (13 + 12), 
1000 1000 ~—-1000 
and te ae = 06 a 5 +1), by the given con- 
itions. 
aes 18% + 12 y = 21300, from (4), 
. and 1.52 + y = 2150, from (5). 
; 182+ 12 y = 25800, from (7). 
5a = 4500, subtracting (6) from (8). 
c= 9005 
= 11700 + 12 y = 21300, from (6), 
. and y = 800. 


-, the first is 900 fine, and the second 800 fine. 


u- 11+ 4/- 121 is the distance fallen at the end of 11 sec. 


u-10+4f: ae Lt ss uC Sou SS Salsa: 
=~ Uta f= ee us fallen during the 11th sec. 
u-15 + ue ee ce *¢ at the end of 15 sec. 
wu-14+44/-196 66 6 66 66 ee tg MA 
Ut 22f= 32 ue ‘¢ during the 15th sec. 
$f =8, subtracting (8) from (6). 
ae = 
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Exercises. XCIV. 


. steal 
Lele G: ae et 
iven a + a ile 
2. Z + I = 2, 
cae 
3. and = aie 2 = * 
Vp PEs 
ile 3 : 
a. As 1, subtracting (1) from (2). 
2 1 3 
5 ~ = 5? Subtracting (4) from (3). 
ys 
6555. Y= 4, 
leo x = 4, from (1). 
ob. oE ==, trom-(2), 
Check. 2+ 4=1, from (1). 
$+ = 2, from (2). 
}+$=4, from (3) 
P eee ae 
2. 1. Given —+—+—= 258, 
; 5) 5 i " 9 
A AY MES 
2, —~+=+4+—= 304 
7°97 5 ; 
- Lie ae 
3. and ~+=-+ —= 296. 
: OF aed 
5 5 
4 z+ + = = 5-258, from (1). 
Oe ae 2+ u + be = 7-304, from (2). 
¢ 5 
6. n+ °¥ 4 29. 206, from (3). 
5 
4y 382 : 
a — = 838, subtracting (4) from (5), 
eT ; g (4) (5) 
46y 42 2 
. and — — = 536, subtracting (5) from (6). 
8. an i ae g (5) (6) 
ve. SO Uh 28 8 2419-93, from (7), 
53 45 
10. and 6y _ 42 _ 596.5, from (8). 
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215932 _ 64779 


i Slane od 
We z= 945. 
ig: 4y , 38-046 _ 938, from (7). 
63 45 
14. . y = 630. 
ies ¢.= 315, from (1). 
Check, 215 4 830 4 945 — 258, 
S15 4 630 4 945 — 304. 
315 4 630 4 945 — 296. 
3. 1. Given 1G — 3 yf == A, 
2. Nabe hay 1 
3. 42 — 1 y= Wy 
4, and 19%7—38u=1. 
iy 49” —21y= 7, from (1), 
6. and 12z—2iy =8, from (8). 
hee 49x —12z=4, subtracting (6) from (5). 
8. 33z—2lu=53, from (2), 
9. and 183% —2lu=7, from (4). 
VO cs 133.2 — 88z=4, subtracting (8) from (9). 
THK pal 33 z= 11, from (7). 
Ws © (532 — 133) = 7, subtracting (10) from (11). 
IB = 4, ‘ 
14: = Gaerromy(()) 
15. y =9, from (8), 
16. and u = 25, from (4). 
4. 1. Given 5a—6y+4z2=15, 
2. Tet+4y—32=19, 
3. e+y=7, 
4. and e+6z2= 89. 
5. 14% +8y—6z= 38, from (2). 
6, 15% +8y=77, adding (4) and (5). 
th 8xe-+ 8y = 56, from (3). 
San. 7% = 21, subtracting (7) from (6). 
10. y =4, from (3), 
and FS z= 6, from (4). 


Check. As usual. 
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Given c+y=16, 
2+ 2 = 22, 


and y+2=28. 

: x —y =— 6, subtracting (8) from (2). 
2x%=10, and z = 5, from (1) and (4). 

ae y=(1, from (1), 

and 2=17, from (8). 


Given a+y—z2=182, 

e—-y+2=65.4, 
and yt a = 1 
: 2a = 197.4, adding (1) and (2). 
fs 1 aan foh Ife 
Also 2z2= 64.2, adding (2) and (8). 
Ae Fy BV 
and y = 65.4, adding (1) and (3). 
Given at. q+? = qi2, 

az®.qzt+4—= as, 

and OU ON, 


x+y =410, from (1), 

x+z=12, from (2), 

and y+z2= 14, from (8). 

: z—y = 2, subtracting (4) from (5). 
2z = 16, adding (6) and (7). 


ols 
x = 4, from (5), 
and y = 6, from (4). 


Check. at-a8+2=al2, at. a8t4=aqis, go. a8te—aqli, 


aul 


RAS COS 


Given ax+byy+ 42 = dh), 
Agk + bey + Coz = da, 
and age + bsy + ¢3z% = dg. 
. Aydt + Agdyy + 201% = Aed1, from (1), 
and = 4 a@ + Aydoy + a4Coz 
= @1de, from (2). 
ae (Aoby = ade) Y + (AeC1 = a4C2) z 
= ded — aydg, subtracting (5) from (4). 
Likewise (as3b2 — debs) y + (a3C2 — Gees) z 
= d3dz — ded3, from (2) and (8). 
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ne [(agbe = dads) (G2C1 = a4C2) a (aod1 — abe) (agg = 23) | z 
— (Agbz2 = abs) (ody = a4d2) = (dab, = abe) (agdg = A2d3), 
multiplying (6) by the coefficient of y in (7) and vice versa, 
and subtracting the resulting equations. 
__ Gyb2d3 + debgd + dgbydz — Agbed, — Agbids — aybsde 
a ayb2C3 + Agb3C1 + a3b1Ce = agb2c1 = Agb1C3 = 1b3Ce ; 
Beginning with (1), (2), (8) and eliminating y and z, 
_ Aybecg + dgbscy + d3byCg — dgbec1 — debic3 — dybsCe 
~ 4bsC3 + Agb3C1 + 30 1C2 — a3b2Cx = gb, C3 = ayb3Co_ 
Likewise 
_ Ayda¢z + Agdgcy + AgdiC2e — As2C, — Aed1C3 — ayd3C2 
~~ aybecs + Abgc1 + agbiCg — Agbec1 — Aebics — ayd3Co 
See Appendix VII of the Algebra for the determinant values 
of these unknowns. 


. Given C=a21—4y, or «e-4y7 = 21, 


2=9— 22, or 2+22=9, 
and y = 64—7hz, or y+ 7T4z2= 64. 
2 e+ 8y=14, from (1). 
z—&y=-— 5, subtracting (4) from (2). 
Te ee from (5). 
7, adding (3) and (6). 


78 + 2a2=9, and «= 12, from (2). 
124 4y = 21, and y = 48, from (1). 
Given e+y+2z2=5 


and 9% —11l2+10=0. 
: 5a2+5y+5z= 25, from (1). 


8a + 12z= 100, adding (2) and (4). 
72% — 882 =-— 80, from (8), 
and 72x +108z = 900, from (5). 
3 196 z = 980, subtracting (6) from (7). 
=) 


8x + 60 = 100, and x = 5, from (A). 
5+y+5=5, and y =— 5, from (1). 


Given . au ee = 18, 
so nS 2 
12a Seo 
= AR eS ey 
x ie ane 
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3. and poh (6a Aa 
inn eT We 
12 24 36 
ae —+—4—= 
- ae 7 a . = 36, from (1), 
Seen ees 
5. and —+—+4+-= 2 23, from (2). 
x y ea 
mA By VS 
Ghee oe os 23 — 25, subtracting (3) from (5), 
6 30 ; : 
7. and 5 + ra = 18, subtracting (2) from (4). 
2 3 
Shoes sae = 95, from (6). 
y z 
216 
9, 7 = 108, and y = 2, from (7), (8). 
30 
10 38+ wale 18, and z= 3, from (7). 
ees ~+64+6=18, and = 1, from (1). 


1. Given tp = Oe o's Shh, Se N75 

2 4y—2z+v=11, 

3 5y —8a—2u=8, 

4, 4y—3u4+2v=9, 

5. and 32+ 8u =33. 

OL ee 32y — 24u 4+ 16v = 72, from (4). 

7 9z + 24u = 99, from (5). 

8 32y+9z2+16v=171, adding (6) and’(7). 
9 64y — 32z+4 16v = 176, from (2). 


iOS a 32 y — 41z = 5, subtracting (8) from (9). 
11. 21% —6z2+9u=45l, from (1), 

12. and 35y — 21a —14u = 56, from (38). 

Saree: 35y —6z —5u= 107, adding (11) and (12). 
14. 280 y — 48z — 40 u = 856, from (13). 

16. 15z+40u = 165, from (5). 

Gress 280 y — 33z = 1021, adding (14) and (15). 
gees: 1120y — 1485z = 175, 35 x (10). 

LS iat 1120 y — 1382 z = 4084, 4 x (16). 

1s z= 8, subtracting (17) from (18), 


dividing by 1303. 
2) ae: y = 4, from (10), 


15. 


as 
a 
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u = 3, from (7), 
e255 trom (1); 
. and v =1, from (2). 
: 8sy—1 62 a2 9 
5 es = =; 
oe 4 5° 2 : 5 
£08 ann 
382+1 Ce Me Die a 
d — = 
= u 14 a Caer a2 3 


10% + 15y — 24z = 41, from (1), 
15% —12y+16z= 10, from (2), 
and 18% —14y —7z=— 13, from (3). 
138 y — 208 z = 206, eliminating x from (4) and (5). 
—2y + 131z = 125, eliminating x from (5) and (6). 
— 188 y + 9039 z = 8625, from (8). 
8831 z = 8831, adding (7) and (9). 
Peele 
138 y — 208 = 206, and y = 3, from (7). 
% = 2, from (2). 
Given qixet+sy+e. qsxtyt+z = a2 e+15, 
and q?«ty+38z. q@o«e—-yt+22 — qdezt+l, 
: Te+4y+4+2z2=22--15, from (1), 
and 15a +52=52-+4 15, from (2). 
: 72+4y = 15, from (3). 
x=1, from (4). 
y = 2, from (5). 


: Sines (8) and (4) are independent of z, z = any number. 


. Given 2w+2—-—10y+4 0.52 = 7.62, 


38w—2e%+2y+32 = 8.26, 
wt+3xe+5y—z2=8.61, 
and —6w—2x2+3y+410z = 25.51. 
Tw —18y+4z = 23.50, from (1) and (2), 
9w—y—Tz=-— 17.25, from (2) and (4), 
and 5w — 35y + 2.52 = 14.25, from (i) and (8). 
63 w — 162 y + 862 = 211.50, from (5). 
63 w — Ty — 49z =— 120.75, from (6). 
— 155y + 852 = 332.25, from (8) and (9). 
45w — 5y — 35z =— 86.25, from (6). 
45 w — 315 y + 22.52 = 128.25, from (7). 
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Bs, 8 310 y — 57.5z = — 214.50, from (11) and (12). 
14, — 310y + 170z = 664.50, from (10). 

1S gar 112.5z = 450, from (13) and (14). 

Ko ce iA: 

Tia es — 310 y + 680 = 664.50, from (14). 

Sec: y = 0.05. 

TOR 9w — 0.05 — 28 = — 17.25, from (6). 

20." Uwe: 

Pale 2.4+2—0.5 + 2 = 7.62, from (1). 

22. = fy SSO 


Exercises. XCV. 


te i et x, Y, 2 = the required numbers. 
2. Then Lin I aa 
Ces ee 
a atl esa! | 
3. SS ani sop 
x i oO 3 
4. and 1 us 1 = a 
Un Zeta 
lbs hina ? 
bier - ——=-, subtracting (8) from (2). 
Tt i XS 
wo) . 
Ore —- =-—, adding (4) and (6). 
y 2 
(Pee y = 44. 
Sis z= 24, from (4), 
9. and x = 33, from (2) 


2. 1. Let the number be 105v + 104 w + 10%x + 10?y + 10z + 4, 
v, W, v, Y, 2, 4 representing its 6 digits. 
2. When 4 is transposed the new number is 
105.4 + 104v + 10? w + 10?2 + 10y + z. 
3. If n represents 10°v + 104w + 10%x + 102y + 10z 4 4, 


n 


10°.44 % is the new number. 


10 


jae 106 Ae = 


: = 4n, by the given conditions. 


ie 38999996:= 39 n. 
Os n = 102564. 


or 


ih 


8 
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1. Let x, y, 2 = the numbers. 
2, Then e+y+z2=9%6, 
3. V—2y =, 
4. and y—42=5. 
On 38y +2= 98, from (2) and (8). 
Cue Wy +42 = 372, from (5). 
Tess 13 y = 377, adding (4) and (6). 
Sal: Yi= 29. 
Oh z= 6, from (4). 
LOG: o— 6, tromi(!): 
1. Let x, y, = the hundreds’, tens’, units’ digits, 
respectively. 
Liaw 2 
2. Then a a 
3h 100%+10y4+2=48(@+y+42), 
4. and 10074+10y+2z--198 = 100z+10y-+2. 
5. 2y—x—z=0, from (2). 
6. 52a@— 88y —47z2=0, from (8), 
7. and 99x — 99z = 198, from (4). 
iy x —2=2, from (7). 
9. 388 y — 19% —19z=0, from (5). - 
LOR 382 —66z=0, adding (6) and (9). 
luke 33% — 2 z = 66, from (8). 
ieee 32 = 66, from ae and (11). 
Nye e eae, 
lary x =4, from (8). 
sues y = 3, from (5). 
16. .. the number is 4382. 
eet Xv, ¥, 2 =the number of ounces from the 
respective bars. 
2. 2 of the Ist bar is silver, , is copper, and 33; is tin. 
Pr 3 2d (a3 (71 8 (73 73 Ps 6c 
none ‘ 8d 66 (a3 z a3 (7 z 6“ 


a 


*. the x oz, cut from the Ist bar is } silyer, 3, eopper, and 
zs tin, the y oz. cut from the 2d bar is jy silver, 2 copper, 
and ;°; tin, etc. 

fa+ sy = 250, 
bere yi toalea oealet 
and 33% + sy + 42 = 187.5, by the given conditions. 
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SIMPLE EQUATIONS gifs) 
le % 250+ 2hy + 42 = 1812.5, from (6). 
oan 20% te = 750, subtracting (5) from (7). 
9: 22% + 2. y = 2250, from (4). 
LOS: 22% = 1500, subtracting (8) from (9). 
sles e = 272.8. 
12 y = 7127,2,, from (4). 
13. z=0, from (5). 
14. ... 2728 oz. must be taken from the Ist bar, 
1273, 66 oe oe a3 oe 2d a3 
no (a3 oe 66 66 Ce ee 38d ee 
1. Let &, y, 2 = the number of ounces taken from 
the respective bars. 
2. 4 of the Ist bar is silver, + is copper, ,, is tin. 
4 oe 66 2d a3 a3 a3 x 6c 6 #5 66 66 
qo be 6g 8d 66 GG (a3 $ (a4 66 a5 66 66 
3. .. 3a is silver, 4a is copper, 572 is tin. 
ay “ec “ce Ly 74 ce Zoy ce 66 
ne 66 6G oe cc a ay 2 (a 
5. bot jy + }2= 15, 
6. and 2+ y+ 22 = 60, by the given conditions. 
Wiehe 8074 49y+2= 7859, from (4), 
8. #a++4y+2= 700, from (5), 
9. and x+y +2=1200, from (6). 
LO, 2: 4x2+y = 500, subtracting (8) from (9), 
11. and x —5y =— 1500, subtracting (9) from (7). 
12, z+ 5y = 2500, from (10). 
Deere x = 500, from (11) and (12). 
Ws y = 400, from (10). 
IN ke z= 100, from (9). 
16. .. 500 oz. are taken from the Ist bar, 
400 66 6 6 (a9 oe 9d eb 
100 66 66 66 66 66 8d 66 
1. Let x = the rate of A, and y the rate of B, 
and z the distance PQ. 
2. Then 127% +4 12y = 96, 
3. 18(e@+ y) =z — 48, 
4, and 40 (y — x) =z — 48. 
Ores 40 (y — x) = 18(@ + y), comparing (8) and (4). 
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Gran 22y — 58x =0, from (5). 
ds 58x + 58y = 464, from (2). 
Sa 80 y = 464, adding (6) and (7). 
ie Y= 0.8. 
UO, g = 2.2, from (2). 
WS z= 192, from (8). 
12. ... A moves 2.2 ft. per second, B 5.8 ft. per second, and the 
distance PQ is 192 ft. \ 
Review Exercises. XCVI. 
1. 1. 2.257 —-5—0.44%42.6=22¢ —3. 
2... %.25%—0.4% —-2%7=5 —2.6 —3. 
ae — 0.15% =— 0.6. 
Be. i A, 
Check. As usual. 
2 10—18—5+8 Put 3 fora 
15+ 3-—8 
2—2; 0 ..2x—8 divides the function. 
3. 1. Let f(t) =me2 +n. 
2. Then 10m +7=37, 
3. and —m-+nz=4, by the given conditions. 
4c. 11 m = 38, subtracting (8) from (2). 
5. Wiaaeos 
6. and 7 — Tp irom (8): 
oes f(v)=3e 4+ 7. 


4. 1. Let SF (®%)=me2 +n. 
2. Then 2m+n=0, 
3. and 3m +n=4, by the given conditions. 
a m = 4, subtracting (2) from (3). 
bk n= — 8, from (2). 
Com J (v)=4e —8. 

5. 1. Given 622+ 93 y =81, 
2. and 2%24+38y=4. 
3. Then 62a + 93 y = 124, multiplying (2) by 31. 
4, 


Equations (8) and (1) are inconsistent ; therefore (1) and (2) 
have uo solution. 
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1 1 
Se et 
6 eP+ae+1 & x _v+a+) Ih 862 sik 2a 


ys) aoe ce 
eal z+1+ Ba ER ee ane 


7. Observe the sequence of the powers; divide the end terms of the 
dividend by those of the divisor and the quotient is : +4. 


8. eS ee 
2/946 = 14 


—38| —8-—94 6-21 
4 4+12— 8428 
2+3—9-+ 32 — 29 + 28 
cro Ula prodeecss < ae ah Be ge ros 
Comma er Oe oC 
1—242-1 
9. 1—141)1—84+5—54+3-1 .. the quotient is 
desi holes i _2y 21a 
—2+4+4-65 zg z 
2289 = 9 
2—38+4+3 
2—242 
sl, pil al 
—1+4+1-1 


29 — 1 Baas 20 Els Be 8) 
Qe+1 2e+7 2e+3 B2e+5 
8 Ia 8 

Q2+7)(2e+8) (2e+1)@a+45)’ 
subtracting 2d and 3d fractions, also 1st and 4th. 
Bh ee (2@ +7)(2”% +4 38) =(2%+1)(2”-+4 5), from (2) 
ue 8.2 =— 16, and x=— 2. 
Check. 3 +4—38+1=0. 


LO. 1. 


1. Given 0.2%74+0.3y+0.4z2 = 25, 
2. 0.32+0.7y + 0.62 = 45, 
3. and 0.424 0.8y + 0.92 = 58. 
4, . 0.62+0.9y+1.22= 75, from (1), 


ote 


5. and 0.62+1.4y +1.2z2 = 90, from (2). 
Ones 0.5y = 15, subtracting (4) from (5). 
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On 


S2 


— 
S 


— 
= 


So CO SC iy eae Sd 


and 


and 
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Y= ol! 
0.4%+4 0.6y + 0.82 = 50, from (1). 
0.42+0.8y + 0.9z = 58, by (3). 
0.2y +0.1z=8, subtracting (8) from (9). 
z = 20, from (7) and (10). 
z = 40, from (1). 


. Ay le lp ns} 
. Given Se 
CY eee 
1, eee 
io Ip. 4° 
Se bes 33 
and pee S| 
co Y 
= ie = = 0, subtracting (2) from (1). 
Q 2 
3 ipl tt from (1). 
a 0) BR eh 
2 ae : = ws subtracting (8) from (4). 
y @ 4 
9 
ree SS from (4) and (6). 
z 4 
2105 
me ats Z = 0, from (4). 
Y 6 


Y= 4, 
x = 8, from (8). 


. Given 8¢—5y+4z2=—0.5, 


Tx+2y—3z=0.2, 
4e+3y—2=0.7. 
Vo 15 y + 19.2:=.1,5,-from-(1); 
2802+ 8y —122=0.8, from (2). 
87% —Ty = 2.8, adding (4) and (5). 
82—5y+4z2=0.5, by (1). 
16% +4 12y —4z=2.8, from (8). 
19% + 7y = 3.8, adding (7) and (8). 
56a = 5.6, from (6) and (9). 
Cale 
y = 0.2, from (9). 
z= 0.3, from (1). 


15. 


16. 


SIMPLE EQUATIONS 1838 
1. Given a+y+2=3.824, 
2 1.25% + 23.8 y + 3.12 = 7.5276, 
38. and lila+2y—0.5z =1.8505. 
4. 2.2% +4y —z=3.701, from (8). 
Biwacts 3.2% + 5y = 7.525, adding (1) and (4). 
6 3.1¢+3.1y+3.1z = 11.8544, from (1). 
7 1.85 x — 20.7 y = 4.8268, subtracting (2) from (6). 
8 66,24 2 + 103.5 y = 155.7675, 20.7 x (5). 
9. 9.25% — 103.5 y = 21.654, 5 x (7). 
LOR 75.49 « = 177.4015, from (8) and (9). 
hes Li 2.00. 
12s. 7.52 + 5y = 7.525, from (5). 
LB cts y = 0.001. 
ae z= 1.473, from (1). 
1. Let x, y, =the number of dollars in the 
respective capitals, 
2. Then x+y +z = 111,000, 
3. 0.04 2 + 0.045 y + 0.05 z = 5120, 
4. and 0.025% + 0.08 y + 0.04 2 = 8710, by the given conditions. 
5 0.042 + 0.04y + 0.042 = 4440, from (1). 
6a ss 0.005 y + 0.01 z = 680, subtracting (5) froin (3). 
7. 0.025% + 0.025 y + 0.025 z = 2775, from (2). 
8 0.005 y + 0.015 z = 935, subtracting (7) from (4). 
Oh ek 0.005 z = 255, subtracting (6) from (8). 
LO 2. z = 51000. 
gh ae 0.005 y + 510 = 680, from (6). 
2a y = 34000. 
TS xz = 26000, from (2). 


14, ... the capitals are $26,000, $34,000, $51,000. 


1. Let x, y, 2 = the respective number of gal- 
lons. 

2. Then y + 20 = 2 (a — 20), 

3. z+ 30 = 4 (x — 80) — 20, 

4. and z+ 25 = 3(y — 25) — 50, by the given 
conditions. 

Dee cts y —2x—=-— 60, from (2). 

6. z—42=-— 170, from (3). 


Tis z—8y =-— 160, from (4). 
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tchivete 38y — 4a = — 20, subtracting (7) from (6). 
9. 3y — 6x2 = — 180, from (5). 
iOS 2x = 160, from (8) and (9). 
ithe cs == 80: 
1 y — 160 =— 60, from (5). 
Se 5s ; y= 100. 
aoe. z= 160, from (7). 
15. .. the reservoirs contain 80 gals., 100 gals., 150 gals., respec- 
tively. 
Exercises. XCVII. 
(a) 102+8y=—4. Letw=0, then y=—#¢. 
oS ce Ce y=—1. 
SSE p= SC y= 8. 
(DO) ici 2 yar ot — 0 =e 
ss i=] uf =-6. 
CG avy ac y=—F 
(c) 5@ + 23 y = 100. O(N) s y = 402. 
Oy ab ‘s y = $. 
WS GPs Lt = 39. 
(a) «—38y+4z=20. Letw=0, and. y=1, then z= 22. 
pierce LS 0) mei a HIG 
(b) 2-10 yy are) | oe ts ye a ie. 
Se Em RY 2, on eee OUON 
(Cyst iy Orem ac mc Oe are moll CC 
Seal * yet 2 Aer, 
(a) x+y=5. Ifx>5, y is negative and vice versa. 


Let Drews Qayvoy 
then pao le 

(b) 2424+ 10y=30. Ify>3, z is negative. 
Let Cf tals ey 
then LOMO. 

(c) 8a+5y =20. Ify>4, a is negative. 
Let fell OFS 
then x = 5, a fraction, a fraction. 


e+2y+8z2=14. x $14 since y and z are positive. 
Letx=1. Then 2y+8z=138. z (Integer) > 4, since y is positive. 
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Let G1, 2, 3, 4, 

then y = 5, fraction, 2, fraction. 
Letx=2. Then 2y+3z=12. z>}4, since y is positive. 

Let (es ig 2, 8, 

then y = fraction, 3, fraction. 


MEO — dat eNs ei — Onna se OLee, de ea AY 
Proceeding in this way, the total solutions are: 


Earl A gases say, C Meals Oy lms) 
Gf = 2's 3, a aeons 25k 
Gy Mai ay, aoe Als res teal 
GE. a—2y+4z2=—5, 
2 22 — Y¥+2= 
3. Let e=1, 
then —2y+4z2=4, from (1), 
4, and —2y+2z2=-— 2, from (2). 
iS z= 8, from (3) and (4). 
Gamer y =4, from (4). 
7. Let on 
then —2y+4z=38, from (1), 
8. and —2y+2z=-—6, from (2). 
Bhs ck z= 44, from (7) and (8). 
LOLs. y = 74, from (8). 
11. Let fy = Bhs 
then —2y+4z2=2, 
12eand —2y+2z=— 10. 
HES ao z= 6, from (11) and (12). 
14... y = 11, from (12), ete. 
.. three sets are Terese 
PO le, IN 
z— 3, 44, 6. 


1. Given 2w+2a%4+38y-+z = 20, 
2. 8w4+824+2y +22 = 25, 
38. and 4w+52a—y—z=6. 
4 


. Let 8 
then 2%+8y+2=18, from (1), 
5 82+2y +22 = 22, from (2), 
6. and 52 —y —z=2, from (8). 
7. Solving these three simultaneous equations, c=2, y=38, z=5. 
8. .. one set of roots is 1, 2, 3, 5. 
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Le 


12. 


13. 


14, 
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Exercises. XCVIII. 


(GP = G)-*= (t=. 2-4-8 = 28 = 64, 


[(2-2)-2]-2 = (2>2)4 = 9-8 — xis 


See ale WN his 42 — 39 
Q—4 4—2 
Sos pa 8 ao = ‘\'= 49 
2-3 B29 9 iG On? PFS 
gue ot ee Ge 
28-8 32. «@ 2 3 
a—@b—c¢e—a a2 hee? a 
e: = aeee 
Q—2 db —ee—2a albeee 
3omby—be—7 83 wyizgs 8 
= | cYz. 


4a-%y-7z-8 4 xby6z7 4 


emyn 
Le = n 
a myn 1 1 


wmyn i. emyngmyn a zz my2n s 


=amnyn. emyn — x2 my? n. 


3B? ashtes 


ao apy = Ot ADSCl) = 81 89810. 
3 *q—8h=4e=5 


ar ne 1 1 
= Si ef = _ sD ee \—xe 
2a~k=2 re See tn) = Cae 


(=e 2y jy. gqil2 
x 8y3z yes ye 


a—*b-v - ya 2-8.3-9 93.92 9 

yen aay BN 9a = Gag 5" 

Q—m—nh—n—m 1 il 

as a = ee a 
abn qQnam+ nbn +n+m qQ2m+ nm +2n 

3 4 ; 9 9 

— i Syg—4 a. = vy?z3 — Sal OP — =. 

4 3 16 16 xtyzi 


[(a—-%)—@]—a = (les a)a2 = 7-08 


I 
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Morel a)? ee ety ieee ae : 
(Wey Mirae (il Senate) 
45 
16. a—2b-%ctas =~ g - amb Ne— P = : ; 
a?b3 abrep 
iy 9-8 4-5 6-7 68 382 54 76 G8 38.54 
" 3-2 5-4 7-6 77 98 45 67 77 912.7 
—b — a —C¢ c b < 
18. g . e 0 b -areebe = Ue : Os ; be - ach = ache. 
a—e¢ ca b-«4 a? ce be 
19 es ee ase) 
i 4)-2 Geras! Sa 
2 3 - 2 
JE a a+) Ne EEO 
—a@ a?(ba+ 1) —1 


20. —a—2. (2 — b)?.2-4. a. (b — 2)—2 
il 
ee ee ag 
a2 Qa (2 — b)? ya 


Exercises. XCIX. 


1 4=VvV4=2. 9=VO=3. 8ta=V8=2. R9t= V92=2, 


648 = (V64)5 = 25 = 32. 


3. 16— 


1 y=(- eh 1 
¥ ch eecy 


V1331 


1 i ee ae 
{haga = — Bel 


_ 
ivy) 
aw 
7 
Y coke 
lI 
NN 
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a a+b a 1 


Vb Va—b Va+ Va & 
= ab-*# + (a + b) (a — b)-4 — a-1 (a3 + a8)-1— a2, 


u 
5. aVb+bVa+Va+b—Va—b= add + bad + (a +b)t—(a — dy, 
eed Ve oe ee 1 
aVa dvb V aib3 a b8 


SG 446 9 age! = 6 8 og 8 = 8 Sat Se 


SSS fe meer 3 3 2 
% V1+a@= Va-2=¢073. 1l+a®=Va-2=a *% 


Ve = 63 = Var-3 = atp- 8, 1 + Vaby = (x8y)—? =a Fy—?, 
8. @- (Va + V1 =a) = (a3 + Va2) + Va 

= a2 (a? + a 4)—1 (a3 orig? 

= a[(a + 1) (a? + a8)]-2. 


9. Vave = ald. ae = Vap=)! = alot 
Vi ve = a, 
Vi+@+09= Vas tated 


10. attt=Vavo. ait? = Var. 


eS 3 
ay? = Ve Vy. zs = Vi. 


hl wtogfid, pty ae : 
oN ap) Var? 


8 —a 
Vai m+n m—n 


7 7 8 
sa 8 — Tay—T — K M—Nn -~———— m+7 
x Y = Vay War TMS nymn En = Vm +n ey yn n 
y' i 
at 
1 3 1 
12) 7 — em tho (aban 
at as 
1 a 2 1 3 AL b2 
fat _ a. — a 
Vas a? (ab — 1)? 
Cee Sp 
1 Vava b2 
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Exercises. C. 
[(— a8)2]5 = a9 
(a-1 + y-)8 
= g-3 ae 38a—2y-1 oe 3 a—ly—2 a Yao = = aie ae 


Wee pee at tar 


a8 
ay * xy? 


= (a2 — y—2)6 = a2 — 6gMy—2 + 15 a8y—4 — 20 aby-6 


+15 aty—-8 — 6 a2y-1 4 y-2, 


ale a! 1 
[(a™ + nym —n (ar8)n yn? = Hes nee? me =a. 


[lay]? [lar] "= at sat = 1 


(Ne = 6. 
(aib8)3 = gizbi? — ad’. 


ro) 


28x78 6 


Qa-2 = y-2)-3 = Se Sls 
( y~*) ye 8 6 


Ved [ee —9)-8 =4@— 9) = 


Ly 


gem2—n2 , an? gine 
(GL E +n, gen? : gpm ss pat 


qm gym 77 
175 1 
2 5 4rd ey (eer 1) y 960 
any aeoe\ aha 36,,Yez7— 180 — A 
[why 28) Pe sake Bry See Fisipieo 
P i =7 b2 
Va-—Ib2P = (a— 9b? P) P = a P 62 = a 
ap 


Vxiyee5 = (a7y625)8 = xby2z8, 


al 


*~/ g2mhsm? — (a? mps m2)in = g2h?m, 


1 
m + Vqni— nt = (am ymen = qr-n, 


arbe = arb 
il 


(hi —— ee 
—mb—2me-—- m2 — q—1p—2e-—m — P 
Va-mb—2me Gi lime ie 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


238. 
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Ga7i donk iat Va. 
a a 


ax—m™m.y-n. bary™ = aber —mym—n, 


at. a? = at. at=—a*. 

12 6? 
ae 
x-£-(— 27) =— 2 =— I. 


38 a—2b-8ct . 4 a—38b5c—4 = 12. Q—56? = 


5 V ay - 2aty? = 5 (a2y)3- 2xty? = 102 


— a—4btchd—5 - — adb—5e4d—+ = ae 
ba? 


[PAGES 


1 ee 
(x? + 2ay + y?) (c—2 — 2a-ly~) + y~?) = (@ + a 7 = 


(et ev _ (aa 
Bry? a xy 


(a-8 + 8a-%y + 3a—Iy? + y®) (@—-2 + 2a-ly + y?) 


= (E42) (G4ay=(L42): 


oe = 2 a (bi c75)— To. - 
biscs 


4 abict : 2 béc3 = 


(até — ab? + 4 ab?) : aspe = azipse =5 ab ak ais aa 25h — = 


(40-4 4+ 1la—2 — 45) :(2a-1— 8) =? 
24+3+4+10+415 
$8) 4403-1140 = 46 


4—6 
64 11 
6— 9 
20 
20 — 30 
30 — 45 
30 — 45 


“22-3 + 32-2 + 102-1 4+ 15 is the quotient. 
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24. (a-19 — a-5 4 1) :(a-2 —a-1 4.1) =? 
Peto he te 1 20 41s 
d+ 1)140450-..0.+ 0 1-60-60 + O-0Kkal 


1-141 
1-1 
1—1+41 
—140-1 
—1+1-1 
= ib aeaD 
—1+4+1-1 
= ihep i 
—1+4+1-1 
1 
1-141 
1-141. 
1—i+1 


-.a-§ +a-7 —a—5 —a-*— a—2 + a—1+ 1 is the quotient. 


25. 2axiy® + Satyt) 4 aby? — Oaty 


26. @ 2-20-2771 — 345°): (te? — Y=? 
ee ae Be 
iol 24+ 08 
1-1 
3 
Bae 
oie 
“.@-2+ 38a-ly-1-+4 3 y—2 is the quotient. 


3a? _ 3 at? 
27. potas 
x x2 x2 1 


{{a— By} (22) 3} -2}-6 {ayy 3}-6  giyd — abys 
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28. (162-3 + 64-2 + 5a—-1— 6) :(22-1-1) =? 


SH 76 
Oi 1) 16a GbE 
168 
14d 
i409 
12 —6 


“. 82-2 + 72—-1-+4 6 is the quotient. 


29. V4 a—ly2z8 : [G : V iaaneeae 2) .'V1082— Se i] 


asa ga x—4y8z2 « ‘V 138 Ree "108-1 al 


tz 


= 232 gy Taytegts .Qx2 . 3i8 gy giz. Q-t. 3718 gity fagiz 


= OH gtryteglt — 2 zatyt = 22 Var. 


80. («—§ —2a-4—4a—8 + 194%—-2 — 381a—1+15): (e@-8§—7az-!+5)=? 


jae Ne: 
140 —7+5)1—2—4 +419 — 31 $15 
Ne ee 


—2+3-4 14-31 
—2+0+ 14—10 
3-— 0 — 21 4 15 
3+ 0—21+415 
*, 7-2 — 24-14 8 is the quotient. 


$1. eta—l=1. Then-z-—>— lig-? + 10 = 1— tt 10=0: 
.. the remainder is 0. 


82. Leta—1=3. Then 27 + (a —3)-3?4 (b—38a)-3—3b=0= R. 


33. 20-8 —9a—-2 — 84-14 15 =(a@—-1 — 1) (2a—-1 4 8) (w@-1 — 5). 
Use the Remainder Theorem. 


84, 6a-3 + @—2 — 5 g-1 — 2 =(@-1— 1) (2a-1 + 1) (Ba-1 + 2). 
85. 6a—-8 + 17¢-2— 184-1 — 45 = (2-1 + 8) (22-148) (32-1 — 5). 


36. 1—9a* — 486 0% = (1 + 1828) (1 — 272%). 
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Exercises. CI. 


. (a) Quartic. (b) Quintic. (c) Cubic. (d) Quadratic. 
. (a) Similar. (b) Similar. 
(a). 

. (a) Pure. (b), (c), (d) Mixed. 

- (a) Monomial. (b) Binomial. (c) Trinomial. 

. (a) V44 V94 V16=24844=9. 

(b) V8 + V25 + Vid + V32 =2454242=01. 
(c) -V1728 — V144 + V169 — 18 = 12 — 12 + 18-18 =0. 
Exercises. CII. 

t (a) 5 V 195. (b) 2= V64. (c) i Va. 
(a) 10 = 100,000.  (e) 11 = Vi2i. (f) 12 = V1798. 
Mia2=Ve2" Gb) 6H VS, y= 4/845. 

G) -2= V(- 2). 

. (a) 2V8 =Vi12. (b) 3 V2 = VIB. (c) 2V2 =—Vé64. 
(d) 5-23 = 254. 23 — 503. (e) a2b?c = (abe2)3. 
(f) aV2a3 = Va2. 203 = V2 a8. 

(g) 3V2. V3. V5 =V9-2-3-5 =V270. — (h) able = (a?bc?)?. 
(a) Vabe? = Vaib%e®. (b) Vae = Val®, (c) V5 = V5", 

(a) 3 = 35), (e) BE=(BH)*_—(£) 10% = (205) *, 
aah, on VER ee Vous, 

(a) Va, Vb = Vai, Vir. 


(bo) V3, V8, V2 =" V3a, “V3, *V26. 
(c) 22, 33, 4¢ = 2%, 3%, ary, 
(a) V4, V3, V5 = Va, V8, * Vo. 


b | 1 3,4 4,3 
(e) a2b3, a3b? = abbé, a®d®. 
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(t) V2, V5, “V3 =" V2, “V5, V3. 
(g) 73, 98, 113 = 77%, 9%, 11%. 


(h) 2, V2, V3, V4, V5 = 288, 288, 388, 488, 588, 


Exercises. CIII. 


. V72 +7108 — V32 — V243 


=36V246V8 —4V2—9 V8 —2 V2—3 V8. 


V4 + V375 — V648 + 10 V3 
=9V3 45 V3 —6 V3 +10 V3 = 11 V3. 


_ Vato + Vale? — Vals. vb 


= ab* + 8b? — a2b- b? = (a2 + a3 — a2) b?. 


: (asb)3 — a2 Vb + a?b8e = a? Vb — a2 Vb + a*b3e = a?b3c. 


. V147 + V243 — V363 + V482 — V507 


=7V8+9V3 11 V3 + 12 V3 — 18 V8 =4 V3. 


_ Vi715 +3645 + 'V6655 + V8640 — 39 V5 


=7V5 +9 V5 4 115 + 12 VB =80-v5 = 0. 


S Vol + ba? + O02 — 4e—8+4 Vat — 4094 602 421 


=Va@+273@—-)+Ve—)3@—-) 
= (¢ + 2)Va—14+(e—-1)Ve—-1=(@+24e-1)V2—1 
= (2% +41)Vae—1. 


Exercises. CIV. 


, 8VE.2VE=8 V9.2 VEE = 6 ViR%, = 8 'V270000. 


V2.V38. V2. V3 =V8. V9. Va. VOT = V5 or VITI6. 
(8 — 5 V3)? = 82 — 80 V8 + 25-38 = 84 — 30 V3. 
Va. Va. Va-Va=ad-ab.at.at = ait 3t+3+8 = gi =" Van, 


VIVIVIEVE. V8. NT SNS. 
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6. 


(Va —b+Va+b?2?=a—b4+2Va2?—Btatd 
= 2(a + Va? — b?). 


. 2V2.3V3.5 V6 = 30 V36 = 180. 
_ Via. Vil. 14641 = Vii2. V118. Vine = V9 = 11. 
. (2 +8 V8) (4 — 5 V8) =8 + 22 V3 — 40.3 = 22 V3 — 112. 


_ 3V2.2V3.4V5.5 V6 = 120 V28.34.58-62, or 120 23328000. 


V Va +VbV Va —vb = Va + Vat? — Vib. 


. (V2 4+'V3) 2 V2 —5 V3) = 2-2-3 V6 —6-38=—11 —3 V6, 


. 5 V(a42d)2-3 Via+2b)2 = 15 Via 426) = 15 (a +2) Vat20. 


Exercises. CV. 


. ardict, since a2b3c? . a2bict ES 0G. 
Vi+vé, « (Vi —vd)\(vV74V5)  =7-5=2. 
aébec?, «  @Sb8c? . akbsc? = abc? 
Va+vo, «(Va — Vb) (Va + Vb) =a—b 
2—V3, «(2 +-V8) (2 — V8) =4—3=1, 
Varo a (Va+b+0)(Va+b-—c)=a4+b-—c2 
3 +4V2, bo (8-2/9), 4 V2) =9—2=7. 


. (V5 — V2 + V3) (V2 + V8 + V5) (V2 — VB + V5) 


= 2(V5 — V2 + V8) (2 + V10). § 244 


. V5 +1, since (Vb -1)(V541)=5-1=4. 
. (— V5 +V7 +V1) (V5 — V7 +. V1) (V5 +. V7 — VII). §244 


1 n—1 


. aebacr, since atebic ” . altola — abe. 

» (V8 4-V7 + Vi) (— V2 +: V7 + VIL) (V2 — V7 + V1). § 244 
Vi —V5, since (V7 +-¥5)(V7 — V6) =7 — 6 =2. 

. Va+b—Va—b, since (Va+b+ Va—b)(Va+b— Va—b)= 2b. 
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Exercises. CVI. 


(Se eer 
+/ 64 4 
te 604V 94 =o SKE See 


4voq 4°24 4 
12 12(V7 4 3) 
2. 24:(2V7 —6)= = 
4 ae ) Wi = 8 ANT 8) CV TE) 
= BOTH) = 6(v7 +9), 
30°? 38 gs 


3. 3.0%? :2 Var 


atet =? ane Vata, 
2q%pt 2 2 


3 <i 
4. 15 V24:3 V2 i= 54/2 5 V 24. 


58(8—V35)  _ 58 
(8 + V35)(8 — VB5) 29 


5. 58:(8 + V35)= (8 — V35) =2(8— V35). 


he 1D aS 5 [38 
6. 12'Vi9g 4 V799 = 2 V8 a IS 4! VaR, or 4" V9, 
4.3-V3 : 


12 5 
2a%b'c3 2c 2, 2 aa 
— > oes — 0a 
aib2ct amp ab ~% oe 


we LG: Varc2 78 Va8bc = 


= 5 V3 + V30) 
S500 ev oe = Oe 
© (5 V3 — V30) (5 V3 + V30) 


= 2 V3 (5 + V10). 


_ 90(5 V8 + V30) 
75 — 80 


9. 10V12:2-V18:4 V8 =5 V3:4 V8 =3VZ=3 V2, =e V3. 


10. V(ae — 28): Va? — 26 = Via — 208 : Vie — 262 = Vas — Dd. 


11, (V12 — V18 + V6): V2 
=(V6.V2—V9.V24V8. V2)v2=Vv6 —8F V3. 


8V5—8V2 (8 V5 —8 V2)(3 V3 +4 V5) 
8V8—4V5 (3-V8 —4 V5) (3 V3 + 4 V5) 
_ 9 V15 — 24 V6 + 60 — 82 V10_ 

— 53 


12. 
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13, 18-16 Vb 
' 4—V5 —2V3 
__ (18—16 V5) (44+ V54+2-V3)(44+ V5—2-V3)(4— V54+2V3) 
~ (4—V5—2-V8)(4— V5 +23) (44+ V5—2V3)(4+ V5 +2V3) 
Bee 2004 SNE ADO) a /8 39 V5), 
239 
14 7 Vi2 — 4 V27 27 
' 8v342Vv2 
_ __ V8 (4 V3 — V2) Wg ela 
(4V38 +V2)(4V8—V2) 28 46 
Me 15-V8 +10V7—8V2+5 (22V2+410V7 +5). V5 
j —4V5 T'S aN as 
Se Pah =v 
= — (5 Vi0 + 5 V85 +5 5). 
3V3—2V2 _ (8V8 —2-V2)(7V2 423) _17V6 — 10° 
5V8—3V2—2V3 (7V2—2V3)(7V2 + 2V3) 86 
1245? (11h +542 16 4+2V55 _ 8 + V55 
Re Sit 5: 6 3 
30 
18. aes 
30 (2— V3 — V5)(—2— V8 + V5)(2+ VB + V5) J 
~ (2— V8 + V5)(2 — V3 — V5)(—2— V8 + V5)(24 VB + V5) 
_ 60(2 + V15) (2 +V3 —V5) _ 60(4 — 38 VB + V5 +2 V15) 
7 (4 — 2Vi8) 44 2'V 15) 44 
= 4-3 V8 +V5 +2-V15). 
ye ieee _ (74+ 8 V7) 2+ V1) 
Pie 611 Ce lV 11) 2411) 
446V7 47Mit4+ 8VI7 
"3 — 42 


7(2+V11) +3(22V7 +V77) 
49 
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36 S=V5—V2 

 84.-V5 + V2 
~@8-Vb—V2)6=V54 V2)6 +4 Vb =V2)(V5+ V2 —3) 
(3 +. V5 + V2)(3 — V5 + V2)(8 + V5 — V2)(-V5 + V2 —3) 
pees ee ne 

21. 28 : 
(2 by (a? 0)? 
_ 2(Va? +b — Va? — b) : 
MP ee ea = 5 (Var + +b = Vat 28). 

29 2m 

"(a+ m)? + (a—m)t 
2m(V — Va ; : 
os e+ mt (a mp 

ay 1 _ «(1 — a2)? + (1 + a2)? 


a (1 — a2)? —y(1 +a% 2 (1 — a?) — y? (1 + a) 


Exercises. CVTI. 


1. (a) (a —2 V2 ab + 2b)? = + (Va — V2). 
(b) (a — 2a? +4 a3)? = + ( Va—aVa)= +Va(1 —a). 
(c) (a —8V3a + 16)? = + (V8a— 4). 
(a) (ad — 2a? bi + bS)3 = + (a? — di). 


(e) (2a — V200a + 25)? = (2a — 10 V2a + 25)§ = + (V2a—5). 
(f) (wt + 202 Vy + Vip) = + (a2 + VY). 
2. (a) (8-12 Va+6a—aVa)y= 2— Va. 


eo | 


) (a—38 Vare® + 3b Vab — 028 = Va — VER, 
(c) (8 — 3.42 Vy + 32 Vy — Vyayh Saas 
(a) (et Ve — 808 Vy + 82 Vabyt — yb aad — y/, 


8. (a) (1—5y2 + 10 y8 — 10y2 + by? — 2) = Vi — Vy? =1 — yl, 
(b) (82 — 80Vy2 + 80 Vyi — 40y Vy + 10yVy8 — 42)? = 2 — yf, 
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4. (a) (8 —2V7)?=(7 -2V74+1)?=4(V7-1). 
(b+) (§+ V2)8= (1 42V¥4 HF =4 (1 4+VE) =4 (1 4+4-V2). 
(c) (8 + V60)? = (8 + 2 V15 + 5)? = + (V3 + V5). 
(@) (9 — 4 V2)3 = (8 —-2 V8+ 1)? = + (2 V2 — 1). 
(e) (10 — V96)4 = (6 — 2 V24 + 4)? = + (V6 — 2). 
(f) (§ +4. V6)? 
=(8+4$V64+ pF = 4 (VE4+VP = 4 VB +4 V2). 
(g) (10 V7 + 82)? = (7 + 10 V7 + 25)? = Eee 
(h) (112 + 40 V3)? 
= (100 + 2-10 V12 + 12)? = + (10 + V12) = + (10 + 2 V3). 


5. (a) pes er ay Vae+y)(e—y)+2—-y)* 
2 ib (OMe y+Va—y). 
(b) Ati e eae ie eee 


= + (Ve +1+Vxz—1). 
(c) (ab — 2a Vab — a2)? = (a2 — 2a Vab — a? + ab — a2)3 
= + (a—Vab — a). 
(d) (2 +e+y+2aVa+ yj? = (e2+2eVe+y+ae+y) 
=+(e+Va+y). 


Exercises. CVIII. 
1. i+2)-1=1—2+27—24.-- 
1 beg Lon lo CeO ee 
2. So a (Gl Bara) z=] : — pe 
V1—¢2 ( os 8 = 16 = 
V14 = V16 —2=4(1 —#)8 =4(1 — 2 — shy — ate — **?)- 
4. (l—2)-2=1+4+2043024 428+ 5at+-.-. 


2 ee ae 7 et 


on $(3 — 1) 3 ( — 1)(% — 2) 

6. (l1—2z)?=1-— gan 24 44 cs eet 
Pgh ha SE 2) 

4 24 -YG— 2) 3)(—a4)__, _ 38a 302 58 4524 

2.3.4 = 4 32) 7 128 9048 


The fifth term in 4, 5, 6 may, of course, be written at once 
by § 246. 
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1 1 
GT) saves Is 1 Bie H 
ON ST @ aan 16.30 
= 3 + 0.16666 — 0.004629 + 0.00025 — -- - = 3.16228---. 
=a : 1 1 1 
V2 = (81 +1)? =9 
Oe + ig 8.98 * 16-95 
= 9 + 0.0555 — 0.0001 + 0.00001 —--- = 9.0554---. 
V98 = (27 +1)? =3 Fe Pa ay 
eee + 3.32 9.38 81-38 
= 3 + 0.03703 — 0.00045 + 0.000009 — --- = 3.0866---. 
(ie ae hee tea 


+» =6.0827.--. 


V37 = (86 +1)? =6 : ‘ 
eta) 73°68 2168-6 6 


Review Exercises. CIX. 


1-241 
V2 = 1) 4 6 — 4 
1—241 
Sse 
—2+4-2 
ih Si 
= Osea 


.. the quotient is at —2a%a4 + at. 
The quotient may be written from inspection, since the dividend 
is the square of the divisor. 
3 (a2 + x2)? — 4 (at + a4) (a? — od) + (a? — 2 a3)2 
=8a+6ait+ 8e—-4a+4e+a-—4atet+ 4a 

1 Sage | 
= 2 atx? + 11a. 


qm + br an — bm qm br qr — bm 
an mt 6 n a rn— b- eo ee kee 
ant gn bm 
= — qrtnpmt+nrn — — (ab)m+ n 
. (a) + (2a-? + a3), (b) + (a® — a + 2). 
(c) + (x3 +- y — z3), (dq) +(a+2 azy? + 3y3). 


1jl+14+141 
=—1| £112 St Sd \y. (884p 3! 4884-1) 68 = Dae 
E00 Oa 
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10. 


WU 


12. 


36 2? — 65a? — 36 = 86.27 — 8127 + 16.2? — 36 
= (9x? + 4) (424 — 9). 


4a —4e3y8 + Oy) = (243 + 8y/8)2 — 16 x83 
= (248 — 4 xdy? + 3 y3) (203 + 4 2dyd + 8). 


il e+3234+2—0. 

2 (x? + 2) (23 +1) =0. 

3. gt=—2, -1. *.2£=—8, —Al. 
i 4e3 — 15a + 14=0. 

Py (4a3 —7) (x? — 2) = 0. 

2 4x%=7, and #3 =2. 

45 x = 343, 8, 

i ze —5a?+6=0. 

zh (a? — 3) (a? — 2)=0. 

ae a? = 3,2. .. a = 243, 82. 


[a2b-1 + La—1b2 + (2a? — 68) (ab) 473 
= [a2b-1 + 2a%b—* — 2bfa~ 4 + Za- 1H}? 
= + (ab~? + atdt — 4a *d). 


Root = + (6a —32z—y 4 4y?) 
Power = 25a2—+— 30a—%y + 4922? — 24a—ly? + 16y4 


f2 = 252+ 
2f+n —80xa-8y conts. 2fn-+n? 
102-2 — 8a—ly | —380r2—3y+ 9a—2y/? par Ce otGi 


40x—2y2—242—1y3 + 16y* conts. 2fn+n? 
40a—2y2—24¢—-1y8 + 16y4 = ‘ & 


102-2 —6a—ly + 4y? 


13. Root = #— 3214-2 
Power = 2 — 92-5 + 382-4 — 632-3 + 6622 — 3621+ 8 
8f2+4+3fn+n? oS 


8a—4 — 9a—-8 +. 9-2 


= O70 -LSotn —Oote 
= 0759-21 ta 21a 


8a—-4 — 184-2 + 83a—2— 18¢-1-+- 4 | 624 — 86-3 + 662-2 — 862148 


6a — 360-8 + 66x—2 — 362-14 8 
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202 


I + ox t$+ sa} G pon ew $+, 24 
T+ or i+, E+: ty _ ax 3b [Saipan Agee + 9 i +o Cit, 29 
ae ee ee 
or Ui +o t +2 vis gUi ta tet __ 
Ss a gut UWE + SE 
let ox _@ § + g vt te az UT ae g_Ut ar 7_0 %f =e g_vte = 1eMo0g 
T+ or i+, jooy 
9926 — 9¢? 801 + 30x? 06 — 29g PHL — 2920 9g — 
9246 ~ 998? BOT + +92? 06 — 2% FFI — 29e0 98 — 426 1 693 98 — ce? OF + 9g) 8h + gD ZT 
2%? $9 + 24,0 96 + 950 BF 
89g? 08 — 2920 09 + Gg” BE 2x0 OL + 9g) ¥% + gD 6L 
x9 8| gbt+ use + ef 


9.1 ~ 24? BOT + +4? 06 — 609” 08 — 295 09 + 40 BF + Vg = TaMOg 
22 — sO + xD G = Joo 


L& — g2 801 + ¢@06 — HPI — gh OE 
16 ~ g7 801 + 5706 — Z FPL — gros —|6 + prog — grog + ep + gecI 
ZHO + e096 + peep 
208 — tog + prey gU OL + 2H% + gear 
eg] gutufete)ls 
EEA ALLS TS Aeis legs Cbeag e 


“GT 


‘PI 


COMPLEX NUMBERS 


235-239.] 
17. 1. Given a> = b+. Then b= az 
b 
Gh 50) fies 
2. ay a 
oy 
on ie b ‘ 
G)yr=@ aia a 
i TE Vig qe v2)" _ (v8 + v2)* | (v3 — v2)4 
ia (8 — 2)? (3 — 2)? 


19. 


C0 SEO So Ou 


Je ee 


Va—1-Vad+1-Vertat+1- Va 


Fah 1. Vien aye 


=Vei — 1. Vat +1. Via — 1? = Via — 1)? = af — 1. 


. e=— 9, 


, oa? +2=0: 


Ot Ds 


w2V2=-—8 


eA As —(), 


Re eae 6 1. 


CX. 
+3V—1. 


Exercises. 


“@=4tvV—-1. 
V2 2 
SN ay od, 
EE a eV 6 = Te 
.e@=4+t5VvV—-1. 


(SEK sek Boy = Il 


x2 + 20 =— 5. 


oy 2 


10. 2. 


Vale 3) 
12. 5 
13. 3 
1472 


236 


e=4+5V—1. 


units upward from O on axis YY’. 


ce oe a3 «e ve 66 


“downward ‘‘ ‘“ 


ce oe 


upward 


203 
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Lis 4 units downward from O on axis YY’. 
16. 6 oe upward “ee [74 ce “ce 


NWS ise. Ce downward ‘* ¢¢ 66 a 


Exercises. CXI. 


Refer to page 238 of the Algebra for illustrative figures for this 
and the following exercise. 


1. Connect 4 on OX with 2 on OY. 
be GO OLX See Oy SOY 
ob ee OE = a M5 CG ON 

Sh et O.COM i SOM 

ONES eet Oe 

uc Sao OX eee Gemmt n Om OO) Yete 

ai A SOG OF Dash LO OG 


eo 2 Oo aT Ph wo 
Or 


“1 OX & 0.85 « OF. 


Exercises. CXII. 


1. Connect 2 on OX with 3 on OY. 


2 A ONS BO Or 

3 « 1 OF & 4% OY, since @E4g See 
So MOOR 5 1k OY tt bias ee ee 
5 be Te Oe TR Oe. et" eee eee eee 

6 BNE OL MC Oe ce ib an occas 


Exercises. CXIII. 


(b) —2 83 (c) Ld Sieg = 0. 
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(d) —6+2% (e) 441i V3 
6+ 2% —i41iV3 
4i SiN Ss 
b—4iv3 
1 
S| 
0 
2. (a) 3— 4: (b) —442i 
BA 2% A414 
15 — 20% —i+hi 
6i— 8i2 —}i+1? 
15—14i1+8 =23—14i. zy -} =-} 
(c) 2+ 91 (d) =4.4 83 
9+ 2i —4- 2% 
18 + 81i 16 — 472 = 20. 
4i +1872 
18+85i—18 =85i 7 
(ce) —34+4iV3 
Si ee 
}—22.3=1. 
10  10(3+ 4) : 
o. = =3 1 
Oe asa gi 
44221 (44221)(7-1%) 5 50% 
(b) Es SPA Stas 4) (7 he es ES sey 
74% 49+1 50 
(6) ce eS a eet 
2+i (2+)Q-4) 5 
(a) 148i _(1+8#)@~ 38%) _ 264184 _4 | 
243% 44+9 13 
(e) 7+61i_ (7 + 6144-74) _ 455+195i_7 3 
447i 16 + 49 65 
(t) S46) “Ven eee , sai 
SO 1] (f= 97) (1 +27) 9 
4. (a) iM =i. 


(b) (2 +381)? =44 121492 = —5 + 127. 
(c) (<4-4V—3)? =24+4V—3-$= —444V-3. 
(d) (2 + 1) = 16 + 3214 24724 884 tt 

=16 -- 324 — 24 — 84-1 = — 7 +2474. 
(e) (8 — 54) =27 — 1367 + 225 2 — 125% 

= 27 — 1857 — 225 +.1257 =— 198 — 107. 
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(f) (-4+4V—3)8 
=(=444V-3)(23447—-3 GE 
=(—4-4V—8)(—444V-—3)=34+4=1. 

(g) (a + bt)? = a? + 2 abi + 677? = a? + 2 abi — b?. 

(h) 2 —71)? =8 —3-22-7743.-2- 72.7 — 7338 
= 8 — 847 — 294 + 3437 = — 286 + 2597. 

OS is BSS 
=(—#-4V-8)(—4-4V—3)(—$-4V-3) 
=(—4+4V-—38)(—4-4V-3)=3+2=1. 


5. (a) (84+40?=(442-21-1)?= 4 (24%). 
(b) (5 + 121)? =(9 + 2-8-2148 = 4 (8 + 23). 
(c) (-5 — 1208 =(4 —2-2.34— 9) = + 2 — 84). 
(a) (— 45 — 28%)? = (— 49 — 2-7-2144) = 4 (71 — 2). 
(e) (24 —10%)? = (25 + 2.5% —1)? = + ( — 3). 
(f) (15 — 81)? = (16 —2-47 —1)? = 4 (4-9). 
(g) (#+ 21) = (2 +2-4-8¢— P= + E+ 87). 
(n) (—4- V9)? =(@-2-3-3V—3-H)=4 (-444-V—3). 
(i) (-2+9?=@+2-41-1} =4 (+9). 


Review Exercises. CXIV. 


¥ me he me 
104+2V54+(V54+1)i 2V5(V¥5+1)+(V5+1)i 
=e =i(Vi—-D@Vi—a 
+00 V6+i) (V8 +1)(V5— 12 V5 + H(2 V5 — i) 
i(V5 — 1) @ V5 — 4) 5 (= Ve@Ive ey) 
84 . 84 
(V8 + i) (i + -V3)3 1 —.. 
2. Lege eS Les aN. V/3)--2 
i(—14+V—3)® (—i — V8)5 (i + -V3)2 a) 
ee ee ae 
24 04V8 ~ 16 Sa 
fame SE SNe aay eee enone 
e; i( 2 ) Gey 2 ) 


=i.1.(-t2'=*).15 1; 
2 


244-245 .] 
4. 1. 
2. 
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8a? — 352+ 12=0. 
(w — 4) (8a —3)=0. 
C= 4, 3. 


5. #4+57?4+4=1-5+4+4=0=R. That is, f(t) =0. 
 e — eS a) factors 


6. 1. 


The minute-hand gains 3+ of a minute-space on the hour- 
hand in 1 min. 

It has 5 or 35 minute-spaces to gain in order to form right 
angles with the hour-hand. Let « = the number of minutes 
required, 71, Yo the rates of the hands, and d the number of 
spaces to be gained. 


, at 535 min. past 4 o’clock, and 38,2, min. past 4 o’clock 
the hands are at right angles. 


71. ea 1 = 0: 
2... (a2 + 1)(@—1)(a@ +1) =0. 
3h ds C= 1. eel 
Check. #—1=0. (—i*-1=0. (41)#-1=0. 
8. oat 0, 
=A t4iveyi=1= 12120, 
(234 = 4658) = F171 =0. 
v 7 Lad 
9. 1 i 3S 7 935, 
3579 | 5793 
~ y 
2. = 5,397 
9.753 * 7.539 
3.579 
Be : = 7.935 - 3.579, from (1), 
+ 57934 (1) 
4. and 2+ Be = 5.397 - 9.753, from (2). 
7.539 
5 (ee ala) 
we (a 5.7193) ” ‘ 
= 5.397 - 9.753 — 7.935 - 3.579, from (3), (4). 
6. os ee8s, = 35.844. 
29.51 
35.84 
7. x = 9.753 (5.397 — ,) = 625+ 
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x, y — the numbers. 
x+y= 16, 
Ba ss eee 
Cay Coe 
ik 38 
ape 0, from (8). 
iA: = 0, from (2), (8). 
16-—-y y 
y —48+3y=0, and y= 12, from (5). 
2 = 4, from (2). 
Exercises. CXV. 
ils TA Seyy, 
a ee (I), 
Sue Z(e— 1!) =O. 
4 a. 0s if 
Check. 12 = 1. 3020: 
i on, Gia 
DB e4+62—7=0. 
os (x + 7) (@@ —1)=0. 
Ae Gs c= —7, i 
Check. (—7)2?=49=7—6-—7. 1=7-—6-1. 
i ee 
i eal 
a Tiga 
ef 
cae (--8)(2+2)= 
x x 
4, Lake — 2. 
ae 
Srmene es ie 
Check. As usual. 
1 
Me tS »} Li re 
+2 2 
Di 207 +¢—1=0. 
3h (2% —1)(@+1)=0. 
405 x=, -1. 
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Ses 972 — 1 = 0. 

Po Ae (82 —1)(8%+1)=0. 

Sas x=, —+. 
6. 1. x2 = 2(12 — 52). 

eH od x? + 10% —24=—0. 

ae. (@ + 12) (a — 2) =0. 

Aes w= 2, — 12° 
hole ge = 0) 

2. x(e + 17)=0. 

Somes z=0, —17. 
8. 1 8x2 —22?—12=—0. 

De: a—82+12=0. 

Sars (x — 6) (w — 2) = 0. 

4. . Di Goa2s 
ae ale v2 —2e%—15=0. 

iy ob (x — 5) («+ 3) = 0. 

3s ots Lb) 19: 
10. 1 (10 + 7) =— 21. 

De &s g?+10¢%+4 21=0. 

Sh Re (% + 7)(@ +8) =0. 

Ae e=—7, —3. 
Lina: +52 —14=0. 

Pee (@ + 7) (@ — 2) =0. 

By ot %=— 7, 2. 
12.81% 6224+774+2=0. 

Da (eis (2% +1)(8a + 2)=0. 
TS. v2+19%+18=0. 

oars (x + 18) (~@+ 1) =0. 

Boe ~=-— 18, —1. 
14. v2 + 26x =— 120. 


x? + 260 + 120 =0. 
(a + 20) (a + 6) = 0. 
x =— 20, — 6. 


Poo oo 
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15. 1. w= 12% —85=0: 
ee (@ — 17) (¢ +5) =0. 
Bia G eT, Os 
ie atk, “(4—a2)+ 77 =0. 
20% w—4x—77=0. 
Sh (@ —11)@+ 7) =0. 
oe A emer Wa ae fe 
Lito ts Ci — 224 + 12) = 0. 
2 (@ — 11)? =0. 
Ore r= alai 
LS ott 322 —10%+3=0. 
2. (8a —1)(@ —3)=0. 
Sh, c t= 4,3 
TOS al; e224 143 — 0: 
ve (@ — 11) (2 — 18) =0. 
Set a= 11, 18. 
20. 1. 10a? + 29% =— 10. 
2. 10\a2 -- 29'% +10 =0. 
3. (5a + 2)(2%+ 5)=0. 
4. . e=— 2, —3. 
Exercises. CXVI. 
1 2 x ae 
pee a —=+2- ‘ 
i mt,tl 2. nan ati 
8. ova +7 4. 2-624 9. 
5 opine ates 6. 22+ 30 225 
; Fi 16 . es e+ 
2 1 
as Beets ess, 8. v7 — 34a + 289 
9. 4474+ 82-44. 10. 224+ 102% + 25. 
11. 2 — 100% + 2500. 12. 24—29 2A gee EAs 
18. 942+ 36a + 36. 14. (e—1)?+4@—1)4+4. 
15. 100024 202741. 16. (©+a)?4+2(7+a)4+1. 
p? 
1%. 2+ px + —. 


4 


249-251,] 


oR 9 


Ce CORES) 


bet Se ae! Ge 


ee ST bo 


Hes OoN RO) rt 


SS las 


ge IS oe 


QUADRATIC EQUATIONS 


Exercises. CXVII. 


o2— 122+ 100% 0. 


x? —12%+ 36 =— 64. 


£—6=+ 82: 
v7=64 81. 
1 a= 
pares 
Ce) 
£ 
WE ea 
T= Oop ie = = op 
a ae 
fea NS, 
x—22%=—2 
v2—2e4+1=-1 


v—6x274+9= 
pee ey Y 
2=3+vi. 
e—Te#+5= 
a2— Tae +42 = 42 — 29. 
w— f=} V29. 


211 


mo Me 


a 


ame A) 


go to 
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a+107+5=0. 

w+ 10% + 25 = 20. 
e325 Sv 0. J 
o=—6+2V5. 


CAO G25 = 0: 
(x + 5)? = 0. 


v= —d, — 6S. 


Exercises. CXVIII. 


v—2%—-1=0 
et — 8a + fy =1+ Ae 
w— fst VEEP 
&= py + Th. 
Cee 

62 +40 —22=0 
Cet G a Ol On 
G3 VAG 

e=34+7 

z=10, —4 

a? 4. 8a ==65, 
w+8e+-16=—sl. 
o+4=+4V81. 


2 5 2 — 28 2 — 
w+ se + 33 =F + B= A 
5 = 361 — 4 19 
e+ § = oVisr = 2 18, 
Mee ee Pelee bs 
t= —ft4P= 2}, -4 


x + 0.9% = 8.5. 
0.81 0.81 
oe? + 0.990 + —= = 8.5 + ———. 
se | ae nT 
w+ 0.45 = + V8.7025, 
%= — 0.45 4+ 2.95 = 2.5, — 3.4. 


ith 


251-254.] 


10. 


EY: 


12. 


ha 


COO A) 


Sa SN le 


ele Ne 


go bo 


Or 


eo Re 


ee ee Se 


QUADRATIC EQUATIONS 


oa Bp. 
2-19 $6. — 288 3 6 
x 16% + goo = Bo + Loo 


x? + 1382¢ = — 1381. 
2 + 1320 + 4356 = 4356 — 1331. 
x + 66 = + 55. 
Gia bs edie 


e+62+25=0. 


“2+62+9= — 25+ 9. 
Dap oe = Vv — 16: 


4.05 22 — 7.2% = 1476. 


7.2 alts 
2 — = 
4.05 05 
3.6 BR 12.96 
424.0553 4.05 | 4.052 
- 36 Tike _ 166 
4.05. 4.05 9 
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14. 


15. 


16. 


17. 


oS 


So se Sere eae 


*, (a? + 20)? —3(a?+207)+2=—24 2. 
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(e+ a)?4+2(7+a)4+1=0. 
(e +a+1)2?=0. 
x=—(a+1), —(a+1). 


1 \ 2 il & 
(e+>)-8(#+2)+2=0. 
1 ; 1 
= 0s 
(e+2-1)(2+5-2) 
ee 
ay fe 


v—2%+1=0, 2—224+1=0. 

ee or tag Maia naar Be 

@-}'=-4, @—-N)e-1s0, 
=F Bre eae ae is 


(a? + 2x)? — 3 (a2? 4+ 2%)4+2= 


a242¢—g=4Vi=4 1 
w+2x2—1=0, att Ba 2S, 
(w + 1)? = 2, (© + 1)2?=8. 
e+1=4v2,2+1=4V3. 
e=—-14V2,2=-1+4V3. 


OF iE OP nv phe  k 


(w+ ae—1+42)?=0. 
(x? +a+1)2=0. 
PlLerpt=a—h @+e+ eo % 
e==Fi tive, = ba97 v3. 
2 =}(—1+4iVv3), $(—1+4i V8). 


(a + 4) (12% — 5) + 44 = (722 — 10)8 — 12.752. 
44 92 — 56.752 = 64.5. 


pete: e 15\?_ 12.9, (1L1by? 
8.8. 17.6 17.6 

Ler! ee 9 11.152 * 24.05 

116en WT Giee 17.6 


LS 24.05. _ 129 
TG 6. leOl ee Bel TG 


254-256. ] QUADRATIC EQUATIONS AS 
Exercises. CXIX. 
1. $4+-V2=4(8 4 V5). Mee aah 
8. —24+V8=2(-14V2). 4. $4 V2i—4(5 + V2). 
Be ati, 6. —14+5=—6,4 
ie ea V2. 8. $4 Vis9=$ +12=9, 4 
9. et Gee? ae 
10. ~fJiVW=2 4-18 =4, -11 
11, $4V192=$ 4142 =9, —4, 
120) SPN 
182 eV he SD 
14, 24V1i6=244=6,—2. 
is 1 V289 ere 2 
24> 24 24 ~ 24 4° 3 
16, —225V19 = 9 7 Ss 0. 
hemes ae Weer a) 
18. ¢+ViZ1=$4U = 7, —4. 
19. Le gn Lava, 
g-7 6 Brag 3 
20. 8iV4=842=10, 6. 
21. aes cay M1 ==(—62tVily 
28 ba Vibe bo = 3, = 7, 
28. —$4t=-4,-1. 
24. 5 + {fe =4t + $3 = 3, 6. 
om ee aS 0.4, 2.5 
26, —f + ViP=— P+ =4, —}. 


31. 


32. 


33. 


34, 


MANUAL TO ALGEBRA [PAGES 


Supe 0.34V— 081 = =(-8 £1 V2). 
6+3=8, 2 

SU a UL Ot 08s ay 

2 1. a Poe er OO’ 


The roots 


4 ”., it VP — fae =0. 


Vb? — 4ac 


2a 


7 will contain a real term plus or 
a 


minus an imaginary term if 6? — 4 ac is negative. 


The radical Vb2 — 4 ac is real if 62 — 4 ac is positive. 


The radical Vb? — 4 ac is rational if b2 — 4acisa perfect square. 


Exercises. CXX. 


1 2 eee 13 
e+1i1—e@ 4¢—1 
Si ey 18 


= 1207—27 4+ = 13 — 13a? 
x2 --x —12=0. 


a—f$=4V42. 
v=4, —3. 
ee eee 
Sn | SS eee, 
—w2 il 


C= bn Lost 
—e¢-+ 3a2=6 — da 4: x2. 
207+42%—6=0. 
w4+2e0+1=4. 
Gel S45 2; 
C= 3,1: 


or 


ee) 


On 


SU AC Oe te 


ed 


QUADRATIC EQUATIONS yal 


2¢+1 a+4+1 2-6 
e+i1 za+2 eae 
e+3e2+1 2-6 
e4+3a+2 "2-7 


=A pi NG = Oe 10 — 12. 


w+4e=5. 
?4+4e4+4=9. 
a2) = 5-3. 
=A, =): 


4a +1 “+5 
2xe—1 Ay) o+4 
202-a2+1 “+45 
Qu? —x ee 


203 +70? —-824+4=203 4 9x? — dz. 


By RY ea () 


1 1 3 1 
ee ee 


- a —Taxr+ 1022 —a?+6ax — 52? 


= q?—38ax +227. 
302+ 2axn—a?=0. 


—2a 
C= 


+, Vea? (- 12 a2) 
= —la+ivi6a% 


x£=—ta+#a=—@, $a. 


g : —2=0. 


i ota 
— 292 = 56 ¢ — 2'= 0. 


m+ °F41=0. 


5a 25 25 
2, as SSS 
er 2 ae +36 
et+i=t} 
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2 1G od: 76 5 
fee — 72 = ee ae : 

3 2) hoe 969 115 x 6 
oF st? + Bae — It = 0. 
8. .. 86022 + 33382 — 3933 = 0. 
Ane e+itig= isn. 
So + Eba + Ebb = Habd + 
6. . & + 3 = VANE 

111. 801 28 —19 

hae i + = ; 


%—2a ,%—3b «@—6ab_ 
26 so 6a 
2. 8b(¢@—2a)+2a(e@—3b) —2?4+6ab=0. 
3... 22 —(8b+ 2a)x4+6ab=0 


ADE: 2) 0. Oe 
9. 1 V2—a2+V8+a2—Vi11l+2¢=0. 
rs V2—a2+V34+2=Vi11+2. 
3. Te Be ee Selo eg squaring (2). 
4 2V2—2¢2-V8+2=6+4+2. 
Ges, RAT en FER 
Garet 522+ 162 + 12—0. 
het (5a + 6)(@ + 2) =0. 
Sas : e=—$, —2. 
1007 V14+20+V2—a2=V38 +42. 
Dp 1422742 V142e.V2—242-—e¢2=342. 
eae 2V1+2a.V2—2=0. 
a0 1L+2e¢= 0, 2 —2=0: 
Oona v=—Hh, 2. 
‘Titans RAL EM WE ISS? 
4(—a) 5(5+2) 25—a2 105 
2... 5(6 + 5a) (5 + x) — 4(5 — x)(Ba — 4) + 20(5 — 72) 
= 80: 20 (25 — w) 
108 Set 
89.4 
Sar. 37 a2 — 61a + 330 = ai 5 — x). 
Ade. 1188.4? — 181% — 1970 = 0. 
OH OSs (x — 2)(1188 @ + 985) = 0. 
Grek: Fi ees SIR 


259-263] QUADRATIC EQUATIONS 219 


Fa iy 4(2—-Vz) Vae-—2 3 a2 
; F => + = . 
Ve+e 24 Van 4(Ve+2)(2+V2) 
Or 16 (4 — 2) =4(e — 2) + 32%. 
Bek 64 —16%=4a4 — 422 + 322. 
Age x2 — 20% + 64 = 0. 
Dak (x — 16) (« — 4) = 0. 
Gimec: =A. 4. 
‘aon 4(24+V2) Vota, 322 


Ve—-e% 2—Vae 4(Vae—2)(2—Vz) 
Diets 16 (4 — x) = 4(@ — a) + 322. 

Reo ie a2 — 20a + 64=0, 

4 (x — 16)(@ — 4) = 0. 


on 


z=4,16! 4 is extraneous. 
Exercises. CXXI. 
1. -: b? —4ac=0—4-5-1 = — 20, the two roots are imaginary. 
Oy OE “cs =a? —a2=0, mans CUCU TICH 
ee we =1-4=-—8, SC ECOSOC ONE xe 
ae ts a = 1-160 161, Sg SU CC, | Gus rere 
unequal, and irrational. 
(ih 08 GL =1—3-4-7= — 83, the two roots are complex. 
Gots be 16 Aad <b — 44th he te ae oC 
the oh ue =A ute ODay oe SE CUS Ce Teall 
unequal, and irrational. 
Somece of = 502 — 4- 1-625 = 0, the two roots are equal. 
Ora: be =1-—4-1-1=0, 0 Bae pete aa 
IOs 6 set TI Wee IP is eee Ee EG IG SIE Se ICL 


11. Examples 15, 19, 22, 23 are not factorable in this domain. 
12. 202+7%+38= (24+ 1) (e+ 3). 
13. 6724+ %—1=(8a—1) (22+ 1). 
14. 27? -52+3= (@ —1) (2a —<8). 
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16. 55a? 27% +42 = (5a — 2)(11a% — 1). 
17. 6024 7% —3 = (8% —1)(2a +4 3). 

18. lla? — 23% 42= (11a —1)(@ — 2). 

20. 18242 + 51a — 21 = (l1la+47)(12a — 3). 
21. 40024 34%74+6= (4424 1)(102 4 6). 
24. 56224 1132 + 56 = (8% +7)(72 +4 8). 
25. 6522 — 263 a — 42 = (13a +4 2)(5a — 21). 
26. 105”? — 246@ + 83 = (6% — 11)(21z — 3). 


27. 1. ee, 
x — Va 

De ate et+Ve=4e—4V*2. 

Bir. 8a =5 Ve. 

40s: 9a2 — 25% = 0. 

5 b? — 4ac = 625 — 0 = 625, 

tie two roots are real, rational, and unequal. 

28. 1. as delat 


(a—b)? a—b 
2. «. (w+a)?—(x+6)(a—b) =3(a — b)2. 
Bese x? + (a+ b)a + a? — (a — b)b — 3(a — db)? =0. 
4, x? + (a + b)a + a? — (a — b)(20 —3a)=0. 
5. «0? — 4ac = (a+ b)? — 4 [a? — (a—b)(2b—3 a)] = 9 (a — d)2, 
the two roots are real, rational, and unequal. 


v i) 
Ds: 3—322-—82=0. 
3 Say Seen e 
OD 2 —4ac = 64 + 36 = 100, 


the two roots are real, rational, and unequal. 


27+6 42-a 


30. 1. = 0. 
a 2%—b 
2... 402-—4ar+a2-B2=0. 
Se b? — 4ac = 16 a? — 16 (a? — b?) = 16 B2, 


ihe two roots are real, rational, and unequal. 


263-264.] 


31. 


32. 


go bo 


(= 


ow go 


QUADRATIC EQUATIONS 


ict eed 
@—1 7 @— 1)? 
v—5e—2=0. 


b? —4ac = 254 16 = 41, 
ae two roots are real, irrational, and unequal. 


Va 20 =Ve 
Va —5 Va 
2 + (Va —5)(20 — Vz) = 3 Va 


= or 


32 —40 Vz + 100 = 0. 


b? — 4ac = 402 — 1200 = 400, 


a (Wx — 5). 
oO e+200V2e—x24+5 Vz — 100 = 32 —15 Vz. 


the roots are real, rational, and unequal. 


Check. 


Exercises. CXXII. 


q+ 1=0. 
= Il 
Selene 
» Ty HS — st = 0. roe = — 2 
fleas 
dies = | 
e®=+1. 
» Ma fe = — PES 0 nr =— 1 
x 1-2 = 0. 
oan ams 
» mtr =O0-—-1=—1. nrg =0- 
—x—1=0 
@—ati=} 
¢—-}=+44V65. 
e=t+4V65 


: rm +re=$t+4V54+4—-— 4V5=1. 


rire = (+ + + V5) (4 — $ V5) = 


2—6§62+8=0. 
(a — 4) (@ —2)=0. 
w= 4, 2. 


As usual. 


asals 

| beret 
—1=0. 
—4¢=-1 
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10. 


COE) 
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v—¢7—2=0. 
(e — 2)(@ + 1)=0. 
= 2; —!. 


a—52+4=0. 
(« — 4) (@—1)=0. 
ea 4. 


C—O 0. 
(x — 16) (@ —1)=0. 
ea 1, 16. 


we —12%427=0. 
(x — 9) (@ — 3) = 0. 
Bi ON Os 


a2 4+ 24%+4 144=—0. 
*=— 12, — 12. 


Exercises. CXXITII. 


Tames Li 
LSS. C= $= 0 

(x — 3) (@— 3) =0. 

602 —138%7+6=0. 
a= v2, = @ = V3 =0 
evs. * 6 vVo=0 


(a — V2) (a — V3) = 0. 


-, 22—(V24+ V3)a+ V6 = 0. 


Gia oe Ca 


Cree td Oe 
(w — 2) (@ + 1) = 0. 
w+1=0. 


a= v2, oa —V2=0. 


C= — Sa eee or 0e 


(x — V2) (@ + 8) =0. 


“. @4(8—V2)¢ —8V2=0. 


[Paces 


264-265. ] 


10. 


bi 


12. 


QUADRATIC EQUATIONS 


L=3—o—3 =O) 
eae Wl! 


(« — 8) (a + 11) =0. 
22+ 8a —33=0. 


C= =", oe 
C—O 
w+ 150+ 56=0. 
a a 
Ci) Hy = 
2 5 
are 5 
a a 
(z+ 5)(er5)=2 
a2 
e+ anr+—=0. 
4 
Da WD, 2 a Ba. 
a a 
es ye ea 0: 
db b 
a e—(_Vb+ > Va)e+— Vab=0. 
a b ab 


> o 
Pl 


e=—a+2bi, 
x=—a—2bi, 


— 
8 


+ dH NH 


Sh tp Oh = YH == 
“e¢+ta+2b;=0. 


w4+2axr+a?+4b2?=0. 


P= 3-24, «6 —3 —27=0. 

2=3—2i, ..2—-84+2i1=0. 
(ce —8 — 21) (e-—3842i%)=0. 

v—62+138=0. 

PAIVS gt 411 V8 =O 
—1iv3, .2+4441V8=0. 
b—}iV38)@ +4444 V8) =0. 
2=54+38i, ..2—-5-81=0. 
e=—5—31, -.%4—5+4+31=0. 


@@ —5—8i)(@—5 431) =0. 
a2 — 10% + 34=0. 
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18. 1. pede, Mae Stee 
b b 
2 Ca —=1, “30 + —1 = 0 
ee 
a 
3 —Si)(« si) = 
Cee, 
a 
2 = 
4 a ay 
1451. C= O24, te — @ — 24 — 0 
Die f=a—2%, -@2—a+271=0. 
he (@ --a—2it)(@—a+2i)=0. 
4... v—2ar+a2+4=0. 


Exercises. CXXIV. 


ie ale Vz—1l=2-1 
Dee vV%—1—(@—1)=0 
3... (Ve — DU —Ve—1) =0. 
“le Ve Si 0 Ve 1 
By 2-l=0, ¢-1=1 
6 aoals 2 
ae 1. a — x? — 20-0. 
2. (a? — 5)(x? + 4) = 0. 
E a= 5, —4 
4 a = 25, (— 4)2 
3 7% —42% —20=0 
2 (72% + 10) (a? — 2) = 0. 
aC} 2 
3 t=( 
(= : 
ek vt+22— 20-0. 
oe (at + 5) (a* — 4) =0. 
Sar % = (— 5)4, 256. 
Brel; a® — 2803 + 27 —0. 
Dee (x8 — 27) (#8 — 1) =0. 
3... (& — 8) (a? +3824 9) (@ — 1) (24+ 2%+41)=0. 
4 @= 8, —$+4 $i V3, 1, —34 4: V3. 
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6. 1 728 + 23 — 350 =0. 
2 (7 23 + 50) (e# — 7) =0. 
Ste ae x8 =-5 sl ris 
7 
4 x = — (50)8, 348. 
=i. z?+a—6at=0. 
2 a? (¢ + V2 —6)=0. 
3... (a8 + 8) (a? — 2) = 0. 
o a = 0, (—3)2, 4. 
8. 1 Piero 
w+5e4+1 
2. Let y=u+5e—1. 
5: ees 
yt2 
4, y2+2y+1=36. 
Dit are y= 6, = 7. 
Gumas w+6e—1=5, —7. 
Tn (x + 6) (@ —1) =0, (a + 8) (x + 2) =0. 
So: z=—6,1, —3, —2. 
9. 1. (x2 +3)? + (22 + 3)— 42 =0. 
2. . (22 +347)(a2+3—-6) =0. 
ao a? = — 10, 3. 
ses 2=+ivi0, +V3. 
10. 1. e—(a+b)a? —2a(a—b) =0. 
2. .-. [at +(a—b)][a? — 2a] =0. 
oo a? =b —a, 2a. 
4, . x = (b — a)?, 4a?. 
11. 1. (@?4+2%+438)(a?+20%+4 6) =— 2. 
2. Let y=e2+2244 3. 
3. Then y(y +38) =— 2. 
4... ye+3y+2=0. 
Sam (y +1) (y +2) =0, and y=—1, — 2. 
(Oe mene v4+2%H%4+8=-1, —-2. 
gees w+2e4+4=0, v4+2244+5=0. 


Sines ga—1l tiv3, 142%, 
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12. 


13. 


14. 
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1. (a? + 3a —4) (2? 4+3242)4+8=0. 
9. Let y=u4ts3e—4. 
3. Then y(y+6)+8=0. 
ex y2+6y+8=0. 
Bone y=—2, —4. 
Gay. we+3e—-4=-—2, —4. 
(ee v+3e—-2=0, 24+327=0. 
Ge e=—$4+4V94+8, x(x +3) =0. 
OnE *=4(—3+4V17), 0, —3. 
Va a aa 
ilk ———_ 4+ ——_ = 2.5 
21 —V2 Va 
2. Let va 
. Le y ~ 
21 —V2 
3. Then y¥+—-=2.5 
4 y2—2.5y+1=—0. 
b. (y —H)(y—2)=0. 
62% y =4, 2. 
(liars CRA 5 
21 — Va ; 
So, 3 Vx =21, 3 Vx = 42. 
in a = 49, 196. 
1 1 1 (6 pa 
“oF ta42 etot4d 2@tet+8 
2. Let yo=ruRie +4. 
8. Then He : = 
YHA Yayo 
4. 2y2-9y+4=0. 
5. (2y—1)(y¥—4)=0. 
Game y=, 4. 
Vite w+te+4=4, 4. 
8. 02 Ge = Oe ee 108 
as oe beV IS. 06 eae 
Exercises. CXXV. 
ti, Vou aay ond 
2. Let y=2+3. 


Then ye Wye ree 


270.) 
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A. Vie TS y O1. 

5. y—T=y¥Y—3y?+3y—-1. 
Gus: y2—y—2=0. 

vine y=2, —1. 

sb. A a= 3 = 8, — 1; 

Ones za=5, —4. 


In the following examples the roots which are extraneous may 
be detected by substituting in the given equations. 


ale e+a=-44+V10—22—2. 
745 (o =e? =“ +10 = 6 — V10 — 22 — a. 
3. Let i = 4G FEI), 

4. Then e y=6— Vy. 

5. y+Vy—6=0. 

6... Vy = — 3,2, «. y=(—3)%, 4. 
i apt —22—2+10=9, 4. 

8 w+te—-1l=0, 2+2—6=0. 
9 @= ta WS, 238, 2 
fe V1 eee ee 2 a. 

2, ..1+42—2 V1 — 1622 +1—4¢7= 162. 
B45 —V1 — 16a? = 82-1. 

cae 1 — 1642 = 6422-16241. 
Sine 80.22 — 16a =0. 

6. es ers 

1. Va2—82+31 +(4—4)? = 5. 

2... Va? — 8a + 81 + (a? — 82% + 31) —20=0. 
oe V2 —82+381=—5, 4. 

4... ev — 82+ 31 = 26, 16. 

ea w—8e+6=0, 7—827+4+15=0. 
Ge: ‘ %=4-+V10, 3, 5. 


w4+562 —-10=Ve2+ 5x44 2. 
2 +5e+2—-Ve2+52+2—-12=0. 
VePeEou+2=4, —3. 
g2 4-5 e+ 2 = 16, 9. 
abe — 14 — 0, a2 ba — 7 =0: 
t= —7, 2, $(—6 £88). 


Socrates CO bo) 
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1 Ve—24+V34+2—-V19+e¢=0. 

2. st —-2 +9 £ a4? Vie-2G42) = 1942. 
3 2V(@ — 2) (3 +2) =18—«. 

het 4 (a? + & — 6) = 324 — 3624 2”. 

5 3a2 + 402 — 348 = 0. 

6 (8a + 58) (« —6) =0, and a= — 48, 6. 


ie ae a? (a? — 1)? — 2a (2? — Hi L=0. 


2. Let y = (a? — 1)4. 

Se os y—2y?—-4=0. 

oh is yi — sy +5 = 0. 

Be: y=ts}i=psd 

6 a? (a? —1)#=1(1 4%). 

7 a? (x? — 1) = p35 (1 + i) 

8. -. af — a2 — yh (14 4)4=0. 

9 a@=i+ivl+ L(+ if. 

10 #2 EN PEI 2 
Se ves v1—+; 
=4Vipivis 
=4+1V842V15 

Sera uM 

= 9 4(V5 4V3). 


8. 1. Vi¢2e—V44e+V8—2=0. 
9 HS Vtie te PVs oe. V8 oes 


=44%¢. 
8... 4(1 +22) (8 — 2) =0. 
ae ate zx=—4, 3. 
9. 1. Ve+8+4 Ve —6—V8z—10=0. 
De Ve+84V x — =V 8a — 10. 
8... +843 Va+8)- Ve—643 Ve4+8- Vie—6)2+2—6 
= Sia — 10: 
4. -. Vie + 8) — 6) + Vie + 8) — 6)? 
=2a—-4., 
Soy @ +8)(@—6)[Vz+8 + Vx —6] 
= 20 — 4, 
6. -. V@+8)@—6) -V82—10 = 2% —4, from (1). 


(« + 8)(@ — 6)(8a — 10) = (2a — 48. 
54 a2 — 500a + 544 =0. 


(0 oe | 
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9 g% — 2507 4+ 272 = 0 
10. (x — 8)(~ — 34) =0 
11. © = 8, $4. 

10. 1. V4e — 2 49V—¢—V14 47 = 0. 
2... 4% —-2442—2)4+4V(2—2) (4a —2)=14 42. 
3 V(2 —2) (4% —2)=2-—2. 
rae V2—"%=0, V4a —2=V2—<. 
Oy a: t= 24a —2=2 —2% 
6 x = 2, ¢ 

a 3Va2 —Te2+12=V7. Var —T2 4 12. 
Oe. Va2—72+12=0. 
hares x? — Tx +12 =0, or (« — 4) (w — 38) = 0. 
aS x = 3, 4. 


12. 1. Vie —1)(@ — 2) 4+ V(e@ — 8) (@ — 4) = V2. 
aK: (z — 1) (@ —2) =2 —2 V2 V(x — 8) (@ — 4) 
+ (@ — 8) (@ — 4). 


Be: 20 —-6=—V2V(« — 8) (a — 4). 
4, 4x2 — 24a + 36 = 2 (% — 3) (x — 4). 
Oe aie v?—52%+6=0, and z= 2, 3. 
Exercises. CXXVI. 
ta: 20+50%+2=0. 
ae 2+3e¢+1=0. 
Bre e=— $41 V25 — 18. 
w=—-$t$=-2,-} 
— 2 = the reciprocal of — }. 
74, Ae e+et+e+1=0. 
aie: e+i+ae(a4+1)j)=0. 
3. (x + 1) (@ +1) =0. 
aie Pee tp tb G8. 
—1 is its own reciprocal. + 7 is the reciprocal of — i. 
3. 1 10x? — 29% + 10 =0. 
ee BEST 5 Tee Saat 
3... a = 32 + sl, V292 — 400. 
4 t= 35+ to = 


5 = the reciprocal of 3. 
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ae We) 


+%and — i are reciprocals. 
—2+4 V3 and —2-— V3 are reciprocals. 


. 1. wt—5a8 +8 pipanecke chi 


o(2+* ~) (2+ +70 =0. 


[PAGE 
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223 —322-—824+2=0. 
2 (#8 + 1) —3(a?+ 2) =0. 
(x +1) (2225x242) =0. 
es i= ba 
— 1 is its own reciprocal. 2 is the reciprocal of 4. 
Beale ato3—4e?+274+1=0. 
1\? il 
as. («+3) +(#+7)-6=0. 
wo xc 
Suet (2+h+3)(2+5-2)=0. 
ay x 
a SERN st Saat: 
i x 
Ds ate ee see tL 0, 22 — 2a LS OF 
Go a=—3+1V65,1,1. 
1 and 1 are reciprocals. 
— 3 1-5 and — $—1-V6 are reciprocals. 
Bale vt— a —4e2?-24+1=0. 
1\2 1 
2 (e+; ~(#+5)=6= 
2 x 
3 Aiace 3 
e 
4 CA Sih Orne 2 le 
iy @=$41V5—1, 1 
— land — Ll are reciprocals. 
3 1v5 and 3 —} V5 are reciprocals. 
2 IS eka ee 2 ata ee 0! 
2 
2... (2+5)+4(2+5)=0. 
x z 
oh os Saks ee a 
x 1 
ye C2 Li Oe eo 108 
ba Gath a te 8 a vs 


274.) 


10. 


1: 
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lee Gre aly 
4 x a enue 
mS 4.4 
5 v—$2+1=0, 2—-ie+1=0 


for) 
8 
lI 
cole 
be 
nt 
ae 
| 
~ 


= 241i V55, Ge Nee lL 
o 4 a =1(3 + i V65), 4, 1. 
1(8 + 1 V55) and } ¢(8 —7 V55) are reciprocals. 
4 and } are ronieyCeAs 


~T 


1, wt— 828 — 1892? -$844+1=0. 
25 
a ee a 
, ee Ey ae 
x 12° 2 NV36 36 
a eee sta 5 5) 
tee 3 2 
aren e—19e4+1=0, 2+52r%4+1=0. 
6 eS rr eg re ee 
q e=1P+G=3,h, *=—FtP=—-2, -} 


The roots in each pair are reciprocals. 


1. 224 — 998 + 1427—9¢4+2=0. 


se (CHER aye en 


a oti=o41 80 
ee w-4°-9N4 4 

<4 
Al. whos os! 
Der v—3%+1=0, 2—2e%4+1=0. 
Gx (x — 2)(@ — 4) =0, (« —1)?=0. 
tee Aen ae i bepalle 
1. 1294+ 403 —4192+47+12=—0. 


il 41 1 1 
ee ate x == ((). 
+3 6 sem 


Be («+= y+ 5(«+ +2) ane 
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3 
6. J e472 41=0, oF 41=0. 
ie, Ne (x — #)@ — 3) = 0. 
8. C= 2, = 5, $ 
Aye g+1=(@+1)(@—-«%+1)=0. 
: a=—1, $+4i V3. Cf. § 282 
ES als et l= @- 1l)e— 2-22 =a -— I) 0: 
1 
2. e=—1, 2—a241 -+5= 
3. (e+- aie (2+= -)-1=0. 
1 
4, n+iates V5. 
x 2 a 
Deuete ha. habeas 
blade = 16 2V5° 
), = 6) 
A a RON a 
Tes z= }(Vb+1+i V0 - 2 V5), 
4(V5 +1 —1V10-2-V5), 
1(—V5 +141 V10 42 V5), 
i (—-Vb-412210 42 V5). Cf. § 284 
1ar a4, 2 —1=0. 
2. .. (a8—1)(e?+1) = 0. 
3. 01. (@ —1)(a@*-+ & + 1)(@ + 1)(@? — 2 4 1) = 0. 
fee ei -tthevs, <1, $247 V8. Coos 


15. 1. The square roots of 1 are the roots of 
x2 —1=0, thatis +1. 
. The cube roots of 1 are the roots of 
23 —1=0, thatis 1, Staves: 
3. The 4th roots of 1 are the roots of 
et —1=0, thatis +1, +7. 


bo 


16. The cube roots of 8 are the roots of 
a —8=—0, that is 2, —1 +i V3. 
Or, since the cube roots of 1 are 1, : 
EEN Bed eye: 
the cube roots of 8 are 2-1, 


2(—$+4i V8), 2(-4—Fi V8). 
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Nels 


18. 


19. 


20. 


The six 6th roots of 1 were found in ex. 14; they are: 
1, —$¢+4i V3, —$—4i V3, . 
—1, 44+4iV8, 4-4i V3. 


The fourth roots of 1 are —1, +1, —i, +7. 


lo l= Po det Ht, et = 8, 
= tis SA, hd =, ht = 1, 
(]=(2 = = 2=0.- B= = 4% 


The cube roots of 1 are 1, mt ee V3: Bee ee tes 


Once either root is itself. 
ZEthive 
—4+-hiv3 
4-7 0--2= 1. 
(=F 447 V3) = h—2-41-V8 —2 = —4 —G v3. 
(—$—41 V8)? =442-416V8=4==—444i V2. 


ae +1—1=0. 
2 1 
—~F+hivs 
ee di V8 
0 0 
oe = etal 8 Sa 
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4. The sum of the 5th roots (§ 284) is easily seen to be zero. 


Exercises. CXXVII. 


647 : 2% — 4, 
Q6x2 ; Qa — 22. 
622 x= 2. 
(8a¢ —2)(24 +1) =0. 


2 


ORE nS ais 


tole 


. &= 3, — 3 


Sy S1z — (3!) i. 
Qa? . 340 — QT. 
v—42%=77. 
(~ — 11)(@ +7) =0. 
Sats oe i. 
Check. 8121 . 344 — 877, 349, 83-28 — 349 + 28 — 377, 


Si is A SP a 


Check. 64%” :98 — 98 -$—92—4, 64°-) 9-2 =99+2 — 92 =4, 
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eels DRE fA) 
Dass V@+etl=l. 
3 £=0; —1. 


Check. As usual. 


ames B22. Ox = 9722.3, 
Dias Bc Oa QB.a2 
3s 4% =302+1. 
4... 3802—42+1=0. 

id (8a —1)(@— 1) = 0. 
6. . oe a. 1 

Gown 22.16% = 
2. . 222. 94a — Q-4. 
ae eae + 40, 

4. . SO) 222: 
pale a® : (at)? = (a3)?. 

2. Qe: q2x — ql, 

3h x? — 24 —15=0: 

4 e=5, —3. 

els 2. 48Vx — 280-8 
Be.4 9 .96Vx = 938a—8 
oe 146V2= 82-8. 
ses 8a—6V2—9=0. 
he _@-2Ve—8=0. 

6... (Va —8)(Vz+1) =0. 
a. £=9, 2 =(—1)2. 

+ Al (3%)* - 3% = 2714, 
as Qazr re oan 
3. x2 +” —42=0. 
ib ¢ (x — 6)(@ + 7) = 0. 

5. BO, = 
3a 

ce Ly (==) = 2-48 

8 
De ak Q8x2 . 98a — Q38a+9 
BL hs 322 —6e%—9=0. 


5. one CSO. =n |e 


[PAGES 
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1051: Q. 62u+4 — 93a. 9x49. 
On. Q2n+5 . {2a+4 — 98xa.9x+9, 
BF f Qu—4 — Bx—4, 
4, But AY = 1 erase 
ys x—4=0, and «=4. 
1 ase bse a8 . qisx — @, 
2. 88a24+ 18¢—3=0. 
3. (lla + 8)(8a@ —1) =0. 
(bes t= 2b i 
12 ge .ora |. 
81> 
Diss 922. 97x — 9—10, 
Soe a?+7¢+10=0. 
Ye x=—2, —5. 
18 x2 
13. 1. css ip) il 
Mile 
° On, mis2—T7 x — m8, 
coe 1842 —77x% —18=0. 
4... (9% + 2)(2¢ —9) =0. 
5. = — 2, 3. 
14. 1. ae . (q2)37 x — a 
q35 
Doe 3522. qi4a — q—35, 
Sane 35 x2 + 74a” 4+ 35 = 0. 
44% (6% + 7)(7@ + 5) = 0. 
5. CaS — 4, — 3 
2 
iy, We 2-52—2. 25 = 
254-1 
Wis oe §2—= . §2 = §2—-22, 
Sh. 2—“27+2=2 —-2¢. 
a: £+2=0, c=—2. 
Exercises. CXXVIII. 
el duet a = the number. 
1 
2. Then 19 Se 5 .—, by the given condition. 
Ay 
Br es a? = ,,, anda =+4 V7, =44 V21. 


2 
Both roots are admissible. 
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Both roots are admissible. 


1. Let x = the number. 
2. Then x%-ix = 1215. 
See a2 = 5-405. 
(yee z= V52. 92 = + 45. 
Both roots are admissible. 
wee eG x = the Ist factor. 
2. Then es Ut a 
Sy § a? = 480. 
Ye x? = 400. 
Sty ase 2 =+ 20. 
6. .. the numbers are 20, 24, — 20, — 
1. Let x = the number. 
2. Then e+ Vz = 42. 
aes a+Ve—42=0. 
4 (Vx +7) (Va —6) =0. 
By at x = (— 7)?, 36. 
(— 7)? is admissible, also 86. 49 is not admissible. 
1. Let x = the number 
2. Then Se as 
4 7 

8 i= 28 S112 
4 © = + 56 
Both roots are admissible 
1. Let x = the number 
2. Then LS AE S50 

Be oH WEG: 
Sonne vw? = 42.4. 42, 
Ae Ge - 84, 


Both roots are admissible. 


MANUAL TO ALGEBRA [Paces 
. LLet x = the number. 
2. Then x — a = - by the given conditions. 
x 
Osea: 120”2—7x%—12=0. 
Ae (4x + 3) (8a — 4) =0. 
‘Oumea x = — 3, ¢. 


278-279. 


10. 


ele 


12. 


Se 


a 


Let 
. Then 


. 426 
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x = the number. 


(x + 5)? = 10a + 511,250. 
x? = 511,225. 
%=+ 715. 


. 223 means 200 + 10% + 38. 


“400 + 1024 6. 


. + (102+ 203) (102 +406) = 115,368. 
a? + 60.9% — 329.50 = 0. 


(a — 5) (« + 65.9) = 0. 
a= 5, — 65.9. 


— 65.9 is not admissible, since it cannot be a digit. 


bo 


Ie ES or) CX 


Let 
. Then 


x = the smaller factor. 
3696 - 
exits 


‘larger uc 


(x — 4) (= + 7) = 3696, by the given conditions. 


(a — 4) (3696 + 72) = 36962. 


7x? — 28a —4-3696 = 0. 


x2 —40¢ —4-528 =0. 
w=2+4V16-529 =24+46=-— 44, 48. 


3696 _ 77, or ag 84 is the second 
48 44 


factor. 


9. .. Both sets 48, 77; — 44, — 84 are admissible. 


OBE Gen 
Both roots are admissible. ‘The numbers are + 15, + 12, + 10. 


. Then 
and 


Let x = the 1st number. 


toa « 2d 66 
So Pe = 3d So 

a2 + 1642 4 49? — 469. 
$9809 = 409 


we? = 225, anda —4 16. 


4n(n —8) =the number of diagonals in an 


n-gon. 
$n(n — 38) = 54, 
n? —3n — 108 = 0. 
n= 12, —9. —9 is not admissible. 
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13. 


14. 


15. 


16. 
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i. Let § a = the number of inches in the length 

\, of the rectangle. 

i 120 
2. Then sy, —— = the breadth. 

a 

oun as ge? + = 72 
4, eo + ite = (); 
5. NX = : 
Gare 
te 
Sl 
+ 8 in. 
convention of ry. 
1. Let z = the\ 2am ber of inchés in the alti- 


of inches in the base. 


+7) =0. 8 
Pate 


a0 Vii Sa al 

the the alt kthe base 7 in 

or “ ae 6\ _ 4.7 in 

ease, x =the number of inches in the 
breadth. 

2. Then x+38=the number of inches in the 
length. 

Sas, x(x + 3) = 70. 

Ae e+ 8e— 70 = 0. 

by ia ioe LOE 

6. .. the dimensions are 7 in., 10 in. or — 10 in., — 7 in. 

1. Let x = the number of inches in the base. 

2. Then 16 =a ue ve es Sheets altiq 
tude. 

3. x (16 — x) = 68.96. 

4. x? — 16% + 68.96 = 0. 

5. (x — 8.2) (@ — 7.8) = 0. 

Came Cr Oi2s Ss 

7. .. the parts are 8.2 in. and 7.8 in. 


Be tgs ple te ‘Diatlicnes tat te VLE AE BE. 
BG DD A, WEP TS Tt Pa 


a GE 2G =e 
Zz x WP ~LgG = 
Sm F< t= ae 
Pate - se 


oo - = he munis Face mh ee Ber ee 
earn se 


23. 


24. 


25. 
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1. Let x — the number of inches in the side 
of the square. 


2. Then 7a = the number of inches in the area 
of the rectangle. 

Sec x?— 78 =7 2. 

40 a2—T7x—78=—0. 

5. (x — 18) (x + 6) =0. 

Gr. x= 18, —6. .. 13 in. is the side! of 
the square. 

1. Let x = the number of inches in a side. 

2. Thenz —8,%—7,%-—6= * ee oo tc)“ jhevsides 
of the right triangle. 

3. (x — 8)? + (w — 7)? = (a — 6). 

Eee a —18%+4+77=0. 

5. (* — 7) (@ —11) = 0. 

6. i= he alle 


If 7 in. be taken, the right-angled triangle is impossible. There- 
fore the length of the side of the equilateral triangle is 11 in. 


1. Let x = the number of inches in a side. 
2. Then 2-22, e—5,74+3= * Go took “SSathereqes 
of the right-angled triangle. 


3 (x — 22)? + (w — 5)? = (@ + 3). 
eK x? — 60x + 500 = 0. 

5 (x — 10) (x — 60) = 0. 

Grae e = dOS50: 
7. .. the side is 50 in. 


1. Let CPAP. 
2. Then d—x= PB. 
Ones x2 = d(d — @). 
4. . x? + de —d=0. 
th OW Je 
bese . cC=-—- = Va 4 a2. 
5 979 +P : 
CS ee +V5). This is AP. 


€ 


See Beman and Smith’s New Plane and Solid Geometry, p. 196. 
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280-281.) 
26. 1. Let x = the number of miles from A to D. 
2. Then 85 — (x + 24 + 14) represents AB. 
3. .. 85 — (w@ + 24 4 14) + 244 14 
= yf5 @?. 
Ce 85 — ¢ = 74, x2. 
ra oy 
4 4 
6. nz =—38 4 3 VORB 4 20400. 
Tk 3 %=— $(8 $ 5 V88) = 16.076+4. 
Give AD =—$(8 5 V38) mi., 
B = [47 + 3(3 $ 5 V83)] mi., 
or AD = 16.076+ mi., 
and AB = 30.9254 mi. 
27. 1. Let x = the number of inches in the side 
of the square. 
2. Then x V2 is the length of a diagonal, 
5. and 4a V2 is the radius of the circle. 
aaa 1: Eg 2 = the area of the circle. 
os 42x? = 971.68. 
Gren: fiat — tz) = 971.68. 
ae x? = 971.68 /0.6073 = 1600. 
Sune x=+ 40. 
Om mene side of the square is 40 in. 
28. 1. Let x = the number of inches in the width 
of the frame. 
2. Then (2-56 + 2-60)” +42? 
= the area of the frame 
Sas 2320 + 4a? = 60- 56 = 3360. 
4. x2 + 58a — 840 =0. 
5. (w-+ 70) (%#—12)=0. «. ©=12, —70. 
6. .. the frame is 12 in. wide. 
29. 1. 4g — 320¢=0. 
Oe 16 #2 — 320t=0 
Bh #2 — 20¢ = 0. 
4. t='0, 20: 


The ball is on the earth when it starts (¢ = 0) and 20 sec. after- 


ward (t = 20). 


| 
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30. 


31. 


32. 


33. 


ere ee 


re 


3 

25 
One 

6 


. Let 


. Then 


and 


Let 


Then 
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6 


x 


x2 + (@ — 
x? — 23% —420=0. 


x =the number of seconds required 
by A. 
2+9=the number of seconds required 
by B. 
2 = the part of the circumference tray- 
ersed by A in 1 sec., 


= the part of the circumference tray- 


ate ersed by B in 1 sec. 


6 
e+9 


cl Ie 


v?— 38a —54=0. 
(x — 9) (x + 6) = 0. 


%=9, —6. 


= takes 9 sec. and B takes 18 sec. 


x =the number of pounds in the Ist 


force. 
x — 23 =the number of pounds in the 2d 
force. 
23)2 = 372. 
v= 35, — 12. 


tha forces are 35 lb. and 12 lb. 


If - — 12 be taken to mean a force in the opposite direction, then 
the other force is — 35 lb., and their resultant would not be 


37 Ib., but — 37 Ib. 
1. 


2. Then 


SINS sei) 


Let 


| Se 


x= CO 


x =the number of pounds in the Ist 
force. 


«+47=the number of pounds in the 2d 


force. 


x? + (@ + 47)? = 652. 
v2 + 47% — 1008 = 0. 


x= 16, — 68. 


.. the forces are 16 Ib. and 63 lb. 


400 = 40t — 20. 


12 — 40t + 400 = 0. 
( — 20)2=0 


t = 20, 20. 


«. the body will be 400 ft. from the starting point in 20 sec. 
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34. 


35." 


36. 


37. 


38. 


1 U0 eons = L223: 

2... 1=004 4188, 2 OS, - €=4+H. 

3 2=0¢4 4182, 92 = 2, " ¢=434V2. 

4, 3=0¢4+4188, 92 =3, t=+4V3. 

5. «. $ 8ec., + (V2 —1) sec., 4 (v3 — V2) sec. are the times 

Pe quired for the Ist, 2d, 3d foot. 

1. Let x =the number of seconds required 
by A. 

2. Then a+18=the number of seconds required 
by B. 

By g = the part of the circumference trayv- 
ersed by A in 8 sec., 

4. and ese = the part of the circumference tray- 

poe ersed by B in 8 sec. 
8- 8 
5 - — ———_ = 
x x+18 

Goa v2 + 18% —144=0. 

ee (x — 6)(~ + 24) = 0. 

Sis x=6, — 24. 

9 ne number of seconds required by A is 6, by B is 24. 

1 h=ut—4-320. 

2 28 = 64¢ — 16#. 

38 ?—4t4+f7=0 

d Ca t=4, $ 

5. .. the time is 4 sec. ; the result } means that in % sec. the 

- is 28 ft. from ie starting point in its descent. 

1 64 = 80¢ — 162. 

Va eee 2@—5t+4=0. 

See: (¢ —4)(¢-—1) = 0. 

4, .. the body is 64 ft. high in 1 sec., and again in 4 sec. in its 

descent. 

1. Let «=the number of minutes required 
by A. 

2. Then x +24 =the number of minutes required 
by B. 


ee) tts : = the part filled by A in 9 min., 
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39. 


40. 


COND DM 


on 


and 


Let 


Then 


and 


Let 


. Then 


and 


Oras 
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x + 24 
2. See 
x ot? 


= the part filled by B in 9 min. 


-- 62 — 216— 0; 
(x + 18)(@ — 12) = 0. 


He 


2 = 96. 


.. the number of min. required by A is 12. 


« =the number of minutes required 


ie 

6 — 
oes 

6 oa, 
e. genes 


by A to fill it. 
the number of minutes required 
by B to empty it. 


the part A can fill in 6 min., 


to (eb Semptyanie) mine 


v+8e—48=0. 


(a + 12)(@ — 4) = 


0. 


© =— 12, 4. 


w= 


22+30= 
z+ 30 


mle 


(x + 30) | 
—— 
4 

9a? = 


. .. 4 min. are required by A to fill it. 


the number of -miles B traveled 
before they meet. 

the number of miles A traveled 
before they meet. 

the number of miles from P to Q. 


the number of miles B traveled 
in| 1 da., 


the number of miles A traveled 
in 1 da. 
4p 
(« + 30) 
9 
4 (@ + 30)? 


3x =+2(¢+4 380), and «= 60. 


2°60 mi. + 30 mi. = 


150 mi., the distance from P to Q. 
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m2 
n 
n 


282-283.] 
Review Exercises. CXXIX. 
1 1 e+m « 
m+n? n 
2. n (x? + m?) = x (m? + n?2). 
2 2 
ae pt ee = 0 
m? 
Aces (e-—)@-ny= 
2 
5. SHE 
n 
er a 
Check n+ ee ey Sat nm” THEE Bie) ee 
“m+n nm m+n? n2(m24+n2)” n2 
ie eh = Ab eg) 
2. 1 a It see ES 
oe ee 
2 a %_8 2 
a 7 a la 
: m6 
; 6 « 
4. 8 xv? = 36, anda =+6 
Check. $+4=$+4=%. —$-%=-§-$=-%. 
3. (x? + % — 18)? — 49 = (2? + & — 138 —7) (a2 + 2 — 13 4 7) 
= (x? + © — 20)(a? + x — 6) 
= (x + 5)(x — 4)(u + 8)(w — 2). 
4.1 —6 —387 4210 
7 7 —210 : 
1 1 —30; 0 
.  ¢8 — 6a? — 87a + 210 = (a — 7)(x? + & — 80) 
= (x — 7)(x + 6)(@ — 5), 
2a 4x —3 
bs 1 19 1) 
Ea pare 
2. 0. 202+ 2a 4+ (x — 4)(4a — 38) 
= 9(« —4)(x + 1). 
ae 322 — 10% —48=0. 
7 (8a + 8)(x — 6) = 0. 
Bites x= — 3, 6. 
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[PAGES 
L = (ee 
a+1 r+2 
9 fei 
ia cee ag es, 
B, w+e—2=+ (x22 — 2). 
4, 277 —4= (0, 20 = 0. 
5. t=+v 2, 0. 
1 t= Oe Oe 
x—-b “w£-a a—axr 
ae CSG)? Fae 
(x — a)(x — b) a(x — a) 
3 20-ae+0—P _P-@ 
a—bd a 
as 2¢—(a+b)_ b+a 
x—bd Chae 
Ohi (a — b) x = a? — 6. 
Okan: i= Os. 
202 —x%+2 (4-1 (2e%7-e2+2)2e+12e—-1)_ , 
“408439493 2@-1 (2 -(1)Qe9-240)22-1)- = 
1 SS) 
NSE i 1 242 
5 4 (1- 12x — 30 2 ee) 
2b o— Till 2+2% 
3 Se Bee 80 a yee 
v2+ae—11 e+ae— 11 242 
2 6a —15 a None 
a+e—1l v2 oe — 1h 2252 
5. 6a —15 4 6a — 15 ee 
pe ge 1h ge 11 242% 
6. . (6x — 15)(@— 4)@—1)_#—-1 
(x? + « — 11)? 2 +4 
The (6a — 15) (@ — 4) (2+ &) = (2? 4+ & — 11)2, 
xe—1=0. 
Sa zt§— 408 +622 -4%4+1=0, r—1=0. 
Uh (7 —1)f=0, 2—1=0. 
TI 6 o = lel eld, 
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He 


12. 


13. 


14. 


1 18 (x + 1)? (@ + 2)? = 8 (@ — 3)2(@ + 1)2. 

D5 ks 9(@ + 2)? = 4(@ — 3)2, (09 + 1)? =0. 
ease 3(@ + 2) =+2(@ — 3), @+1)2=0. 
4, x=0, —12, —1, —1. 


1. (« — 3)8 — 3 (x — 2)8 4+ 38(a —1)8? —-# = 9 —g@. 
2. .. © — 15 =0, expanding and uniting terms in (1). 


Root = + (ey 1—4—-}ter ly) 
Power = x*y~2—ay1—#+4ye1+4yx— contains f2+2 fn+n2 


f2 = wy 
2f+n —ry—1— 2 contains 2fn+n2 
Qayt—$ | —ay-144 2 wou 
—1l4+t4yr—+4yx— contains Cees 


2ay1—-1—4ta-ly —l+tyr tity = 66 6c 


ilk w+t_aey+e2=0. 
ae w2+wy+z=0. 
3. x? — w? + cy — wy = 0, subtracting (2) from (1). 


4... («—w)(ex+y+w) =0, factoring (8). 
are. z+y+w=0, sinceex —wZ0. 


1. (0? + c2 — a? + 2bc) (C+ a — d) 
=(b+c—a)(b+c+a)(c+a—D). 

2. (a2 — 0? — c? + 2bc) (a+b+c) 
=(a+b—c)(a—b+c)(a+b+4+ 0). 

3... (@+b—c)(b+¢—a)(4—b+6¢)(a+b-+¢) is the L.C.M. 


Exercises. CXXX. 


1. Given a o, 

y 
2. and Bs 
oh & «= 2y, from (1). 
Ae 2y? = 8, from (2). 
6. %=+4, from (8). 


Check. = =" =2, 9-4=8, —2.-4=8. 
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. 1. Given z+y = 100, 
2. ay = 2400. 
BPG y = 100 — a, from (1). 
4 x? — 100 + 2400 = 0, from (2). 
Sree C= 405605 
6. y = 60, 40, from (3). 


Chest 40 + 60 = 100, 60 + 40 = 100, 
40 - 60 = 2400, 60-40 = 2400. 


1. Given o+y=9, 
2. wy = 45. 
Oh ars y=9—2, from (1). 
AGES: x(9 — x) = 45, from (2). 
res 2 — 9a 45 —= 0. 
@ick: a=3+1-V81 — 180. 
ox a= $(8+iV11). 
Re y = (8 Fiv1)). 

. 1. Given oy = 11, 
2. Sa 

2 10. 
3 y =a —11, from (1). 
aes x(x — 11) = 60, from (2). 
Ones x? —11lz%—60=0. 
65% Ces lhe 4. 
7 y =4, — 15, from (3). 
1. Given Cri 24, 
2. ey = 4212. 
Shas y =a — 24, from (1). 
bbe %(@ — 24) = 4212, from (2). 

One xv? — 24a — 4212 = 0. 
Cnae (x — 78) (w + 54) =0. 
tacks *= 78, — 54. 
ce ae y = 54, — 78. 
1. Given pe v2 + y? = 122, 
2. 4a -—-y= 18. 
Or & = 26+ 2y, from (2). 
4 qs (26 + 2 y)? + y® = 122, from (1). 


5. 2. «©6220 y2 + 104 y + 676 = 1982. 
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6. 5 y? + 26y — 319 = 0. 

ile (5y — 29) (y + 11) =0. 

ae y = #2, —11 

Chee = 1884 
7. 1. Given e+ y =1.25. 

2. xy = 0.375. 


3 y = 1.25 — za, from (1). 
Ai oe v (1.25 — x) = 0.375, from (2). 
Oren v2—3e+2=0. 

6 (@— 8) @—4) =0. 

tenes x=, #. 

Sue y = 2, 4, from (1). 


1. Given 2247+ y2—100=0, 

2. Tx%#—y—50=0. 

ay de y =72 — 50, from (2). 
4 512? — 700 x + 2400 = 0, from (1). 

5... (Ba — 20) (17 x — 120) = 0. 

Ono 


oD ace 
2 ree Ss 10 —10 
(. = 
eat Lae 
9. 1. Given x? + y? = 1274, 
2. c= 5y. 
aoe 25 y? + y? = 1274, from (1). 
Lae 26 y? = 1274, y2 = 49. 
Cum « = + 35, from (2). 
10. 1. Given 82+4y—8=10, 

2. v2 — y2=— 5. 
S, Lipo ne, from (1). 

= 2 
aan 

3 
5. Ty? — 144y + 369 = 0. 
6. (7y — 1238) (y — 3) = 0. 
fe Yi 28, 3. 


ioe) 
8 
lI 
| 
[IP leo 
~ine 
‘S 


2, from (1). 
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11. 1. Given a(t + Y) = zy, 
A xy-= 180: 
Oh ot — a from (2). 
ee 5(—+y) eae i. 
y y 
5 5 y? — 180 y + 900 = 0. 
Grose y? — 36y + 180 = 0. 
ley ce (y — 30) (y — 6) =0. 
Sie y= 30,6: 
ee) x = 6, 30, from (2). 
12. 1. Given }42%4+1y2—60=0, 
Or, 4x+ty—5=0. 
Oot x+y = 30. 
Ae v= 380-—ay. 
5. . $(80—3y)?+4y2—60 = 0, from (1). 
6. ~. 900—90 y+ $ 2+ § y2 = 360. 
ees y? — 24y 4+ 144 = 0. 
8 y = 12, 12. 
OE x= 12, 12, from (2). 
13. 1. Given c+y=— 6, 
2 ay =— 2592. 
ote x%=—6—y, from (1). 
3% — y(6 + y) = — 2592, from (2). 
Ones y? + 6y — 2592 = 0. 
(he ee (y + 54) (y — 48) = 0. 
He, ee y = 48, — 54. 
Sie x =— 54, 48. 
14. 1. Given 14 a? — 122 y? = 100, 
2. CSS, 
3 14.9 y? — 122 y? = 100, from (1). 
4. 4y? = 100. 
OS, & yH=t5. 
ie hs *=+ 15, from (2). 
15. 1. Given $22 + 292 — 11, 


JUS 


ge+iy=65., 
By ate 10% +8y= 75, from (2). 
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ae Fp cadiicmen sa) 


1 1/75 —102\2 
ce er - ———) =—11. 
6 at 3 


5 
6. -. 822 + 2250 — 6002 + 40.22 — 198. 
7. «. 48342 —600a + 2052 — 0. 

8 (43 x — 842) (x — 6) =0. 

9 


TOs = ano 
43 
16. 1. Given 272+ 33y —60=0, 
2 8x2 + 10y¥? —18=0. 
Bh wo 9x +11y = 20, from (1). 
v _ 20 — 9% 
: 11 
Bo) Sa2+ 10(= ==) = 18, from (2). 
6. .. 88922 — 1800a% + 911 = 0. 
ue (889 « — 911) (x — 1) =0. 
BBs e= 9111 
oh y = $44, 1, from (1) 
17. 1. Given a+ ey + y? = 68, 
2 x—y=—3. 
OS %=y —3, from (2). 
As y? —3y —18=0, from (1). 
5 (y — 6) (y+3)=9. 
6 y = 6, — 8. 
7 CSOs 
18. 1. Given 0.01224 0.5y—2=0, 
2. 0.1% —0.25y —3=0. 
Oo ete x? + 50 y — 200 = 0, from (1), 
4. and x — 2.5y — 30 = 0, from (2). 
Dae x=5(6+40.5y). 
6 25 (6 + 0.5 y)? + 50 y = 200, from (1). 
ome y? + 82y 4+ 112 =0. 
8 (y + 4) (y + 28) = 0. 
9 y= —4, — 28. 


tk 2 a = 20, — 40, from (4). 
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19. 1. Given (7+2)(6+y) =80, 
2, et+y=5d. é 
denne y=5-—z2, from (2). 
4 (7 +2) (11 — 2) = 80, from (1). 
Over x? —4x+3=0, from (4). 
Orn: (x — 1) (« — 3) = 0. 
Wh, ats Hie 1D Sy 
8 y =4, 2, from (2). 
20. 1. Given0.01 22+ 400 y—25 = 0, 


1 
2. 0.5%+y—10=0. 
Oe wae x = 20 — 2y, from (2). 
4. .. 0.01 (20 — 2 y)? + 400 y — 25 
= 0; "from (1). 
5. «. 400 — 80y + 4y? + 40,000 y — 2500 = 0. 
6 y? + 9980 y — 525 = 0. 
ie y = — 4990 + 4 V 99802 + 2100. 
oh & y =— 5(998 + V 996025). 
9 x = 10(1000 + V996025), from (2). 


21. 1. Given x? + y? = 500, 
2 oe =.3e 
cy 
Sues %=2y, from (2). 
Aes 4y? + y? = 500, from (1). 
Bas y? = 100. 
Oe as y=+10. 
iss x =-+ 20, from (8). 
22. 1. Given at+y—4=0, 
2: : + : — 1 = 0; 
oY 
Sy Be x+y = ay, from (2). 
2 xy = 4, from (1). 
6. Yq 11 trom’). 
| 
(ys as y2—4y+4=0. 
ae (y — 2)2=0. 
toh i Deen. 
928 o= 2.2 eironn (1): 
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Exercises. CXXXI. 


1. 1. Given ve+y=7, 
25 e+ y2=11. 
Snes “2@=aVvi-y y, from (1). 
tae Vi —y+y?=11, from (2). 
5. V7 —y=l11—y2. 
6 T—y=121 —22y?4 ¥4. 
a yt —22y2+y+114=0. 
The factor y —3 can be found by the Remainder Theorem ; 
hence one solution of the system is x =2, y=8. 
2. 1. Given y2+2e¢—2y = 5, 
2 ew+et+y=4. 
Sh oe y =4—¢ — x7, from (2). 
4... (4-—a%—2)? + 2u—4(4 —2@ — 2?) 
= 5, from (1). 
& .«. 16+ 27+ 74 — 8a —8a2+2284+27-—4274 724+ 22 = 5. 
Gres oe — One — Oat dle == 02 
The equation in y is yf + 2 ¥3 — 16y2— y+ 35=0. 
8. 1. Given 2227+ 3% —y2=0, 
2: v2—By2+y—0. 
a y =V20?+ 32, from (1). 


¢ ee a? —3 (202 +82) +V202 43a =0. 
Dias 5224+ 9% =V2a?4 32, from (4). 
6. .. 2504+ 9022 + 81a? =—2024 3a. 
1. 2. 2508 + 90.28 + 79a? — 32 =0. 
One solution is evidently «=0, y=0. 


4. 1. Given z2+ay+y?+e—5=0, 
2 202+ y2-aex+y—38=0. 
3. 0. 2 —ay—2ae+y+2=0, subtracting (1) from (2). 
v—2xe+42 
, ae per Se es 
x—1 
x? —2x%+4+2 ier 2 ate 
x—1 y he za—l1 
= 0} from7(2): 
6. .. 2a? (a — 1)? + (@2 — 2a + 2)2 — x(x — 1)? 
+ (a? —2e@ + 2)(@ —1) —8(«@— 1)? =0 
7. «. 8a4—823+6a?+er7—1=0. 


—3 


Or 


‘ ee oe 
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Exercises. CXXXII. 


Teles Given x? + y? — bry = 0, 


2 ee 
Bh) oe ao +1=0, from (1). 
Le Fab VER, 
0) 
: SR RA aay 
a (6+ Vb? —4)4+1]y =a, from (2). 
hee Y= = . 
L(b+ Vb? —4) 41 


246 £2 Ve=4) 


85 
(b + 2)? — ( — 4) 
Vb2 — 
2 e fos 2 
ee #=5(e eS from (2). 
2. 1. Given 322+ 32y —y?=5, 
2. v2 —Qoey + y2=— 0. 
Gate (c= y)2=0;-and «= y, from (2). 
See 822 + 3a? — a = 5, from (1). 
Diss Did Oh ane ee ile 
Bs y=+1, from (8). 


3. 1. Given 6522+ 4ay —y?=0, 


2. w+taety=d 
ye 
3 Dayar ee. seal Ss 
Yy 
2, 
ee Se eee ee 
Sy —b 
6. Ca {ye = 
yO 
6. oe BSS Oe 


= 


yo 
prt reer from (2). 


et Ofes Bea OF a SMO) Ps) SlDy 
9. 5 y=+ v5, y=— 58 FV14). 
10. .. 2=FV5,%=—34V14, from (6). 
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4. 1. Given 2? +a4y+2-—y=—2, 


Dh ee Oe 
aa ae ee epee from (2 
ey (2). 
4 GG; #1) =0. 
5 e=y, 2e=—y. 
6 v2 + 22+ %—%=—2, from (1). 
le | BESS, eile) = Se 7 
8. aise eae? from (5) and (1). 
9... P= 3n 2 = 0: si 
LO: e='+1V94+8=1(34VI17). 
1 as y =+ 1, from (5) and (7), 
12. and ¥y =—3 FV17, from (1) and (10). 


13. .. the solutions are +7, +7; }(8+ V17), 2 See wily]. 


5. 1. Givena?+38ay+3e—y=2, 
. v2+2ey —3y2=0. 
2 
Be pe age = 0, from (2). 
y 


4. (2-1) (24 3) =0. 
4, CS y,0=— sy. 
x? + 3424+ 382 —x2= 2, from (1). 
4424227 —2=0. 
(w+ 1)(2@—1) =0. 
Sey alle 


SEO RECON 


10. Also @?—2?43a%+4 = = 2, from (5) and (1). 


ile og LO GIS 1Gy 2 

WAS a YS bo — 1, from (9) and (5), 
and y=—+t Roan (11) and (5). 

13. .. the solutions are 4,4; — C —1; 3, —4. 


6. 1. Given 2—-—y?+a+y=H3, 


2. 36 (a? + y?) = 97 ay. 
2 y 
3, 36 (5+ 1) = 97, dividing (2) by y?. 
y y 
2 
4 RLS Eee 
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co (E-DG-f=0 
ink LX 
6s: 47:=9y, 94 =4y 
ee ee pee le 
at gee sie ae 
oe pt ty—ds=0. 
ORs y=—242VR4+%. 
ile ia) y=2(-1+} LV] 14). 
IW, x= ,(—3+4V14), from (6). 


To 
15. ees 16y2_y244y+y = 13, from (6) and (1). 
—65y? 15 13 


(ase 31 t 5 Yy a6 0. 
5y2 1 1 
HOSS eae 61 94 + a 0. 
Gece y2—2y+ 2 =0. 
VW. -. (y — wy) (y¥ — 3) =9. 
1oie Y= 
1O5 xe = %s, %, from (6). 
20. .. the solutions are 


ts tos 4: $3 tol— 3s v14), 2(—1 43 V14). 


I 
= 


. Given 202+ 38ey7+ 4y = 18, 
of v2 + 4 ay = 12 y?. 


2 ; 
3. 7 +4-2—12=0, from (2). 
¥ y 
ee Cs ¥6)(-2)=0. 
5. Li On, e=2y. 
6. i 36 y2 — 18y2 + 4y = 18. 
tle 54y2 + 4y —18=0. 
8. yt ey —-t=O0. 
1 ae 4. 38 
One ee = 
4 Te 36 | Ba 
=— (1 + 2.¥ 61). 
TM), gs waa £aN8 1), from (5). 
11. Also 8y2+ 6y2+4y =18, from (5) and (1). 
beer ee l4y2+4y—18=0. 
USE oe (2y — 2)(7y + 9) =0. 


oo 


> 


DH 


~I 


So 


a 
Fe BO OOOO Ce a 
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x t= 27 t= 8 fromi(5): 
+. the solutions are 
— 18 
Popa lye 7 ae, 5 5 ¥2 Vol), — 55 (1 +2 Vol). 


Given 3%2+4ay132—y= 3, 


a+ «ay = 0. 
2 >” 
Yee y) 


fi eG Ti HD Gam I 
o y = — sd, from (1). 
Also 3y?—4y?—3y—y=83, from (4) and (1).: 
: yt+4y+3=0. 
(y+ 38)(y+1)=0. 

y=-—3, -1. 

$e x = 8, 1, from (4). 
.. the solutions are 8, —3; 1, —1; 0, —3. 


Given #2+42+3y+y2=—-2, 
a(e+2y)—1lby?=0. 


2 
gn 15.20, 
y 


G=—by, t= 3y. 

25 y2-20y+3y+y? =— 2, from (1). 
26 y? —17y+2=0. 
y— My +h =0. 


Y= 59 ~2 V2e 18 
Y=sy (174+ aie) =h, Ts 
%=— 3, —2%, from (5). 


SO Torr ee — 2, from (5) and (1). 
10y24+ 15y+2=0. 
yr +ey+h=0. 


257 


y=—$4iV2—4=4(-844V145). 


4 


%~=3(—3+3 145 8), trom (6). 


-. the solutions are 


2? 


§, 43 — te, ei (—-8 +4 V 145), g(- 8 +4145). 
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10. 1. Givenz(w+y)+y(y+2) = 42y, 
2. a(e+y)+ (y+) = 24. 


3. (« + y)? =42y, from (1). 
4, wetey+y+a = 24, from (2). 
ee (241) =4.%, from (3). 
y y 
6. Cae oe ea 
y y 
i ase G _ 1) == 0: 
y 
teh A C= Y, t=. 
Oh Ss e+ x? + ¢ + & = 24, from (4). 
Os 2024227 —24=0. 
Vals <a w+e—-12=0. 
We oe x =—A, 3. 
Wes ae y = — 4, 3, from (8). 
14, .. these values are repeated by the second part of (8). 


15. .. the solutions are — 4, —4; — 4, —4; 3,38; 8, 8. 


11. 1. Givena?—327+4y42ay = 24, 
; 2. w+ 38a0y = 4y?. 


4 

Oye Hi — AY ae ey, 
6. «. 16y?+12y+4y—8y? = 24. 

7 8y2+ 16y —24=0. 

8 y2+2y—38=—0. 

9. (y + 3)(y¥ —1) =0. 

LOSS y=1, -—8. 


Ds x = —4, 12. 

12. Also y27—38y+4y+42y? = 24, from (5) and (1). 
USN es , sy ty—24=0. ) 

ESR y+ty—8=0. 

TOWN: (y + 3)(y — §) =0. 

lGiaex y¥ =— 3,3. 

Fle: ob x =— 3, 4, from (5). 


18. .. the solutions are — 4,1; 12, —8; —3, —3; 8, 8 


) 5) 3° 
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Given 147 a? + 196 ay + 57y?=0, 
oad +33 =0. 


MT a a 196 + 57 =0, from (1). 


alee Bhar e Sagi 
na) T&@=— 3y. 
ONIN 
.(<®y) 42 2433 =0, from (2). 
361 By? 
ay Be 4738 = 0. 
Bie” OL 


+, 861 y2 —21- 3842 + 88-212 =0. 
437 y2 — 88-212 = 0. 
19.23 y2 — 83-212 =0. 
Se ee cmap 
19-23 19-23 
© = ¥ dy V33-19- 28. 


Pe Tes Bee 
Also (—*y) +2. Ay +88 = 0, from (5) and (2). 


gy’? — $y? + 33 = 0. 
9 y? — 42 y2 + 83-49 = 0. 
38y?2 —14y?24+11-49=0. 
lly? —11-49=0. 
y?=49, y= +7. 
oe @©=—#-47=F8. 
-. the solutions are 
SL ee ie ¥ a5 VBB- 19-23, + 7 an Ye 19 . 23. 
Exercises. CXXXTIII. 
Given 2+ 2a2y = 39, 
ay +2y? = 65. 
ae 65a? + 2-65ay = 65-39, from (1), 
and 39 cy + 2-39 y2 = 39.65, from (2). 
. 65 02—2 - 39 y7%- 2.65 zy —39 cy=0, subtracting (4) from (8). 
*, 6502-2. 39 y?+ (2 - 65—39) cy =0. 
5a2?—6y2?+ Tay = 0. 
(By —52)(2y +2) =0. 
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x? + 1992 = 39, (2% — 2? = 39, from (1). 
%=+ 3, Aa 
y=+5. 
Given w+ 38ay = 2, 
8y24+ ey =1. 
6y? + 2ay = 2, from (2). 
6y? — x2 — cy = 0, subtracting (1) from (8). 
(By +2)2y—2) =0. 
ee oe 
i 37 ca 2 
2 + $92 — 2, (a2 — x2 = 2, from (1). 
5a? = 4, | inadmissible. 
C= +3 VO. 
Given w+ 38ay = 54, 
ay +4y?= 115. 
x? + 42y + 4y? = 169, adding (1) and (2). 
(w@ + 2y)? = 169. 
r+2y=+418. 
e=18—-—2y,x=—18—-2y,. 
13y —2y?2+4y? = 115, 
—18y —2y?+4 4y? = 115, from (2). 
2y2+ 18y = 115, 2y2 —-18y = 115. 
(2y + 23) (y — 5) =0, (2y — 23) (y+ 5) =0. 
y =— 48,5; y= 33, — 5. 
t= 36, 33 0 = — 367 — 8, 
Given 222+ 382y = 27, 
ay y= 4 
F 8x2 + 12a%y = 4-27, from (1), 
and 27 y? + 27 xy = 4-27, from (2). 
27y? + lday — 82?=0, subtracting (8) from (4). 
(By —2)(9y + 82) = 0. 
yY=+%, y=— $a. 
202 + w= 27, 202 e 3¢?= 27, from (1). 
iii AE poe AT 
o= £3, eS = V2, 
y=tl, y=F 4iv2. 
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5. 1. Given mia? n2y2 = 9?; 
2 2 
2: ae 
a? 3 
22 
Shae a=", trom (2). 
p2 
mq? BX : 
4.0. ao 4 nm?) y? = 9", crouch): 
OF ae Y==+ bg . 
Vm2a2 + b2n? 
oleae pe pete OE Ss, rom: (8). 
V mia? + b2n?2 
6. 1. Given 7a? — day = 18, 
y a? +3 th 
pot Or aa 
3. Let Y = Ve. 
Then 1a? — 5 va* = 18, from) (1), 
1 7 
4, and | z +38= ae? from (2). 
18 7 
Domes x? =——_., x? = —___., from (3), (4). 
7—5v 1430’ 4) 
18 
6. 7 


Tbe 14se 
ae 5402 + 359 = 81. 
8 «. (270+ 81) (2v—1)=0. 
9 ry 


Stine v=— #7, v=h. 
UIDs “Po 27y =— 312, 2y =, from (8). 
Se 
Tre Ta? 4 "at = 18, Tat — fat = 18, from (1). 
ieee (7-27 + 5-31)a = 27-18, 142? — 5a? = 36. 
tS ie Ae oS , 942 = 36. 
7-27+ 5-31 
14, . t=+% V129, x=42 
15,3 Y=— 37-85 V129, y= 3-42 
16. . y =F fy V129, y=H+1 
7. 1. Given dey +y?—18=0, 
2: 4724+ ry —7=—0. 
Silex 2ley + 7y2=7-18, from (1), 


4. and 7202+ 182%y =7-18, from (2). 
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4. Ty? — 7202 + 3xy =0, subtracting (4) from (8). 
6. (Ty + 242) (y —34)=0. 

come y=—4Aa, y=son. 

eh ¢ 4g? — 2492 = 7, 92?+92?=18, from (7), (2), (1). 
Ow: ZN geal me 49 NR ro 
LOD e=+4,r7=+1. 

pee C= lly —— Ee. 

8. 1. Given oe — ay + y%= 21, 

Ze y2 —2ey =— 15. 

3. —15 42415 ay—15 y?= —15 - 21, 

4. and 2142 — 42 ey =—15- 21. 

5. 36 y? — d7 xy + 152? = 0, subtracting (8) from (4). 
6... (9y —32) (4y — 52) =0. 

eas Y=U, Y= 32 

Sb oe —to2+492?= 21, 2?—$a?4 23 a2 = 21, from (1). 
9. $a2= 21, 24942 = 21 

10 ie eee Oe 

1 eae NY ON geet Ae 

1 eae y=r V3, y =+ 5, from (7). 

9. 1. Given w+ ay + y? = 189, 
2. 5y2 — 4ay = — 75. 
3. 15 22 — Tiay — 154? = — 75-189, from (1). 
5-139 y? — 4.1389 ey = — 75-139, from (2). 


4 

5. «. 770 y?—481 ey + 75a2=0, subtracting (8) from (4). 
6... (77 y—252) (10 y—8 2) =0. 
is ce 2 
8 


5 (3§)?a? — 4. #f.a% = — 76, 
x2 + 8 02 + 79, x2 = 139, from (2), (1). 
@:.. ee ete 
ie OT 100 
10 or es 1, at 100 
772 
ii 
11 e=t »e#=+10 
V61 
12. - Nar a y =+8, from (7) 
V61- ; 
10. 1. Given aa? + b(x? + y?) = m, 
2. cy? + d (a + y?) =n. 


Sows anx® + bn (x? + y?) = mn, 
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4, and cmy? + dm (a? + y?) = mn. 
5. (an + bn) a? + bny? = mn, from (8), 
6. and dma? + (cm+dm)y? = mn, from (4). 
7... (an + bn — dm) x? + (bn — em — dm) y? 
= 0, subtracting (6) from (5). 
ee ae [<= + em — bn) yp. 
(an + bn — dm) 
im +cm—bn)7_, 
9... cy? q | ee | 24 dy? 
CN AD A erp en oan ee as 
=n, from (2). 
IOS ae [e dee a (Ce au a y2=n. 
an + bn — dm 


n 
tiles oe Y= a 
Acer 
an + bn — dm 
rey ce + bn — dm 
FS aNe(a Se) ad 


=i ule + b) — dm 
< c(a + b) + ad 


_ dm+em—bn an+ bn —dm 


12. ei 
an +bn—dm c(a+ b)+ad 
ed Os om ey 
c(a +b) + ad 
dm + em — bn 
13. X Ae qe 
3 c(a + b) + ad 
wr) ae (d +c) —bn 
~~ Ne(a +b) + ad 
11. 1. Given v2 —Qay + y? = 57, 
2 169 2? + 2y? = 177. 
Sh ae (% — y)? = 57, from (1). 
4, vie e—YH=s V 57. 
Diet: ee V57. 
6... 16902 + 2 (a = V57)2 = 177. 
7. «. 169024222 ~4V57x 4 114 


Lids 
8. «. 71a? = 4 Vb7% — 63 =0: 
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4V57 63 
9 2 = ae, 
171 171 
V5 5) 4-63 
AD ee coy a 57 1 16 ee 
171 2 1712 yal 
Vay RET 
Bt etal AL + V 57 - 193° 
ilyal 
Vii 4 ViT- 108 
12.. pee b7 57-19 + Voi, 
a from (5). 
13 ppc oO! + V57- 198 
j 171 


In these answers signs of the same row only are to be associated. 


12. 1. Given 322 —5ay+2y2= 14, 
2. 222 —bSay+3y2=—6. 
3... 18a? — 380ay + 12y?=6.-14, from (1), 
4. and 28a? — 70ay + 42y2 = 6-14, from (2). 
5 10a? — 40 ay + 3807? = 0, subtracting (3) from (4). 
Gre: w—4ay4+3y?=0. 
7 (© = sy) (x —y) =0. 
8 C= 347, 2S 7: 
9 18 y? — 154? + 3y2 =6, (2y?—57?+3 y2=6, from (1). 


IOs 6y?2 = 6, inadmissible. 
Aes ie 
Bes. x =+ 8, from (8). 


18. 1. Given 2224 2ay+y?= 78, 

2 v2 + ay +2y?2 = 74. 

3 227+ 2xy +4y? = 148, from (2). 

A 3y? = 75, subtracting (1) from (8). 
OR wy y=. 


Shy 2x2 4+ 10x 4+ 100 = 148, from (3). 
fs St e? - 6% — 2a), 
Bh oe (w — 8) (@ + 8) =0, (x + 3) (w@ — 8) = 0. 
Oh ae Coy — Os ei — Ope 
10. .. the solutions are + 8, #5; +3, +5, 
14. 1. Given 32y?—2x%y—11 =0, 
2. v?+4y2= 10. 
Shy a8 320 y? — 20 xy = 110, from (1), 
4. and 11a? + 44 42= 110, from (2). 
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5. «. lla? — 276 y? + 20ay = 0, subtracting (8) from (4). 
6. «. Ila —46y)(@+6y) =0. 
1 ; v= tty, c=—6y. 
8. . aa y+4y2=10, 86y? + 4y? = 10, from (2). 
Ones ill = 10, 40y2= 10. 
112 
11 1 
10 US es VES 
AEs: e = + ie » & =F 8, from (7). 
~ V65 
15. 1. Given 3822+ 18¢y + 8y? = 162, 
2. v—gy+y?=7. 
Sy ck 21x? + 91 ay + 56 y? = 7-162, from (1), 
4, and 162%? — 162 ay + 162 y? = 7 - 162, from (2). 
5 141 v2 — 258 ay + 106 y? = 0. 
Gh ees (Ba —2y)(ATx — 58y) =0. 
ies e=2y, C= Py. 
4 2 2 Dee 53? 2 5 — 
8 Ee Eee » pad See ee 
Tow ip oOla, 
9 94 =, 472 =1 
10 . Y a) 8) Yea ae 
11 L=+2, ©=+ 33, from (7). 
16. 1. Given (82+y)8y + x) = 884, 
2. (@ — y) (@ + y) = 40. 
Sh Ae 384 x? — 384 7? = 40 . 384, from (2), 
4, and 12022 + 400zy + 1207? = 40 - 384, from (1). 
5. «. 26402 — 400 zy — 504 y? = 0. 
Cas (8a —7Ty)(88x%+4+ 72y) =0. 
Vico SH OOK wl aes 
or 17 — Oy: 
SF. ds 49 y2 — y2 = 40, t sd al Sa from (2). 
One 40 y?2 = 40, 74°, y? = — 40. 
LO mss: y¥=t+3,y=411i. 
Thales 2 e=+7,% =F 9%, from (7). 
17. 1. Given 302+ 4ay + 5y?—48=0, 
2. 442+ 5ay — 36=0. 


as fate 108 w? + 144 ay + 180 y? = 48 - 36, 
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4. and 192 x? + 240 xy = 48 - 36. 
GES 84 a? + 96 cy — 180 7? = 0. 
Gas 7a + 8ay — 15y?=0. 
fhe, se (Ta + 15y) («— y) = 0. 
Sa 8 C=— Ty, t= ¥. 
Gh 2% 4. 225 y2 penne 4y? + 5y? = 36, from (2). 
. 10. «°. (282 — 528) y2 = 36, 9y? = 36. 
Linn 128 y2 = 12, y2=4. 
Aerie y= tH V16, y=+2. 
ey oe a=F9Vv15, x=+2, from (8). 
% 18. 1. Given 222+ 32y —3y?24 124=0, 
2. Ta — ry — y2 + 49 =0. 
Oe 98 x? + 147 vy — 147 y2 = — 124-49, from (1), 
4. and 8682? — 124ay — 124y? = — 124-49, from (2). 
Bx 770 «2 — 271 xy + 23 y?2 = 0. 
628 (110% — 28 y) (7% — y) =0. 
lames TOG 28-75 7a 9: 
8 pe es ee ey. 
23 232 
7a? — 722 — y? =— 49, from (2). 
os ase 208 Sah aga =—7, y2= 49, 
Dae . 
5 
10 ee Bi OT ay 7 
11 © =+ 238 Vi247 = + 23 Veal 
23-110 110 
1D Se ame ea ae Me ees from (7). 
23 110 


13. .. the solutions are +1, +7; +- 


————s 
223 ~ V223 


Exercises. CXXXIV. 


1. 1. Given x2 + y?2 = 41, 
2 CY = hs 
Ouse “2 — 2aey + y2=1, from (2): 
4. 2ay = 40, subtracting (3) from (1). 
SB uct x? + 2ey + y® = 81, adding (4) and (1). 
6 %+y=+49, from (5). 
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2x=10, —8; 2y=8, —10, 
adding, subtracting (6) and (2). 
ie T=), — Aero 45s 
.. the solutions are 5,4; —4, — 5. 


. Given w+ oey+y2=19, 


v2 + 2ey + y? = 25, from (2). 
xy = 6, subtracting (1) from (3). 


— 3ay =— 18. 
x? — 2uy +y?2=1, adding (1) and (5). 
e—-y=H4+1. 
er 2x = 6, 4, adding (7) and (2), 
and 2y = 4, 6, subtracting (7) from (2). 


TSS) Zoey 25 oe 


. Given x2 — oy + y2= 3 
y ; 


v+ayt+y2=7. 
2ay =4, subtracting (1) from (2). 
x? —2xy + y? = 1, subtracting half of (8) from (1). 


Ace ex—-y=H4+1. 
Also xu? + 2ey + y?=9, from (2) and (3). 
ci gty=+3. 

2%e=+4, +2. 


2y=+2, +4, from (5) and (7). 
@=+2, +landy=+1, +2. 


. Given 22+ 24+ 38(@+y) =4, 


8027+ 4ay4 3y?=3. 


Let LC=U-—v, Y=U+2. 
Then 2u?+2v?+4+ 6u=4, from (1), 


and 10 uw? + 22 = 3, from (2). 
: 8u?—6u=—1, subtracting (4) from (5). 
(4u —1)(2u—1)=0. 
u = 4, 4. 
10-7, +2v2?=3, 10-4+42v?=3, from (5). 


wat, w=z 
ete 4 V19, 0 ==-4. 
i @=1F1iV19, 4H, from (3), (8), 
. and y=t+H, 
or y=+F4V19, from (3), (8), (11) 
.. the solutions are 1,0; 0,1; #0 + V19), $(1 = V19). 
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5. 1. Given e+Vay +y = 14, 

2. a+ avy + y? = 84. 

3. @ + Vay ye ee = 84, from-(2). 

4, — Vay + y =6, dividing (3) by (1). 

Ona 2 Vay = 8, subtracting (4) from (1). 
Coes tiye= 16. 

fe Ps 2+y=+ 10, from (6) and (2). 

8. Also x—y=+6, from (6) and (2). 

le &: ees 
IK) es y=2, 8. 


The negative values do not satisfy equation (1). 


6. 1. Given 22?—2-5ay+ y?=0, 
2, 2(@ + y)? =3-6 (a2 + y?). 
The two equations reduce to the same equation. 
Hence the system is indeterminate. See page 201 of the Algebra. 


§ BB 
Glen Given : a ere ==, 
UE Ya 2 GS 
Wes al 
vas SS Sl 
cy 
3. Then (© +y + 4)68 = [ey + 2(e@ + y) + 4] 55, from (1), 
4, and e+y=Txy, from (2). 


Or 


(Tay + 4)63 = (wy + 14ay + 4) 55, 


from (8) and (4). 


5 a 

lone: 4 xy = +4. 
Say x + y = 7'5, from (4). 
9 


a 
x + Qay + y? = Ae. 
10 x? —2aey + y* = 74;, subtracting (7) from (9) 
le 2 e—YySst ys 
12... 20-5) 3 2¥ = ty te 
18. .. the solutions are 1,1; 1,1. 
8. 1. Given e—y=—4, 
2 ty 28 
Op as 5 
Scene 5 (a? + y?) = 26 xy, from (2). 
4. Let L=HUbyy =U. 
5. Then 20 = 4, 02) irom) (1); 
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r 6. and (2 u2 + 2 v?) 5 = 26 (u? — v?), from (8). 
eae 16 u? = 36 v2. 
Sener: u=+ 3, from (5) and (7). 
oh ee @=4+3+42=5, —1, from (4), 
10. and y=+3—-—2=1, —5, from (4). 
11. .. the solutions are 5,1; — 1, — 5. 
9. 1. Given z(x+y)—40=0, 
2. y¥(y¥ +x) —60=0. 
Oonats x? + xy = 40, from (1), 
4. and y? + cy = 60, from (2). 
O.78. x — y* =— 20, subtracting (4) from (8). 
6. Let e=uUut+vy,y=uUu-v. 
7. Then 4uv =— 20, 2uv =— 10, from (5), 
8. and u?+2uv+v?+u?—v? = 40, from (3). 
OF a5 2u? + 2uv = 40. 
LOR 2u? —10= 40, from (7). 
a eres UP = 25, 
DD aes WSs 
Bree. v =F 1, from (7). 
1 ee ~©=+5F1,y=+5+1, from (6). 
15. .. the solutions are + 4, +6. 
10. 1. Given 24?4 ey +2y? = 79.58, 
Os a? — Qay + y? = 21.29. 
By x 2a? —4ay + 2y? = 42.58. 
Bars 5 ay = 37, subtracting (8) from (1). 
5. 4ay = 29.60. 
6. v2 + 2ay + y? = 50.89, adding (5) to (2). 
eee 2 +y =+ V50.89. 
8. Also x—-Y =+V21.29, from (2). 
©h 6% x= 4+(+ V50.89 + V21.29). 
10; y = (+ V50.89 = V21.29). 
Exercises. CXXXV. 
1. 1. Given Cea ei i, 
2. at+y=—6. 
3. Let : Cit, ica! Wi, 
4. Then 2u = 6, u=8, from (2), 


and 2u? + 6uv2 = 72, from (1). 


on 


270 


be 
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Oh 54 + 18 v2 = 72, from (4). 

The wee wo=lv=+1. 

8.3 =8+1,y=3 $1, from (8). 
OES py aed He ea ee 

1. Given zt + yt = 97, 

De et+ty=l. 

3. Let C= +o, Y =U — . 

4. Then 2ut+12 u2v?+2 vt = 97, from (1), 

5. and uw =+4, from (2). 

6. 16 vt + 24? — 775 = 0, from (4). 

7. 2. (40? — 25) (40? 4+ 31) = 0. 

are v=t5,0=4 hiv31. 

Ory t=t4+3,y=4 F 3. 

10. Also a= $+Hhivei, (21s ee 
11. .. the solutions are 3, —2; —2, 3; 4(14iV31), 3 4(1#éV31). 
1. Given vt + yt = 337, 

2. Ty a 

3. Let DiS EO, a Ss — Oe 

4. Then 2u4+ 12 uv? + 2 vt = 337, from (1), 

5. and 2v=1, »=#4, from (2). 

Gb 2ut + 8u? +} = 337, from (4) and (5). 

7. 2. (4U + 55) (4? — a0 =O; 

Oars Ue + 1iv55, u=+3 

Oh ke Sea 4 aes 
10. Or @=4+4$4+h,y=+5-h. 

11. .. the solutions are eer 

4,8; —8, 4; A(G 066 + 0), $05 V55 — 1), 

1. Given 23 — yh = 279) 

2. Ly = 3. 

3. Let e=ut+t+vy,y=u-v. 

4. Then 6 uv + 23 = 279, from (1), 

5. and 2v=8, from (2). 

Oe es 9u? + 22 = 279, from (3) and (4). 

ene =4+Vl21=44, 

ish at e=+13+3,y=4+ 43 — 3, from (8). 
9. ... the solutions are 7,4; —4, —7. 
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5. 1. Given x + y> = 4149, 
2 aty=49. 
3. Let LH=UbV’YY=U—Y. 
4. Then 2ué + 20 u3v? + 10 wot = 4149, from (1), 
5. and u = $, from (2). 
9) <5 98 

Gress a + ; v2 + 5-9vt = 4149, from (4) and (5). 

Larabee ae aces ee 

7; + ‘ v? + 5vt = 461. 
8. .. 80v4 + 8240 v? — 815 = s 
SO ecka 16 vt + 648 v — 168 = 
10. Ry aes 
is 20=+iV163,20=+1. 
12... v=+4iv163, v=4+4. 
13... a= 241i V163, 

y = % ¥ 41 V163, from (12), (5), (3). 

14, Or 2=2+4,y=2F 1, from (12), (5),(3). 


15. .. the solutions are 5, 4; 4, 5; $(9 +i V163), $(9 $i V163). 


6. 1. Given a?+ y?+ ay (x+y) = 154, 
2 x + yB — 3 (a? + y?) = 50. 
ah oa Lar y2+3aey(e+y) = 462, from (1). 
4... 8+ y3+3ay (e+ y) = 512, adding (2) and (8). 
aes (Gay)? 12: 
On & et+y=8. 
7 x2 + y? + 8xy = 154, from (1) and (6). 
Sins x2 + 2ay + y? = 64, from (6). 
ths ake 6 zy = 90, subtracting (8) from (7). 
One 4xy = 60. 
Nee aoe x? —2ey + y2=4, subtracting (10) from (8). 
ies eh 24=84+2, 2y=8F2. 
14. . fi = G8 OD) = By, Oy 
op 6 xty=w-8, w?-8 also. 
These easily furnish four complex sets. 
: Lyd 
Wee lay Griven. Aaa 19, 
i, il 
2s ie ils 


ae v eee 
3. Let Ses Lites : 
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Then 6 u2v + 23 = 19, 
and 21 O14. 
, 3u2+4+1=19, from (4) and (5). 
u= +3. 
1 . dle 5 
go tate’ y Se » from (8), (5) 
T=}, —-$35 Y=) —F 
Given Vl" ats gel ca 
Y ee AD, 
ie lel © 
= ob SS" S50 
oc y xy 
z + e 4+2= = squaring (1). 
yY « 4 
2 2 — li xy 
oe) SI 4 ’ 
. and z+y=10, from (2). 
3. Let CSCO, YH U— v. 
. Then 2 u% + 202 = 12 (u2 — v2), from (4), 
and Ze 10) =5, From. (6): 
4 50 + 2v? = 147 (25 — v?), from (7) and (8). 
260? = 295, i aby 
5 +3, eae 5 + 3, from (6), (8), (10). 
C= as 2; Y= 2 8. 
‘ a 4 
. Given Ve+y+ Se 
Ve+y 
gy? 34 
te 15 
.a+y—4Vat+y+4+4=0, from (1), 
and — 15 (a? + y?) = 84ay, from (2). 
: oie wwe —2) = 0, from (8). 
e+y=4, «+y=4, from-(5). 
v2 + y? = 16 — Quy. 
15 (16 — 2ey) = 384ay, from (4). 
64 ay = 240, 4ay = 15. 
xv —2ay + y2 =1, from (9) and (7). 
e-y=+1. 
2x%= 5,3; 2y =3, 5, from (6) and (11). 
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18. .. the solutions are $, 3; 3, &. 
The ealntigne are not repeated as might appear from step 6, since 
the two 4’s result from squaring the factors of a) when equated 


to zero. One set is regarded extraneous. 


Miscellaneous Exercises. CXXXVI. 


1. 1. Given ee +43 =b, 
2. er+y=a. 
3. Let C= UE, YY =U — A: 
4, Then ae ee 6 uv? = b, and 2u = a, from (1) and (2). 
5. —— = SQne = 0; 
5 : cas 
5 Ae 
6 ae Ve a 
124 
a es 
ff i = ) 
Dee? 3a 
aot [40 
Ses a Va from (3 
Ee sees era! (3) 
aes 
8 ges Se te = 
2 34 
1 402 — a8 
y=5(a4\-—) 
2 oa 
2. 1. Given x? — xy + y* = 124, 
». e212 = 44" 
3. Let Y= ON: 
4. Then x? — ve? + va? = 124, 
5. and x? — y24?2 = 44. 
Ons - uae ae » from (4) and (5). 
1—v+ a i= 
Ula we 31(1 — v’) = 11(1 — 9 4 v2). 
Sars 42 v2 — 11¥— 20 = 0. 
9. (6v — 5) (70+ 4) =0. 
Oise =%, —F.- 
Thi leelnee a2 = oe = » from (5). 


Lea (= 9) 
Boss. 2=+12, +34 V3, 
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13 y='-4+12; y=— 4-414 V3, from (3) 
14 y=+10, $3 V3. 
3. 1. Given x? + y? = 82, 


2 

3 y3 = x — x, from (2). 
4... a? + (2 — xt)? = 82, from (1). 
Deas a? + a2 —Qa% 4+ 2 = 382. 

Gare — ai + ¢2—-22=0. 

7 x—v—2=0,2=0. 

8 (xt — 2) (a? + 1) =0, e =0. 

9 x = 4, (— 1)?, 0. 


LOS y = 8, 8, 0, from (2). 
4. 1. Given yVy=17 Vy +42, 
2. eH4 Vy +172. 
3 aes Ld 
3 Vy = ae from (2). 


x3 —172\2728 — 172 fe —1Tx 
a ( i ) ri =r r ) +42, from (1). 
Fee Bp ne = 2 417 
Be a2(= “ye = \=17-5 Se et 
4 4 A 
6. Let 2 17 then. a= eee 
ieet e = Ae 
7 Pe co ee from (6) and (5). 
ao g@ tlt) _izt 16 
64 4 


9. ». 2441723 —16-172 —162=0. 
10... (g2—16) (22+ 164172) =0. 
LL. «. (2 +4)(2—4)(2+16)(z+1) = 0. 


19.8 ge 4,4 166 Re 

18... 22 =—4417, 44 177— 164 17, —1-F 47, 0, from (6), Ge 
14... ¢= —V13, V21, ze ae A 

Wists ie — aIBh 2], 16, al 0, from (2). 


The signs to be associated are determined by selecting those which 
are consistent with the given equations. Other combinations will 
satisfy the given equations if Vy be taken minus. 
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s 


. Given x? + y? = 25 1y?2, 
toy =o i 
2ey = 1, wy? = =1,, from (2). 
ee ve 


= 34%, from (3) and (1). 
= 


is 44 
Also —2ey+y= 4,, from (8) and (1). 


: and e—yo=t a from (5). 


Given 2+y2?—2—y=i, 
AV fan 
2xy = 2, from (2). 
(%@ + y)* — (« + y) = 13, adding (8) and (1). 

Sl )@+y+i=0. 

T+ y= 3, —}. 
iiss x? + 22y + y? = 25, 2, squaring (6), 
and 4zy = 4, from (8). 
4) a ae oe +i vi, 

square root of [(7) — (8)]. 
| $4 V7, from (6) and (9), 


ov 


2%—=4,1, — 


* 3 
. and 2y =1,4, —3 + 4i V7, from (6) and (9). 


} i-V7). 


v= 2, ad GeO 


y =4,2,4(—3 Fiv7). 


. Given Va + Vy == 12. 
x? + y? = 3026. 
Let Ve=utv, Vy=u—v. 
Then 2u = 12, u=6, from (1), 
and ut + 6 u2v? + vt = 1518, from (2). 
vt + 216 v2 — 217 = 0, from (4) and (5). 
(v? — 1) (v? + 217) = 0. 
v=tlv=+ iV217. 
Vx = 6 +74 Vv 217, 
Vy = 6 # i V217, from (3). 


Or Ve=641, Vy=6F1. 
a =— 181 + 12% V217, 49, 25. 
y =— 181 £ 12% V217, 25, 49. 
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1. Given 3 (a + y*7) = 10(@+ 9), 
2. 9 (at + y*) = 34 (a3 + 9). 
8. Let Ye Swe: 
ea 3a2(1+ v?)=102(1+ 2), from (1), 
5. and 9x4 (1 + vt) = 3423 (1 + v3), from (2). 
MS Cg Oe a aS eae mee : 
: 3. =—- » dividing (6) by (4). 
6 Pik eke IE a g (5) by (4) 
regen ee 4Fv+1=0. 
1\2 
8. (v+—) -S(v4-)+15=0. 
ut - 2 s(° + -) + 15 
1-24 le eal 
a -——)=0. 
; ae 4 )(e . v 4 
5 
1Os3 pti abt =>. 
We ac v2—6v+1=0, 2%—3v4+1=0. 
12. v=842 V2, 0=2, 4. 
LS vee y = (8 £2V2)2, Y=H=2e, y=—+4+ea, from (8). 
14. Also 322 (1+ 4) = 10%(1 + 2), from (12) and (4), 
3a? (1+ 4) = 102 (1 + 4), from (12) and (4), 
3a2[1 + (8 + 2 V2)2] =102(14+3+42 V2), from (12), (4). 
15... = 0, 2, 4,4¢ (2 + V2), from (14). 
16. ©. y = 0, 4, 2, 10(2 + V2), from (8). 
1. Given (a? + xy + y?) Va? + y? = 185, 
2, and = (a? — xy + y?) Vaz + y2 = 65. 
3. Then 2ay Va? + y? = 120, subtracting (2) from (1), 
4, and 2 (a? + y2) V2? + y? = 250, adding (2) and (1). 
eee (x? ae: 2)3 — 125, from (4). 
ay 24 y2 = 25, from (5). 
ean xy = 12, from (6) and (8). 
gt a2 4 = = 25, from (6) and (7). 
ony xt — 2502 4+ 144 = 0. 
OSes (x2 — 9) (x? — 16) = 0. 
aes e=+3, +4. 
WR y=+4, +8, from (11) and (7). 


Each ot of roots may be multiplied by w or w?, as appears from 
(5) and the given equations. 


zt 
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; y 9 Vz 81 Vx 
LOy et G 2a ee neo ¢ ; 
ven 3 ry =F (2y + 9) ‘i 
vy Beds 
2. and V4 3af = ee 8 
ue Y x4Vy 
Vy. 
BisThen). “lee ety 29 /x, trom (1): 
ae y xy 
4... y2— 184 Vx —2ay Vz = 81. 
5 —2aVz(9 + y)=81 —y2 
Oona eee Ce 
Vy, 
ae Fee aise Brine 
1S, as y+ aL a xz, multiplying (2) by a. 
ie Wy ying (2) 
— —3(y —9) Se i es 
‘ok, ans Vy AB = ee ot Se » from (6). 
5 5 69 y—9 
9 a ania See 
2 Vy 2 
5 y—9 
10:42 5-9) = vy-* 
i ae y =9, y = 25, — 9, from (10) and (6). 
12. cae: 2 =0,¢=4, —i V18, from (2). 
11. 1. Given Vx2 + 144 + Vy? + 144 = 35, 
2. ay = 144. 
ts ene Var + ay + Vy? + ay = 
substituting from (2) in (1). 
As Va + y (Ve + Vy) = 35. 
5. Vey =+ 12, from (2). 
6... (x+y) (@+y Ht 24) = 35 
“ness (4), substituting (5). 
7... (w+ y)? + 24 (x + y) — 1225 = 0. 
Soe (w+-y + 49) (e@ + y F 25) =0. 
On ety =+F49, + 25. 
1022. V49 (Va + Vy) = 35, 
V25 (Va + Vy) = 35, from (4). 
Piss? Ve4+ Vy =4+5, Va+ Vy =H7. 
12. e—2Vaey+y = 73, 


a—2Vay+y=1, from (5) and (11). 
‘cess Van — Vy =4+V738, V2 — Vy = 41, 
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ra. Va = 4(45+4V73), 
Vaz = 1(4+7+1), from (11) and (13), 
15. and Vy = 4 (454 V73), 


Vy =4(+7 #1), from (11) and (13). 


16... z= 4(49 + 5 V73), 16, 9. 
1 eR y =} (49 = 5 V7), 9, 16. 


If — 49, — 25 are used in step 10, x =— 16, —9, andy=~—9, —16. 


1. Given V2 — y2 — Va? + y2 +2 =0, 
Dy Ve +y—Ve—y=1.5. 


3. a — y®+a24+ y2? —2Vet — yt =4, squaring (1). 

4 Vat — yt = 0? — 2. 

5. Va? — y2 =x — 2, squaring (2). 

6 V x2 +y2 =2-+ 4, from (5) and (1). 
7 (@-) (e+) =e —2, from (6), (5), (4). 
Gir: 4 vow 2 

9 © = $3. 

0 8 = (B42) trom 
IN ee yao t-te +t =k 
19.3: y= Vit =4 8 -V14 

13. .. the solutions are $3, + ? Vi4. That these are extraneous 


may be seen by auheutaeng in (2) 

V5 66 4 a-V1i4 — Vea 4314 

4 Vos + 12 Vid — 1-65 $ 12 V14 

Neer ~ V65 = 2 V36- 14) 
—1(Ve5 +2 V50-9 — V65 + 2 V56-9) 
= iL (V5 4 Vi) F (V9 = V56)] 41.5 

if the corresponding signs of the parentheses be taken. If, 


however, these signs be taken both positive, which is taking 
opposite signs of the original radicals, the result is 1.5. 


AS 


1. Given a+y—2Vay —Ve+Vy = 2, 

2. Ve+Vy =7. 

3.0. (Va —Vy)? — (Va —Vy) — 2 =0, from (1). 
4.. Va —Vy =2, — 1, from (8). 
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14. 


15. 


aes 


ee he 


Dn 


Besos 


1, ats 
INS enor 


DIAM 


OR 9 
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2Va =9, 6, 
and 2Vy=5, 8 
GR fy == a 9, 
and y = 25, 16. 
Given ee ae 
Va +Vy = (Va —Vy) (Va + Vy). 
V2 ++ Vy = 0» Viz —_Vy =n thon). 
: Vz =—Vy, Vi =1+Vy, from (8), 
. and 2y = Vay, from (1). 
ea Vi 
2Qy=Vy a+ Vy), from (4) and (5). 
Oy 01s 
x=0,x2=1, 4, from (4) and (7). 
. Given wv? —6ay + 9y? —44%4 12y =— 
v—2ey+3y?—4¢+ 5y = 83. 
.. (w—d8y)?—4(x%—8y) +4= 0, from (1). 
[(@—8y)—2)?=0. 
e=2+38y,7=24+38y. 


 @4+8y)?—2y (24 By) +8y?—4(243y) + dy 
= 53, from (2). 


fo Bp IR ae OU —— 2) SOP oe 


= 53. 


6y2+ y —57=0. 
(6y + 19) (y — 8) =0. 
Uf 3h, 3 
—19 
= 23 —,€=2-+5-8, from (5). 
De a el 
the solutions are — 73, — 84; — 74, —84; 11, 3; 11, 3. 


38y2-—8—-—12y+5y 


The sets are repeated because of the square in (4). 


Exercises. CXXXVII. 
Given 44? = 9 xz, 
Te SOU ey 
928 = 4 xy. 


36 x3y3z? = 36 - 


86 + x2y222, 
Lye —=0; vyz = 36. 
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36. eee SOs ero 
Grae: DU as OF ae gee ae 
36 
ites’ Sen from (1), 
8. x3 = 36-0, 36 eh from (2), 
9. 920 =4.0,4- 5, from (3). 
OS y= Os a — SIG) from. (7): 
ik: 2° — 0; a= — 364 from (5), 
12. 23 = Oho al, tron (9): 
IGE ek x=0, +6, + 6%, from (11), 


y=0, +38, + 3%, from (10), 
z2=0, +2, + 2%, from (12). 
14. Substituting in the given equations and rejecting the extra- 
neous values, the solutions are 
x=0,6, 6, —6, —6, 
y = 90, 3, — 3, 3, — 3, 
@=0,2, —2, —2, 2. 


2. 1. Given w+ y?+ ay = 19, 
2. y? + 22 + yz = 37, 
3. 22+ 72 + ze = 28. 
a 22 —y? + x“(z — y) = 9, subtracting (1) from (8), 
5. y? — a+ 2z(y — x) =9, subtracting (3) from (2). 
(Oh OF (¢—y)(«+y+2)=9, from (4), 
il (y—2)(e@+y+2)=9, from (5). 
So - =1, dividing (6) by (7). 
Ore ss 2y=24+u. 
10. .:. w+ ear + oe = 19, from (1). 
Us Be: Ta +4424 22 = 76. 
12. Let D = v2. 
76 
13. Then cg ke Cee o from (11), 
28 
14. and 22 = ———__, from (8). 
v+tu+1 
Looe 38 (v2? + v + 1) = 14(702 + 40 +1), from (14). 
Ga 60 v2 + 18 — 24=0. 


vines (50 +4)(20—1)=0. 
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LOR i 4, d. 
Ae ee x =—4$z,x%=}2, from (12). 
CAE x? — $2 + 23 92 — 28, from (38). 
21. Or x? + 242 + 442 = 28. 
22. © =+4%V3, +2, from (20) and (21). 
Bie. eh V3 8 M10 
© Seow z a 3, +4. 
OA, y =F i V3, +3, from (9). 
25. .. the solutions are x#= 8 V3, —3 V3, 2.2 
y=—}V38, $V8, 3, — 3. 
Pa IONS IOVS 4, A. 
1. Given ein = a 
“YZ 6 
9 g2 - 2 , 5 
LYZ 3 
3 YP e218 
LYZ 6 
As: x? + y2 = §ayz, from (1). 
Dies 2+ 22 = 2ayz, from (2). 
Guess y? + 22 = 13 xyz, from (8). 
2 2 
7. - : v s . from (4) and (5), 
8. a = a » from (6) and (4). 
y2+2% 13 
Os Ss xv? — 224+ 2y?=0, from (7), 
10. 13 42 + 8y? —5z2=0, from (8). 
ILS eps 402+ 8y?—4z22=0, from (9). 
Wee 9a? = z?, from (10) and (11). 
eset 2=+32a, from (12). 
43 S22 = 22 y= 2, tromi(9): 
Les 2 a? -+497=+4 3-623, from (1). 
NOE See i= Oe te 1. 
liens y =0, + 2, from (14). 
Somes z=0, +3, from (13). 
19. ... the solutions are- #2=1, 1, —1, — 


y=2, —2, —2, 2. 

z2=3, —3, 3, —3. 
These values with different associations of signs and the zeros do 
not satisfy the given equations. 
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4. 1. Given ven a 
cect+y 2 
Lyz 
2. yee 2, 
3 eye Be 
Z2+2 i 
4 x+y = xyz, from (1), 
5. y+z2=+4z2yz, from (2), 
6 z2+a=,, «yz, from (8). 
7 EY 2) dividing (4 by ©). 
z+a 7 
8. wD 4. dividing (4) by (6): 
Ga ey 
Ore 82+Ty—4z=0, from (7), 
10. 9x%+5y—4z=0, from (8). 
110 ECs 6x —2y=0, from (9) and (10). 
1s eat ¥=93e, trom (Jil), 
13. 24% —4z=0, from (9). 
14s: , 2 NOEs 
15. . Eee! front): 
e+3a 2 
16.5 ISge—t8y. «. c= 0, +1. 
NG y =0, + 3, from (12), 
18. 2=0, +6, from (14). 
19. .. the solutions are Goatees | Wy ead We 
P= 3, — ss 
z=6, —6. 
Exercises. CXXXVIII. 
| ieee het x, y = the numbers. 
2. Then x—y=l11, 
3. and ve? + y? = 901. 
4 x? — 2xy + y? = 121, from (2). 
bh. 2ay = 780, subtracting (4) from (3). 
oe (« + y)? = 1681, adding 2 - (5) to (4). 
en et+y=+41. 
Sic: 2% = 52, — 30; «= 26, — 15, from (2) and (7). 
9. y = 15, — 26, from (7). 


_ 
7 


.. the numbers are 15, 26; — 15, — 26. 
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2. 1. Let x, y = the numbers. 
2. Then x+y = 30, 
3. _ + y? = 458. 
4, x? + 2xy + y? = 900, from (2). 
ob 2ay = 442, from (5) and (4). 
6. (x — y)? = 16, subtracting (5) from (8). 
ite e-—y=i4. 
Sos: i Nipel Ss Vo, h(t bron (2) am): 
9. .. the numbers are 17, 13. 
3. 1. Let x, y = the numbers 
2. Then ety = cy = 2? — y?. 
Sos e+ty=(e@+y)(e—y). 
4. 3 Ty — Os tie, 
oY. Api Prine 1 EY 
Gar sy=0, 2y+1l=y(1+y), from (2). 
Teh Y— 052 yl 0; 
Cicer y=0, y=t+4rV5. 
oe 2=0,e=$+H 1/5, 
10. .:. the numbers are $(8 + V5), $(1 + V5). 
4. 1. Let x, y = the numbers. 
2. Then v2 + y? = 421, 
3. — ¥y% = 29. 
4. . 2x? = 450, adding (2) and (8). 
Svar. e2 = 225. 
Geo. e=+ 15. 
tome y =+ 14, from (3). 
8. Pihe numbers are 14, 15; — 14, — 15. 
Sale Let ; = the fraction. 
2. Then ba qieis 22) 
y 8 
3 ay = 14,440. 
Aioniss oy? = 14,440, from (2) and (8). 
(sSenee y? = 23,104. 
6. We Sp 
yas ae © =+ 95, from (8). 
8. .. the fraction is =%3;. 
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len Leb 1, 7 = the radii in inches. 

2. Then mry2 + ro? = 24,640, 

3. nt+re= 112: 

4. re 4 re? = _— ~ 7840. (2 = 31.) 

5. ry + 27ry7ro + ro? = 12,5644, from (3). 

( G 271r2 = 4704. 

Oe ry — 2ryre + 7? = 8136, from (4) and (6). 

Sas T, — Tg =+ 56. 

Ob ot 7 = 84, re = 28, from (8) and (8). 
10. .. the radii are 84 in., 28 in. 

el Ti a 
2. (2-102? + 2-10 +4 3) (4-10? + y- 10 + 6) 
= 103,518. 

3. .. (2084 20 y)(406+10 y) = 103,518, from (1) and (2). 
Chee 4y? + 208 y — 422 = 0. 

5 (y — 2) (4y + 211) =0. 

(Chen y=2,y=—2n. 

(sree: e=4, — 211 from (1). 

8. .. the tens’ digits are 4, 2. 


. dabet 10a + y = the number. 
2. Then e+ y = 11, 
3. and (10% + y)y = 296. 
Ee: x=11—~y, from (2). 
5. (110 — 9y) y = 296. 
6. 9y2 — 110y + 296 = 0. 
Ms (9y — 74) (y — 4) =0. 
toe y = iA, 4. 
Ch Ss Ye 
10. .. the number is 74. 
eo eeluet x—1,%, %+ 1 = the integérs. 
2. Then (@ + 1)? = a + (@ — 1)2. 
Oss v4+2e+i= e+e 2e44, 
Ao v2?—427=0. 
Ovens wa One 
6. .. the numbers are — 1, 0,1; 8, 4, 5. 
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LOSS Bet “, y = the first and third parts. 
2. Then 102 — x — y = the second part. 
one y= 32, 
4. xy = 102 (102 — a — y). 
Bs $a? = 102 (102 — $a), from (8) and (4). 
6 x +1707 —6-342=0. 
ie (x — 34) (x + 204) = 0. 
Bh od a = 34, — 204. 
Oye y = 51, — 306. 
10. .. the parts are 34, 17, 51; — 204, 612, — 306. 
il. Wes x, y = the lengths of the edges in inches. 
2. Then x + y3 = 407, 
3 a+y=ll. 
A ae x? — zy + y* = 387, dividing (2) by (8). 
5. x? + 2ay + y? = 121, squaring (8). 
Giver xy = 28, from (4) and (5). 
7 a? —2zxey + y?=9, from (4) and (6). 
8 L-—y=+3, 
9: x= 17,4, from (8) and (8). 
LOS y =4, 7, from (6). 
11. .. the volumes are 343 cu. in., 64 cu. In. 
12. 1. Let x, y = the two numbers. 
2. Then ay+tuet+y =89, 
3. wy—x—y=—dSl. 
ee 2xy = 140, xy = 70, adding (2), (8). 
Gea 2(¢@+ y) = 38, ©+y=19, from (2), (8). 
6 x? + 2ay + y* = 361, from (5). 
1 Pe x2 — 2ey + y? = 81, from (4) and (6). 
Sake a—-—y=+9. 
OL re z= 14,5; y=5, 14, from (5) and (8). 
10. .:. the numbers are 5, 14. 
13. 1. Let x, y = the number of inches in the sides. 
2. Then C= ey, 
3. and Lay = 5082. 
Ane. 2.3.y? = 5082, from (2) and (8). 
Ss ae y? = 14-1694. 
(iy ae y=t+2-7-1l=4 154. 
The x =+ 66, from (2). 


8. .. the sides are 154 in., 66 in. 
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14. 1. Let x, y = the numbers. 

2. Then x(y + 1) = 660, 
3. and y (« — 1) = 609. 
Ae x+y =51, subtracting (3) from (2). 
5. x=51—y. 
6. (51 — y) (y + 1) = 660, from (2). 
Us & y?2 — 50y — 51 =— 660. 
tls y? — 50y + 609 = 0. 
9, (y — 21) (y — 29) = 0. 

iQ) y = 21, 29. 

ill % = 80, 22, from (4). 


12. .. the numbers are 30, 21; 22, 29. 


15. 1. Let x = the number of dollars of capital, 
and yr = the rate of interest. 
2. Then (5r + 1)x = 4600, 
3. and (4r + 1.04) « = 4640, by the given conditions. 
br+1 a eine ' Dare 
4 ap 16k 11 dividing (2) by (8). 
Bilas 580 r + 116 = 460 r + 119.60. 
he 12077 3.6, r= 003: 
7 x = 4000, from (2). 


8. ae capital is $4000 and the rate is 3%. 


16. 1. (w- 102 + 10 +7) (2-102 + 10y + 2) = 83,054, 


2. and y=2+38, given. 
Sais (100 @ + 17) (6% + 116)= 41,527, from (2), (1). 
4 500 a + 11,685 x — 389,555 = 0. 
Ose 100 2? + 23387 « — 7911 = 0. 
(aloe ise (100 x + 2637) (« — 8) = 0. 
neat Gi ZOO ens 
Sieess y = — 23.87, y=6. 
9. .. the values of x, y which satisfy the problem are 3, 6. 
17. 1. Let 102+ y = the number. 
2. Then A ea) = y ’ 


5. and 10y + «—(10a@ + y) = 3 ay, by the given conditions. 
ae. 9(y — a) = Bay. 

Onna 12(y —2) = 2ay= 102+ y, from (2) and (4). 
Bie 12y—-12%=10¢e+y. 


301.) 


13s ae 


. .. the number is 36. 
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Afi DO eee 
12(2% —x) = 2-2-2, from (6). 
WEY 4025 

pO oe 
y =0, 6, from (7). 


Let # =the number of yards in the cir- 
cumference of front wheel, 
and y =the number of yards in the cir- 
cumference of rear wheel. 
ae 1782.5 ys _ 1782.5 
x y 
and ills ns ee by the given conditions. 
Dae Yae x: 
1 phil ae 
4e+3 1732.5 4y+3 
1 To 38 
4243 4y+3 1782.5 
4(y — 2) 4 


(4a +43)4y+3) 247.5 
247.5 (y — 2%) = (4a +4 3) (4y 4+ 38), 


ee ny » from (2). 
z y 1782.5 
Viantae Ge £160 

ay  7-247.5 


247.5 (y — v) = 195 xy. 
10.5 (y — ©) = xy, from (10). 
247.5(y —%) =16-10.5(y—2)4+12(@@+y)+9, 
from (7) and (11). 
26.5(y —x%) =4(a+y) +3. 
22.5y = 30.52 + 3. 
«, 80.522 — 81a — 31.5 =0, from (11) and (14). 
*, (30.5 @ + 10.5) (2 — 3) = 0. 


1.6 
eA Oe trom (s.). 
dS ogre ; C5 


-. the perimeter of the wheels are 3 yd., 4.2 yd. 
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Uwe. et, x, y¥, 2 = the number of feet in the length, 
. breadth, and height of the room, 
respectively. 
2. Then ty 210, 
3. 2 = 135, 
4... Yo AG. 
Daas = as from (2), 
x 
135 
6. and — oe from (8). 
poe eebO US = 126, dnomn (6), (6), AY 
coe ate 
oy 126 a2 = 210 - 185. 
OS C7225. 
10. oe ote 15. 
ieee y=+ 14, from (5), 
12. z=+9, from (6). 


13. .. the dimensions of the room are 15 ft., 14 ft., 9 ft. 


20. 1. Let x, y = the number of yards in the length 

and breadth. 

2. Then Ly = 8.684 {43 ay, 

3. and 42+ 7;y = 1.7, by the given conditions. 

Cea xy = 20.48, from (2). 

5. 2% + y = 27.2, from (8). 

OR: x (27.2 — 2”) = 20.48, from (4) and (5). 

is a? — 13.602 10:24. — 0. 


8. (x — 12.8) (ew — 0.8) = 0. 
One Ci TASES: 
10. y = 1.6, 25.6, from (4). 


11. .. the dimensions are 12.8 yd., 1.6 yd.; 0.8 yd., 25.6 yd. 


21. 1. Let x = the number of yards’ decrease in 
the width, 
and y =the number of yards’ increase in 


the length. 
2. Then (119 + y) (19 — 2) = 19-119, : 
3. and 2x — 2y = 24, by the given conditions. 
4, «5 19-119+19y — 119% — ay 
= 19 OS irom Gh) 
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Di zy + 119% —19y=0. 
6... y(y + 12) + 119(y + 12) —19y =0, from (8) and (5). 
ee y? +112y + 12-119 =0. 
8. Y= = 56421 V 1122 4" 19-19 
== 56 229 27 
=— 56 + 41.328 
=— 14.672 + or — 97.828+. 
Ones % = — 2.672 + or — 85.828+, from (8). 


These results show that the length is actually decreased and 
the width increased. If the problem stated that the perimeter 
is increased the results would be « = 2, y= 14. 


1. Let x, y = the respective rates per second. 
2. Then (50 — 7 x)? + (186.5 — 7 y)? = 852, 
3. and (50 — 9a)? + (186.5 — 9 y)? = 682. 
Ay 49 (a? + y?) — 700” — 14. 186.5 y = — 13,907.25, 
5. and 81 (a? + y) - — 900% — 18 - 156.5 y = — 16,508.25. 
Oh 24 y?2 = 76.26, 
dividing (4) by f (5) by 9 and subtracting. 
gee . 100% + 273 y = 2520.50, 
from (5) and (6). 
Stace: C= 1201205) 2a oe 
Orne y? + (25.205 — 2.75 y)? = 76.25, from (6). 
TOS 8.4529 y? — 2.2.73 - 25.205 y = 76.25 — 25.2052. 
Il. .. 8.4529 y2 — 1387.61930 y + 559.042025 = 0. 
ere (y — 8.5) (8.4529 y — 65.76965) = 0. 
‘ oe , 2 86:169607 - 131987 
tose Sy aa 
55 
14s: a=2, w= 3 from (8) 
15. .. the rates are 2 in., 8} in. per second ; 3§4433 in., 7424387 in. 
per second. 
1. Let «, y = the number of inches in the sides. 
2. Then oe? + y? = 172 = 289, 
e y? — x? = 161. 
PE 2y? = 450, adding (2) and (8). 
iS ate y=+15. , 
Gis: x =-+ 8, from (2). 
7. .. the sides are 8 in., 15 in., or, producing them through the 


Portes of the right anal, — 8in., — 15 in. 
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24. 1. Let ae the fraction. 
y 
2. Then ee 
y—2 2 
3. and pagal 222 a 
(aie a ND 
4 x2 + 2a = y2 —2y, from (2). 
Bem y2—wa=2(y+2). 
Cire. y—-e2=2,y=—--f. 
les Y=2+%,yY=—2. 
aes 2) 
8 Sa so 28. from (3). 
e+4 x 15 
Qe ss 22 —Tx—15=0. 
dere (2% + 8)(@ —5) =0 
DW ae e=—3,0=0. 
12 P= 1 Y=, from. ()) 
13. .«. the fraction is Eo. ne 
eae Sy 
y =— win step 7 is inadmissible since : is not an integer, 
x ; 
25. 1. Let 5 = the fraction. 
2, Then ae Ee 
y yYy °9 
. 2 
38. and aie + aes eat 
y— 2? ey 60 
Bt: 3(2% —2)=5y, from (2), 
227 — 22 2 
5. and si ed : at from (8). 
y(y—2) 60 
6 120z(y — 1) = 121ly(y — 2), from (5). 
5 6 
7. 0 1205 nt ee (y — 1) = 121y(y — 2), from (4) (6). 
8 21 y? — 262y + 120 =0. 
9... «(2ly—10)(y — 12) =0. 
LO es Yraorty Yt 
eles % = 38,2 = 11, from (4). 


12. .. 14 is the only proper fraction. 
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Review Exercises. CXXXIX. 
2—] 
1. Given ge ee a, 
qy+i 
x — 1 
2. a = 
by 
3. Then a?—1—y2?—1=9, from (1), 
4. and x=l1=y, from (2). 
5. x=y+1, from (4). 
ime yt dy +1 4 OED es from (3) and (5). 
8. . 1S 6, from (5). 
35 5 
Check. “— = a’. a = 
26 be 
1. Given C=O = ttt; 
2. Then i= Ose es Ores 0s 
Bae: a (x — i) (% —%) =0. 
Ans vs — 212 —-x2=0. 
1. Given es 
ay 
2. by - be = (03)8, 
C& 1 
3y, C2 — c—3 
4.. % —Yy =2, from (1), 
5. y+z2=9, from (2), 
6. %—z=8, from (8). 
Ue x+y = 12, from (5) and (6). 
85 2 «=, y = 9, from (4) and (7). 
Qi sh z=4, from (6). 
Check. as =a. 6°-64=0?. a = as 10 
a Ce we 
1. Given aty=a+t+bd, 
aoe Tene 
2: Ceo bed 
Shee bs — ay = a? — b?, from (2), 
4. ba + by = ab + b?, multiplying (1) by 0. 
5. (a+ b)y = 26? + ab — a?, 


subtracting (3) from (4), 
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oe see EES 
a+b 
Hiatt: z=2a-—b, from (1). 
Chee: 2a-b 2b-a_a_ bd 
b bo a 
5. 1. Given 4y+5z=11, | 
2 38z2+6z2=9, 
| 3 824 —3sy=4. 
pee 12y + 152 = 883, multiplying (1) by 3, 
5. —12y+32x=16, multiplying (3) by 4. 
Gaas 82% + 152 = 49, 
7 80a + 15z= 45, multiplying (2) by 5. 
8 22 = 4, «= 2, from (6) and (7). 
Ws y = 4, zg =— 1, from (8) and (2). 
Check. 4-4+5-—1=11. 3--146-2=9. 8-2—3-4=4, 
6. 1. Let x? + ax + b be the integral quadratic function. 
2. Then 4+2a+b=0, 
3. and 9+38a+b6=0, by the given conditions. 
Cees 5+a=0,a=— 5, from (2) and (8). 
ess b= 6, from (2). 
6. .. v2 — 5a + 6 is the function. 
Or (x — 3) (w — 2) = 0 is the equation whose roots are 2, 3. 
. @ —5az + 6 is the function. 
le a (ee Panis ae) Crete Oe): 
2. (BE eo) Sia ae) 
8. (x2 5 xe) % = (xo + eje = vla+e)(a—c), 
(xe— o. g>—<c)a ' (a fe xe) 
4. . : se 
(xe) % ea (wa re)e 
gala—e) . ma(a—c) g2a(a—e) 
garola—y—«gla—eyato) 


= y2a(a—c)—(a—e)(a+c) = g(a—c)?, 


8. 1. Given vt + ay? + yt = 61, 


42 
2. o — gy -biyt = ==. 
w—ayty a 
61 
ce e+ayt+y2= a dividing (1) by (2). 
“Bley 42 
Ai. Se 2xLy = ae ake subtracting (2) from (3). 
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10. 
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Oye 84 xy? = 61 xy? — 422. 
Oh, os 23 x2y?2 = — 422. 
(aes Wipe Aull 
V 23 
42 i- 42 
Soak: w— 2ay + y? = —— — ; from (2) and (7). 
z= ca (2) (7) 


V23 
Ve 42 


ned 
v2 i 12 Ves. (126 
10. Also e+ty= ert from (2), (7). 
V23 
V23 7-42 V23 126 
Nes wal Raa +i 


— 103 
IDs eve Je +4/ 5 2 
z=} aR iV 28 


_ V65 + i V103 


2 Vi V23 
13. Also y=}(- sie = Ne) 
- ve 4V23 
V65 — i V103 
ee eS rom (ORION 
2 Vi V23 
It is evident these results may be written in various forms. 
1. Given ty = 20y 22 — y2, 
2. Then xt+y=(e+y)(e@—y). 
Sime: e+y=0,¢%-—y=1. 
Ae: e=—-y,x=1+y. 
asc fs VS 7 eA) 


l+y+y=2(1+y)y, from (1) 
(Gy 2Qy + la=Qy + 242. 
gue. Pe ny Heh V2. 
Sine Miah et oe V2, from (4). 
9. .. the solutions are 0,0; 144 ‘vo, + Ey 
1. Given aty+(a+y)? —12=0, 

x? + y? = 45. 

. (Va +y + 4) (Va + y — 3) =0, from (1). 


worn 
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4, . Ve+y=—4, Ve +y =8. 

oa r+y=16,e+y=9%. 

6. Let y=uU-VerT=Ustv 

7. Then 2u? + 2v? = 45, 2u = 16, 9, from (2) and (5). 

Be 2-64 + 2v? = 45, 81 + 4v? = 90, from (7). 

(Bye: v= 45 — 64 = 83, y2 = 9. 

LO3e V=tVES-4,0=+ §. 

bee y =8FV83-i,2=8 4 V8.4. 

Y=EF$=3,6,0=349=6 8 
1. 1. Given a. : 5 
ety ay 4 
2. 243 — 6 xy? = ne (a2 =~ y7)e. 
SB x ae ae from (1). 
v2 —y? 4 
4.33 8x = 3 (a? — y?) 
Same 228 + 6 ay? = ae (y, from (4) and (2). 
64 3% 

6 2a + Oy? = 2, w= 0 

eee 9 y?2 = a2, 

Sime w= +Ry. 

OB ks + 24y = 38(9y? — y?), from (4). 

LOM SEE peau NOE? O Vesihap tk il. 

Tis of Ci OOS. 

12. .. the solutions are 3,1; 3, —1. (0, 0) is extraneous. 
12. 1. Given 82+4y)(7#-—2y)+38a+4+4y = 44, 

2. (8a + 4y) (7% —2y)—7e2+2y=380. 

3. Let uU=3n+4y, v= Te —Qy. 

4. Then uv + u = 44, from (1), 

5. and uv — v= 30, from (2). 

GF Ss u+v=14,u=14—», from (4) and (5). 

leant v(14 — v) —v = 80, from (5) and (6). 

Sh v?— 13+ 30=0. 

9; (v — 10) (v —38) = 0. 

LOR iOS Wrease 

ee u=4, 11, from (6). 

Zier. 8e+4y=4, 11, 


18. 7x —2y=10, 8, from (3). 
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14. .. 17% = 24, 17, adding 2 x (18) to (12). 
iSaee v= 27, 1. 
GSS: y =— zy, 2. 


18. 1. Given 17(@ + y)~* —7(@ + y)?a-1 
=10a(e+y) 4, 


2. (@—y)i=y—1. 
3. Then 17 ey = 10g » from (1). 
a o+y 
4, 17 2? + IT ey = 17 2? 4 14 ay 4 7 y?. 
5s<:. Say = 7 ¥?. 
(See Yu, To Lye 
ie (Gy —y)t=y-1, from (2) and (6). 
Cae 4y=y*—2y+1. 
9. 8y2—10¥y+3=0. 
10. (8y —1)(y¥—8) =0. 
Ila 2: Se is 
Bee Hoenn ile 


18. y=0 from (6) and x=1 satisfy the original equations if 
Va in (2) be taken minus. 


Exercises. CXL. 


eletrar=.0.and ced, 

. Then a—b=0 and c — dis positive. 

 a— 6b —(c — a) is negative. 

. Or a—c— (b — d) is negative. 

.a—e<b—d. 

. Proceeding in the same way with c<d, a—c>b-—d. Hence 
the resulting inequality is opposite in sense to the one 
subtracted. 


wo eRe 


Dn oo 


1. Leta>b,c>d. (Case I.) 

2. Then a — b is positive and ¢ — d is positive. 

3. «. a+c—(b + @) is positive, adding. 

4, ..a+¢>b+4d. 

5. Letc<d. Then c—dis negative. (Case II.) = 
positive, 

os a (Ghar cb +d) according as a—b+c—d is { 
negative. 

The result is, therefore, undetermined when the inequalities are 

of opposite sense. 
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8. 1. Leta>b,c>d. (Case L) 


. Then a — b is positive and ¢ — d is positive. 
( positive, 


2 (A— cb — d) according as a — b — (c — d) is < zero, 
negative. 
4. Let a>b and c<d. (Case II.) 
5, Then a — 0 is positive and c — d is negative. 
6. «. a—b—c+d is positive. 
7. .. a —c — (6 — @) is positive. 
8... a—c>b—d. 
9. Leta<bandc>d. (Case LI.) 
. Then a — 3 is negative and c — d is positive. 
. a—b—c+4 dis negative. 
2 &@—c<b—d. 
Let 4% —22= y, when y is a maximum. 
. Then 4% —02 —y=0, ora? —4ea+y=0. 


Poe bor 


Rie ae eas ai a 


im oo 


nr 


.©=241V16—4y, and y cannot be greater than 4 with- 

out making « complex. 

. When y= 4, 2 —4%7%+44=0, and %=2, 2. 

. Let v?+4%+1=y, when y is minimum. 

. Then wte+i-y=0. 

»e@=—t+ivl—4+44y, and y < 3, since @ is to be real. 
v+e+i=0, and ¢=—}, — 


bole 


8 = 92 
e+ 1 Su + &. 
. Then @ + 1)(@@—a@ + 1)S(@+4 Ie. 
Pies = Sat 29 
a t+152, ora+152¢. 
Celts Wiss caren (Geel): § 304 
(w + ye SA ay. 
a + 2Qay + y2S4ay. 
v2 + y? S2ay. 
@@+yP2>4ay. @#y), § 804 
. Given g2 -+ 54> — 6. 
: v+5e%+6>0. 
: (x + 3) (@ + 2)>0. 
-. the factors must be both negative or both positive. 
—38>a@> — 2. 
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10. 


A 


12. 


13. 


SDC OLS iE 
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(a? + b?) > 2 ab. § 3804 , 
(0? + c?) > 2 be. § 304 
(a? + c?) >2 ac. § 304 


(a? + b?)c >2 abe. 
(0? + c?)a>2 abc. 
(a? + ¢?)b >2 abe. 

a (a + 0?) c + (0? + c?) a + (a? + c2)b > 6 abe. 
. o. (a? + B)e + (0? + c?)a + (a? + c?)b + 2abe>8 abe. 
(a + b) (b+ ¢)(¢ + a) >8 abe. 


Let x? —10% + 35 = y, when y is minimum. 

. Then z?— 10% + 385 —y=0. 

2=5+4V100 —1404+4y¥=54V_—10+4y, and 
y <(10, since z is to be real. 


Be +2>8e4——7. 


ieee 100+ 456245 a — 14. 
De 8a>— 18. 
4.. x>—6. 
feo, 
x—4 
2 1 : >0 
<a ie Cea 
1 aS 
fy oe 
4... 4—a2>1 
Drak LSD. 
OB le 3>a>4, step 1. 
Let x, y = the lengths of the sides. 
. Then et+y=8, 
and zy =m, when m is maximum. 


SO es OIE 


2D 
> 


x(8 —x) =m, from (2) and (8). 
ae w2—8e+m=0. 
© =4+44V64 —4m, and m $16, since z is to be real. 
x? —8x2+16=0, when m= 16. 
is) «= 4, and y =4, from (2). 
-, the lengths of the sides of the rectangle are 4, 4. 
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41 


Ge SE 


ooh 


MANUAL TO ALGEBRA (PAGES 
r+ty=k. 
zy =m, a maximum. 
Then x(k —x) =m, from (1) and (2). 
2 vw —ke+m=0. 
k Pin ke e . 
SD 5 k2—4m, and m > 7 since z is to be real. 


; k2 
+. ay has the maximum value re when +y=k. 


Each side of the inscribed square is the hypotenuse of a right- 
angled triangle. Let its sides be x and y. 

Then x+y=4, + of the square’s perimeter. 
4ay = the area of each triangle which must be a maximum, 
when the inscribed square is a minimum. 

Then x+ty=4, and izy =m, a maximum. 

oe x? —4x%+4+2m=0, from (4). 

“. ©=2+4V16—8m, and m+} 2, since z is to be real. 

: 4-tay p> 8, from (4). 

16 —4-4tay 16-88. 

16 —4.t2ay is evidently the area of the inscribed square, 
which by (8) is not less than 8. 


(a+b) > 0c, 

(6+ c) >a, 

(c+ a)> 06, given. 
Then (c—a)<b, (a — b)<e, (b —c)<a. 
: e—ac<be, a*—ab<ca, 62 —be<ab, from (4). 
a2 + b2 + c2 — ac — ab — be 

<ab + bc + ca, adding equations (5). 
a? + 0? + c2 <2 ab + 2be + 2 ab. 


Given x2 —32e< 10. 

Then x — 3a —10<0. 

: (x — 5) (@ + 2) <0. 
—2<a@<5. 

Given. x“ (% —10)<11. 


x2 — 10% —11<0. 
(x —11)(@+1)<0. 
—l<acll. 
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20s, 

2. 

3. 

4. 
21. 
22. 

5. 

6. 

8. 

leone 


go bo ps 


Se Se Cah eNO 
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Let 8x —2?=m, a maximum. 

Then v—8e+m=0. 

“. ©=4+4V64—4m, and m} 16, since z is to be real. 
’ x —8x2+16=0, anda =4, 4. 


Let. x(@+10)=m, a minimum. 

Then 2+10% —m=0. 

. ©=—5+4V100+ 4m, and m<t—25, since z is to be real. 
CAS AO bis OG 0 = — 0 0, 


Let x, y = the length of the sides. 
Then xe+y=10, 
and zy =m, a maximum. 


x (10 — a) =m, from (2) and (8). 

i v—10%+m=0. 

.@27=54+4 V100 — 4 m, and m >> 25, since z is to be real. 
a — 10%+ 25=0, anda=5. 

y = 5, and the area = 25, from (2) and (8). 


Let x, y = the lengths of the sides. 


=A8 
Then e+y= ee 
and zy =m, a maximum. 


a (Z re x) =m, from (2) and (3). 
p = 
ge ——— 7 ‘i 0. 
9 + m 


p Le p 
*. ©=—+=-a«/— —4m, and m+ —, when zis real. 
Ze oN Pig’ 

2 
a 2,42 50, ande =. 
2 5 4 


1¢ 
05 i ie and the figure is a square, from (2) and (3). 


Exercises. CXLI. 


625 
Given —— =\§ 
we 


%=5, 5, bw, 
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oe 1 
—— —— == C Cc v= —: @. 
2. (a) < 9. (b) s 300 (c) id 
r= 2. = 07 == 8100. SE erat ee 
e=+ 3. xe = + 90. Be Orr 
x 36 
d — = e —= Zz. 
Or OES 
pct (f Oat. % eh Slo 
%£=4+21. c= 6 
x 81 49x24 3 
: } = SS 3 Su c 2S SS 
Bo (2) 15 : Le) re 8 (c) 432 49 
24 8 24. 34 
. 2 = 86: 8 = — = —. x . 
x 81 27 7 
iO x= 2, 2H, 20. 3 et=4+8, + $i 
7 x8 25 
d - => 4.9 (3) are 
@ | @ f=5 
wate = gp 525 
are ‘ 8 
t= 3, 34, pw 
4. 1. Let a =the height of one. 
Then 1.2 a = the height of the other. 
Dire, Som Se (e2.¢)te a2 = da (ye 
3. Also Uae OL 2a) Sera —al 7 2S lee) 
5. 1. Let y = the radius of the sphere, 
and e =the edge of the cube. 
2. Then Aare = Bet, s. e= aryl 
4 r\s Bones . 
Sine —— : (27 =) = —— = V6- 0.3183 = 1.38+, the ratio 
J uA 
of their volumes. 6 
Exercises. CXLII. 
lee lee ep x = the number of dollars A received. 
2. Then ena = 7 
1000 =8 
oes 82 = 7000. 
Aner x=—875. .. A received $875. 
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2. 1. Let x =the number of dollars in A’s share. 
2. $1.25 + $0.25 = $1.50. 
3. Then ae D283 
600 1.50 
4... % = 831. .. $831 is A’s share. 
3. 1. Let r= the ratio of the former to the latter. 
2. Then i= OT OOF 
Shc r = 0.405, or 45 (nearly). 
4. 1. Let r= oe ratio of the population in 1790 
Date in 1780. 
Then r= 114385 = 1.88 
2. Let oi Gen atio of the population in 1890 
to that in 1880. 
Then r= S080G98 = 1.27. 
Exercises. CXLIII. 
1. 1. 1 cu. ft. of water weighs 62.5 lb. 
2. .. 1 cu. ft. of gold weighs 19.3 - 62.5 lb. = 12064 lb. 
2. 1. 1 cm’ of water weighs 1 g. 
2. 1 cm of nickel weighs 8.9-1 g = 8.9 g, 
3. and 1 cm$ of silver weighs 10.5.1 g¢= 10.5 g. 
8. 1. 1 cu. ft. of sea water weighs 1025 oz., 
1 cu. ft. of ice weighs 920 oz. 
2. .. the block sinks ;%2,% of its height, or 0.898 ft., since the 
Rey of water equals the weight of the amount displaced. 
4. 1 1 — 0.898 = 0.102. 
0.102 - 500 ft. = 51 ft. 
Exercises. CXLIV. 
i Let a = the number of feet from the ful- 
crum to the nearer end. 
2. Then 20% =4(2—2), andx=t. 
Hence the fulcrum is 4 in. from the 20-lb. weight. 
2. 1. Let x = the required number of pounds. 
2. Then 4%=°8,0=7. 
3. .. 7 1b. is required. 
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Review Exercises. CXLV. 


1, 1. Let x = the number of decimeters in AF. 
De x-1=3-100, and z = 800. 
3. am AF = 300 dm. 
2. (a) 2-4 lb, = 8 lb. 
(b) 1. 4nr2=8ar2. r= 1 V2. 
Pane We = 2-V2-4 Ib. = 11.314 Ib. 
[(-V¥2)8 = 2 V2]. § 310 
(c) To — Wii. so We =o 4 Ibe aali bs 
8. 1. Let x =the number of kilograms of gold 
in the nugget. 
2. Then 7. 1 dm? = the volume of the nugget. 
3: Se tdmt = ee $e CU AL esz0N (5 U 
19.3 = 
4. Sb jLOhiwees ee foe quartz: 
2.15 
5 0.5 e O56 —% 
6.5 19.3 —215 
(5 Fee t= 0.576 
Hence the nugget contains 0.376 kg of gold, and 0.124 ke of 
quartz. ; 
4. 1. Let x= the part of the liter which is 
mercury. 
2. Then 1—a2=the part of the liter which is 
water. 
3 13.596 %-1kg = the weight of the mercury, 
4. (= cya tke <i (ot water. 
Ose (1 — x) + 13.5962 = 38 — 0.5. 
Goes Gi ONMLO: 
7. .«. 119cm% is mercury, and 881 cm? is-water. 
5. 1. Let 4 x =the number of pounds’ pressure 
exerted. 
2. Then x% = 199 = 60 *. 50 lb 
Also % = 190 — 331... 331 lb 


316-318. ] 


Graal: 


Tel 
2. 
3. 
4. 
5. 
1, 2. 


emtete 


a, 
Gheck, ——*=2 
ia 
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Number arises from the repetition of the quantity or magni- 
tude used as the measuring unit, which unit is of the same 
kind as the thing measured; hence the ratio of two like 
quantities gives rise to an abstract number. 


(1) 5 ft. : 1 ft. = 5, an abstract integer. 

(2) nie: a3) sis me a6 fraction. 

(8) s V2:s=V2, a surd. 

(4) ¢:d= 7, an irrational number, called also 


a transcendental number. 


175 m: 148 m = 1.182, the ratio of the differences 
in depth. 
5.58° : 5.179 = 1.079, the ratio of the differences 
in temperature. 
1.182 4 1.079. .-. thestatement is incorrect. 
DOS Le Se — 4.7.20 
25.35 Cn +4, 12° Co = 130052 C: 
Exercises. CXLVI. 
thet : 4S the ratios, and a 2 2b when cs Za; 
a 
2. Then NA according as ache zZ abd, 
bad <b 
or ee SEC 2 2d. 
é 2 ac>c Sy 
. Lik S- MG ee asl. 
3. Likewise bd <d = 


( greater inequality 
Hence the product of two ratios of 4 equality 


lesser inequality 
f greater than either. 


is a ratio | equal to ee 
less than. “¢ 


tee NA 

ou 

4—4¢%=2-2. 
OD ete 


a 
II 
ele 
I] 
Aaa 
do) 
se 
, sv 
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Raising both terms of a ratio to the same power raises the ratio 
to that power. 


Proof. 1. Let fe c= any ratio. 
2. Then a= bk. 
Bh an = bk, 
qr a n 
408. moe =(5)- 
Let k= *=any ratio. Then ma=mbk. -. 2 =4=%. 
b mb b 


A ratio of greater inequality is increased, a ratio of equality is 
unchanged, and a ratio of less inequality is decreased in value 
by subtracting from both terms of the ratio any positive number 
not greater than the less term. 


Proof. 1, Given the ratio @ » and p a positive number not greater 


b 
than the less term. 
2. ance ; according as ab — bp2 ab — ap, 
or as — bp = —ap, oras ab. Cf. § 315 
5b 
i a = is a ratio of less inequality if b > 0, 
a 
ena QO 0 _a4+6b 
a+6b+b a+7b 
a+5b a+6b 
2. eo a § 315 
a+6b Peay is 
1 e—-2y> «—3y 
yf = 2o oe 
Satis 8ay—6y? 202+ 4ay Say —8y? — 20? + Cay, 
8. according as 6 yPS3y?, 
4 : 6Sa, 
f B—2y 2— By 
ay y—2e% 8y—2e 
1 PNM BE 2 Seta 


a@—b—c<a+b—¢€ 
2. according as a? + 2ab + b? — Sa? — 2ab + 0? — c?, 


318.] 


10. 


11. 


12. 


ip 
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sOnas 4ab20. 
CAPES E SEES ru arta 
or r both negative. 
5 oe 
. Given i moe ea 
az ob? ¢ 
. Then ab bc cd’ 
ab—be _ cd 
. and Ce -@ gt 
a + Dia? 
ab + be +cd ~~ ab’ 
ab+be+ed ab 
; 316 
and b2 + ¢2 + d?2 Ie § 
a@+b?+c  ab+be+cd Ax 
ab+be+cd B+ 02+ a? | 
Caan Ceane ; 
Gi ~=-—-=_=k. 
iven br er 
@ 8G ¢ Wee. .—Ce 
iy Sh Gl bd f —6f 
BO eps ias CPt from (1 
3b 5d —6f 
1 ae \n eae 
Ba+5e—6e_, g312 
3b+5d—6f 
a, 6 
; SSS then & itis Ex. 1, 4 
Since b d 62 «2 
ORAS e os adding = to both members. 
p2 a? a bv? 
a? + O+ ae 
p2 b2d? ) 
az+c?_ ¢ 
e+e @ 
AC € 
+a d 
a. ee a ae OF 
u Wain 2 Be 
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C2! Orme. a" nagellle 
Ths. as a5 zB < 72 + 4 eT both members. 
c2 + a2 _ a2(b? + d?) 
Ghz Zz paz 
gue Woes oD 
b2+d2 bd 
a a*#+c?_ ¢ 
Oe >4/ >-, from (5). 
bo Vesa a’ @) 
Exercises. CXLVII. 
Pr 25 5 
1 pee Se S 
pe 20 4 
Sa et =the number of cm? in the volume. 
9. a en 
1200 1250 
3. .. the required volume is 991.68 cm3. 
; 3. 1. Let x =the number of grains in 1 cu. ft. 
2. Then eee Ren. 
570 15 
3. .. a cubic foot of air weighs 380 g at a pressure of 10 Ib. 


4. On one side the air is 1 as dense, and on the other 3 as dense 
2 ’ t } 


D) 


as before the movement, hence the pressures are in the ratio 


Ola 3. 
5. $2. 1.293 g = 1.395 g. 
9. ; 
6. elute - 238 cu. in. = 21.95 cu. in. 
380.7 
Exercises. CXLVIII. 
Teale duet ry =the number of ohms’ resistance. 
9 r _ 1760 
x 0.91 700 
3 = 1760. 0.91 = 21288. 
700 


4, .. the resistance is 2.288 ohms. 
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2. 1. Let v =the required number of volts. 
2. Then v=10-3.8=38. .. the pressure is 
38 volts. 
2 

3. 7” Be - 1 ohm = 38.077 ohms. 

130 162 
4. we cdl ant Seana 

1.3 


5. 1. 3-3.12 ohms + 1.1 ohms + 2.8 ohms = 13.26 ohms. 
2. 14.8-18.26-1 volt = 196.248 volts. 


6:1. 1.6 ohms + 25.4 ohms = 27 ohms. 
3, - 206 amperes = 7.63 amperes. 


Exercises. CXLIX. 


Ee whe Cie 2, CHEN t= 102. Def. 
7a Wee, OS fy Teens Def. 
Bes ty=mnze. =. ny ce. Def. 

Pye ile Ge ee, when = Mz. 

YR Yisee ey — ies 
3 ety=(M4+n)zZ « C+ YZ, Def. 


8. 1. Ife@+yau—y, then (x + y) 


=m (xe — y). 
OI Agee v2 + 2Qaey + y? = m2 (a? —2ay + y?). 
Bi Ge (m2 — 1) (@ + y?) = 2 (m? + 1) ay. 
2(m2+1 
4 pit yee sey. 
m? — 1 
tues x? + y2 oxy. Def. 
4,10 wee, then w= mz. 
7 Wilco US APE TNE 
My We. @ 
ay as | 
4, Le Def. 
Oe 
ba I If 10% -—-38y=7Tx2—4y, then 38e¢ =— 7 y. 
Bh & x=—ty, and way. Def. 


308 


10. 


1: 


12. 


Co wr 
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If a@ oc bY, then a* = mb”. 
aa=mbe> when 2=3, y=. 
3 
i oh from (2). 


as ; 
3B by, from (1). 


8 = by—5, from (4). 


II 
! 
4 
=a 
oO 
5 
cS 
i 
= 


4 


Ifa= my, and «= ¥=11, then 7 =™m-11. 
: * yn = 75 and x= 74 y, from (1). 
Ste = 4°, when y = 7. 
dt 

If x= my, then px = mpy. 

px oc py. Def. 
Let the given areas be aj, dz, and the other area be as. 
Then ay = MQ Aor, § 3810 
Also dg =m-16, °- aor. § 310 
: Q1 + dg = dg = m- 25. 

dg =m-5% .«. the radiusis 5. § 310 
Let 81, 82, 83 =the volumes of the given spheres, 
and 84 =the volume of the other sphere. 
Then Ss iio ls SP Oca § 310 
: 82 = m - 64, 

83 = m- 125. 
ae S81 + So + 83 = m- 216 = m- 63 = 84, from (1). 
.. the radius of sy is 6. § 310 
Let i, d=the illumination and the distance. 
Let i= 1 at the distance of 20 ft. 
Then t= =. 

a 
m 
1 = —,, and m = 400. 


400 
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13. 


1 eee = 
kere 5= - and d= V800 = 20 V2. 
5. «. 20 V2 ft. — 20 ft. = 20(-V2 — 1) ft. = 20. 0.414 ft. = 8.28 ft., 
the distance the sheet of paper is moved. 
ecliet t, d= the time of revolution and the dis- 
ance from the sun, respectively. 
2. Then = mae. hi, 
Bae 365.2562 = m- 18, and m= “365. 2567, 
4. 12 = 365.2562 . 1.523693. 
Ry t = 365.256 . 1.52369 V1. 52369 


= = 686, 98. 
6. .. the time of Mars’s revolution is 686.98 da. 
| 
Exercises. CL. Lf 


; i 
(a) The volume varies inversely as the pressure. 


(b) The price of bread varies directly as the price of wheat. 

(c) The distance from the fulcrum varies inversely as the weight. 

(d) The amount of work done varies directly as the number of 
workers. ' 


Mist a pike, pe 0.18. 
4.01 

1 Hise = E48. 
2 C= 27 48 81-16 

3 t= 36. 

1 Le 

‘ a Al 

Ce Deane elle 
2 + 1 are the mean proportionals between 1 and 1 
1 (Ua?) ae x 
go or) 
2. .. 2 = 4, and x = + 2, the mean proportionals. 
“ei = 2 
Ne = 
—2 aD 
Et eed ed) ee 
(1 + 2) 2 


2. .. the third proportional to 1+ i, — 2 is 2(1 — 7%). 


310 
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Exercises. CLI. 

1. Let az = the number of inches in length. 
Ve 60 15 

2. Then = = . 

V39.2 56 14 
= ae 

196 

4, .. the length of the pendulum is 45 in. 


15 1.83. 1dm? = 5.832 dm. 
5.882 -1 kg = 5.8382 kg. 


. The capacity of a pipe varies as the area of its cross-section or 


as the square of its diameter. 


= i and 1 3.96 min, OST me 
1.52 4 
1. Let x = the number of pounds in the weight 
of the projectile. 
9.373 
hes ee ed eter. 
LOS Sais 
3. .. the projectile weighs 167.2 lb. 
1. Let w = the weight of the sphere 14 in. in 
diameter. 
3 
2m, 0A and: = 80886. 
827.5 108 
3. .. the sphere weighs 898.66 lb. 


8-¢pt. =4 pt., or 2 qt. 


ik, 4arj2=1627 cm? .. 71, = 2 cm. 
Mb 4 7re= 327 cem?, ». 7, = 2 V2 cm. 
we (2V2)8 

By a es Sy tyes Wee 

4. .. the sphere weighs 14.141 kg. 
t 6.4 

(a) 7 =A/— =2.5298. .. t sec. = 2.5298 sec. 
t 62.5 

(b) i= = = 7.9057. +. t sec. = 7.9057 sec. 
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9. 1. Let &% = the weight of the body in pounds 
4000 mi. from the earth’s center. 
. 50002 
ie 2 50008 25, 9a, 
25 40002 16 
3. .. the weight is 39}, lb. 


10. (a) Let z=the distance the body falls in 
3.25 sec. 
3.252 
Then aes aa, » and = 51.8) 
176.5 62 
.. the distance is 51.8 m in 3.25 sec. 
ie 12 
(b) ——_ =—, and = 4.9. 
176.5 62 
.. the distance is 4.9 m in 1 sec. 
ae 22 
(c) ——— = —, and <= 19.6. 
176.5 62 


.. the distance is 19.6 m in 2 sec. 


Exercises. CLII. 


10 _ 10(8 —4) 
eg AG 


Ae crort at =O. Chen — 


2: PV 2 8 oad a Dee. ‘ 
Pe eet) a Ce In) 
7 1sver 1-2 
CE TUN eee 


1 
3. 1. Given a:b=c:4d, then a?:b? = c?: d3, 
a+b c+ a+b) +d 
— = == : 337 
oe: b d an 58 ZB § 
3498 8 3 
3. ee Ek ae ©’, from (1). 


CL=d Sac " ora a 
3 4 4 
Caan e sft et trom (8). 
e+di ct c¢ c 


Ws bd. 


312 


6. 


. Given 


. Given 


. Then 


as 


as 


as 


But 


ges 


Note. 


Gad: 


— 
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Cp oC Gia 
—=-, then -=-— § 335 
b a ec a 
tes US a § 337 
c d 
Oe pe § 835 
b+d d 
c(b + d) +2 bed + cd? — d?a 
C= Ss Ch We 
c2(d — b) > bed + cd? + bed — ad? 
olan = d+d 


(b+d)  d(be — ad) 


atk Bee, bid 
o> be — ad oe re 
a a Ba ’ §§ 335, 3388 
be — ad 
oz ; 
<p 
bc — ad = 0. § 333 


be-+cd  2bed + cd? — da 


ae 


cd — be 


In the first edition of the Algebra the last term of the 
numerator of the second ratio should be d2a instead of da?. 


Given 


. Then 


. Also 


. Given 


. Then 


ae 
be tes 
ca ae 338 
dae. sé 
Va—b vb Va 
Wek Wa ve 
Va ve 
SSS iis 
‘Beau 
Va—Vb_ Vb Va § 338 
Vve—Vd Va Ve 
Va—-b Va—vo 
=> , from 3) d (5). 
Vom ge Vee Va oe) 
pies 3 
bac 
Cat ao ime x 
bah bute ciae x 
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3 at¢ +e op et Gea oe 

: boa; toca 2b =. 2be 

40°. &--¢ >2'b, since b? +2 >2bc. (b#c.) § 304 
8. 1. Given a then b? = ac. 


Dearece a? + b?=a?+ac=a(a+ 0), 

3. and B+ c=—c? + ac =c(a+c). 

as Va + b?)(b2 + c?) = Via + ¢)2ae— Via + c)?b2 =(a+c)b, 
which is, therefore, the mean proportional between a? + b?, 


b2 + c2, 
9. (a) a2 = 2-98 =4.49, .42=4+14. 
(b) 9-50 == 4595, e+ 101. 
(c) x2 — 3-432 =9-144, «2=4 36. 
(a) g2@—— 7. —847=49.121, ». e=+ 77. 
10. 1. Given SSE a2 tare, 
ot IP Gee § 338 
3 ise 
ahs 622 —13844+6=0. 
Fea (2a — 3) (8a —2)=0. 
i or a= 3,2. 
11. 1. Given V2 + 74+Vxz —7:V2+7—Va—7 
= (7G le 
9 Ve agli T ae 
Vet Vo 7%, vl 
Ae pa § 337 
Wie Es tem 1) 
4 +7 49 
$e iis ae G5) 
foe fe 
oe eens 337, 338 
Bye rok §§ 
Gane ap = Oiled 


12. 1. Given 144:138—¢7=% —2:2%?-21=2744:37 — 2. 
Be+3_ 1+e- § 316 
29 —2 13 —@ 


a: Nia, 2 Oe aaa § 337 
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4 z+16 _ ee 

*2 Sau S oie. 

5. g—42—5=0. 

6. Ct a 

Uh, ks p=; — 1 is extraneous. 


There are really two equations ae could be treated as a pair 
of simultaneous equations. 


13. 1. Given a 
5 ie —-1l a+b4 rea 
Rae (a --b)2ab_ x(a—b) 
a2 + b2 a2 + b2 
Shy ees ® = 2 ab. 
14. 1. Given pa eas = Pee 
§a2?+4ab—12b02 5a—6b 
2. (8a —4b)(a+ 2b) _ es 
(5a—6b)(a+2b) 5a—6b6 
Sunes z=38a—40b. 
15. 1. Given eey=a-b » :a—b+ a 
a+b G0 
2 rit a) BRIT mI 
Sees 2:y = a§ — 68: a® + 68, from (1). 
re Se eee § 337 
y as + b8 
2a% 2 a8 
5. “gi nde from (2), (4). 
(Sy Oe jes eeun 
eas x% = a’ — 63, from (8). 
16. 1. Given vie 
Vita 2 
Ne tae) 8 
e+7 4 
3 oe 
6 3 
4 e+ 1= 10, anda=9; 
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Te. a See 
8—4¢e%+a27 2-24 
Oe eee Se § 339 
6 4 
3 w—4e & 
3 2 
4 2a7—8x4%+382=0. 
Bye “(2% —5)=90. 
Ga: t=O, 3. 
18. 1. Given re re RS ae 
by+dz bzid« br+idy 
(at+oatatey+ateo 
(b+ da4+(b+ayt+(b+a)z 
ax + cy 
~ by + dz. si8 
B (@+e)\(@tY+2) @1+c¢ ar+tcy aytcz 
a @4+@(e@t+y+z) b+d by+dze be+dz 
=ete., from (1), (2). 

19. 1. Given A ge ela pesca eee Ce ae 
: ay+bu beter cy+az art+by4+cz 
atb-te 4-6 _  a+6+¢ 

“(at+b+e)(a+ty+z) aytbe ax+by+cz’ 
from (1). § 316 
3 1 GSO Wao 
: e+yt2 ayt+be axr+tby+cz 
= etc., from (1), (2). 
Exercises. CLIII. 
1. 1. Given a=1,d=2, and n = 200, to find tego. 
pone, tooo = a + (n — 1)d = 14 199-2 = 899, 
2. 1. Given a= 40, n= 101, d —5, to find s. 
Wh Ae s=in[2a+(n—1)d] 
= i.101- (80 + 100- 5) = 29,290. 

3. 1. Given a@=1, 1=200, n = 200, to find s. 

2 s=in(a +l) =}-200- (1 + 200) = 20,100. 
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4. 1. Given tj =— 11, ts = 594, to find d. 
px 2 
2 ae a 602 =y) 
n—1 14 3 
5. 1. Given a = 540, n=20, d = — 60, to find fo or U. 
Das too = a+(n—1)d= 540 + 19- — 60 
= — 600. 
6. 1. Given s = 29000, a = 40, 1 = 540, to find n. 
g 99 
2. ie: 28 eg, 22000 60, 
atl 580 
Geely Galen: C=]— 5, V= 11, n= 9, to findid: 
Di see Ge ee 
n—1 8 
3. .. the means are — 3, — 1, 1, 3, 5, 7, 9. 
8. 1. Given Cp iy Vie Oa ey ae anal @h 
as ae al OS 
n—1 13 


3. .. the means are — 7, 4, 15, 26, 37, 48, 59, 70, 81, 92, 103, 114. 


9. 1. Given a=14) 7 = 8, ¢ = — 4 to finds: 
Zoe s=}n[2a+ (n— 1)a] 
=4(284+7-—4)=0. 
3. The terms of the series are 14, 10, 6,2, — 2, —6, — 10, — 14; 
the sum of which is evidently zero. 


10. 1. The first multiple of 17 greater than 350 is 357. 
gee eS ee eC ie less ‘¢ 1210 is 1207, 
Mpc Q= 3b = 120 (a dtodd 
de foes = SoU 

d 17 
5. .. there are 51 multiples of 17 between 350 and 1210. 


,11. 1. Given @= bs 7 =3200) d =35, tosinds: 
; s=$n[2a+4 (n—1)d] 
= 100- (10 + 199 - 5) = 100,500. 
3. Also given C=) v= 20000 =Wieeto finds: 
Boe s=tn[2a+(n—1)a] 
= 100. (14 + 199. 7) = 140,700. 


338-339. | 


12. 


13. 


14, 


15. 


16. 


Li. 


18. 


19. 
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Let «=any integer. Consecutive integers have a common 
difference 1. The number of terms will be 2n + 1. 
.s=t(2n4+ 1) [2e7+(2n4+1—-1)-1])=2@n+4+1)(@+4+n), 
which is evidently divisible by 2 + 1 whatever x may be. 
Given wegen 0 a tonnnd 16: 
: 8509 = $n[2a + (n—1)d] 
= 25 (2 + 49 - 2) = 2500. 

S100 = 50 (2 + 99 - 2) = 10,000. 

S, =$n[2-+4(n — 1)-2)=n?. Cf. (2) and (3) 
$50 = 25 (4 + 49-2) = 2550. 
$100 = 50 (4 + 99 - 2) = 10,100. 

8, =$n[4 + (n—1)-2] =n(n +1). 


Given Veto d=25)s = 32) to find, 
_d+214V(21+4 d)? — 8ds 
= 2d 
2+ 22 +V242 — 8.64 
ae _ 6 oS er. 
Check. The terms are 11, 9, ts Dae = 340) 
Or WO ence dre, = 85 (wB,) 
eae yden sere 
Or SE SO sei Ie iy Oe 1 Sea 
. Given a=4.9, d= 9.8, 1 = 53.9, to find n. 
Sard _ 0380740. 


oS 
:, the body has been falling 6 sec. 


Let the terms of any arithmetic series be a, a+d, ---l—d, l. 
Then the terms multiplied by k are ak, ak + dk, --- lk—dk, lk. 
Since the common difference of the terms in (2) is dk, the 
series is arithmetic by definition. 

Let the numbers be a —3d,a—d,a+d,a+3d. 

. 4a=0, 4a?+ 20d?=20, by the given conditions. 
a= 0, d=+1, from the equations (2). 

-, the numbers are — 3, — 1, 1, 3 or 8,1, —1, — 3, from (1). 


As in ex. 18, 4a=12, 4a2+4 20d? = 116. 


80 
Ons es 2. 
an 20 + 


-, the numbers are 9, 5, 1, —3. 
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20. 1. Let a—d, a, a+d= the numbers. 


2. Then 38a = 21, and 3a2 + 2d?=179, by the given 
conditions. 

Sue sian 202 — 7325 

AWS a=7T,@=+4. 


5. .. 8, 7, 11 are the numbers. 


21. 1. Let a—2d,a—d,a,a+d,a+2d=the numbers. 


PRS 2a = 46, umes “ =1.3, by the given con- 
a = 
ditions. 
3 woe a ee ge 
23 —d 


4... the numbers are 17, 20, 23, 26, 29. 


22. 1. The interest on $100 for 1 yr. at 6% is $ 6. 


9. (a3 oe 3 66 COs GG GS BG is 
3: (73 66 66 66 (73 3 YS Sree sg el 3 18. 
Aes. 8 = 4n[2a+ (n —1)d] =5(12 + 9-6) 


= 330, the number of dollars of interest. 


5. 10 - $100 = $1000, the sum of the principals. 
Ole $1000 + $330 = $1220, the total amount. 
23. (a) Given a@=1,d=—},n=n, to find J, s. 
l=1+(n—1)-—f4=4(5—n). 
n 1 n 
Sie 2-4 1). = =(9 5 
oll prisaa A re. 
(b) Given = ae Ones 
T=11+(n—1)-—2=138 —2n. 
s=5 22 +(n —1)- —2]=(12 —n)n. 
Exercises. CLIV. 
Ted’ gee eee, 
r—1 
=. 118,096 = - 4 = 2(8" 1), 


2s OM O90, 040i s 310 err oe al Os 
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2. 1. Given a = 33, r =— (3)3, n = 10, to find s. 
“6-9 
Dts eke 2 ee ee 
r—1 Gy 
= 4 (V8 — V2). 
3. (a) Given Gow l= 4.9) 35 bonindsy: 
1 
i ty aH ase 
a 
*, the means are + 2-1 =+4 2. 
(b) Given Ga Pilea Se n = 3, to find r. 


rae a 4h = io) 


.. the means are + 2-—2=7 4. 


4. 1. Given i= 65 v= 1 = 625, totinds:. 
; 1 
2 r=() a= 12th 6 
a 
3. AE geet 
5-1 


= 781, the sum of 5 terms. 


5. 1. Given a=1,n=8, 1/=%, to find r. 
ya “ge 
2. r= (-) = Seen, 
a 25 a 
3. .. the 4th term is pC A I oC) Bee 
6. 1. Let x“, y =the numbers. 
¢ Cpt ee 
2 io = 39, 
3. xy = 225. 
th oS x+y = 78, from (2). 
5. x(78 — x) = 225, from (8) and (4). 
Opn x? — 78a + 225 = 0. 
We (a — 75) (« — 8) = 0. 
Sime DD yes 
9. fy, TRY, 


10. .. the numbers are 3 and 75, 


10. 


1 ie 


12. 
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1. Given @=a,n.= 3, l=, to findix. 


a 
< A vt l c— sae 
Yais r=(;) =(; : 


3... the mean is t;- (2) =Van. ; CE. § 343 
1. The arithmetic mean between a and b is . is a 

2 oe SCOMeCUTIC Mme eee Ge Va, 

os Bat ae since a+b>2 Vab. § 3804 
t=ar"—1,_ .-. the amount is 1.045 - $1 = $1.21. 


The amount = 1.02. $1 = $1.22. 
a (v8 — 1) a(rt — 1) 
= ——- S84 = ——__- 


is Ss 1 4 1 
DS i 
9 a(r®—1) 17 -a(r* —1) 
as ere r—1 
SH eee (gL) 
se rftil=17, or rt —1=0. 
ay 2 r=+2,4+2%4; r=4+1, +7. 
(a) er eo ie Se ee 
3 512” r—1 a 5 
(c) l= 29 = 512; g = 1928 — 1023. 
Mie L\o oe eae rae 
(a) 1=32.(-5)=-2; s= US = 2lyy 


Exercises. CLV. 


» and pesky 
ip 2 


1-1 1 — 2998 3000 


343-345] SERIES o2t 


ies Ane 
Bods we. i ee 
6. (aos 2 en 40 
1-7 4 
ve 
(b) sae = 42 
4 
1 3 
(c) te age 
s 
(a) sa = 11h. 
10 


Exercises. CLVI. 


om 

ig =f, the fraction. Pete ee 
17 Ome 

2 ie = 1600 = dy 
too 22 
bottle 1 

ye = 10000 

: tooos 9999 

ae Ae 4D 

4. f= a99 = 900 7 338 
1000 whe 
Bei a eds 25 a 2 824% 

Re er IEE Cat Det ee, 
22%; 9990 666 100 ' 666 66600 
504 56 

6. f= 10000 — - 504 56 a, (ANNI bes faye 56 Eos 
Peer 9999 1111. ree ha 
Barat 5 

Ge. = LOOo0) —— i= 

f= “993, = 999 Til 
gee reiorsn _ 38471 _ 11867 
F225 999990 333330" 
_ 2.008471 = 2 + 54192, = Sg78t7. 
ae TOTO — Oy gO xy ah 


ss 90000-15000 
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Exercises. CLVII. 


i eails G5, 6 = 3, bd, totinds: 
2. a= (a+) =2643n)= nn ey 
ees 35 5 =e ; 


2. 1. nl+3+45.--.ton terms, 
# = 52 +(n—-1)-2]=9. 
2. In —2 —4 — 6 to n terms, 
s=F[-44(n 1): —2] ==wWon 


3 Sn =X 4+ 8% =n? -—n? -—nN=— nN. 
3. 1. Let s=14+42+72?+ 10034.---(8n —2)ar—l. 
2. Then es=e+42?+ 723 +.---(Bn — 2)a”. 
8. 0. Il —#)s=1482438274 3273+ ---3a7—! — (Bn — 2)a. 
4... (lL=%)s=1—(6n—2)a° +324 32274 325+ ..-307—¥ 
= =) n 4 2, 22. n—2 
ae at (Bn BoE roe ee x y 
1—2 1—2 
au. Piping SEs Ck 3a(1 — a—!) 
1-2 (1 — «)2 
laa — (1 —s)-(8n — 2)ar + 3a = ad) 
% (i — 2)? 
_142% —(8n + 1)a + (bn — 2)artl 
m3 (l— 2) 


4. 1. In theseries 1, 5, 9, -.-s’ =5[2 + (n—1)-4]=2n2—n. 


Pay ele “6 — 3, —7, —11,--. 

n ; 
3s" = seac + (n—1)-—4] =—2n2—n. 
Somes Son = S + 8”7= 2n?—n — 2 n?2?-n=—2n. 

5. In the series +,4,@=0. .. the arithmetic mean is 4. 

‘© harmonie eh 
Likewise, between — 2, —2 * ws BO WR ene 

: : _ a+b 

6. 1. The arithmetic mean between a and b is cen Def 
2. ** geometric ee Wap, Def. 
Soro me hari Onl Cams ol BIO OG Dy Def. 


2(a +b) 


345-347.] SERIES oe 


ee OS ee Seah 
4, ee Vab, according as a + b 52 Vab. 
5. .. the arithmetic mean > the geometric mean. § 304 
5 ab 
6. Bie wee ae 
<2(a +b) 
according as .2(a + b) S Vab, 
as 4 (a2 + 2ab + b%) Sab, as 4a? + 40°S — Tab. 
7. .. the geometric mean >the harmonic mean. § 304 
8. .. the arithmetic mean > geometric mean > harmonic mean. 
(Ca G1, PhS — 2 Sn. 
a, es estas 
—3 


= (1 + 2”), as n is even or odd. 


8. 1+2%4 302+ 4234 --- ner! 
=(1+¢%4+a2?4.---a—lh4+ (e+ a2+4---a"—1) 
+ (a? + v7 +.---a"—1) + --- to n terms 


1— a T= gr—-1 a l= ge 

= g fo +:--n terms 
1-2 1—« ihes83 

Se (le pean ee te aL net Nes 
—slatete+ Re es adage 

A i ee ei an 

5 (i— a) 


9. 1. Each row in a layer is a term of an arithmetic series of 
difference 1. 


2. .. the number of balls in the nth layer is 
a = 522 et = 1)1 =F (n+ 1). 
eee S19 = 1,°(10 + 1) = 55, 89 = 45, 


Sai OOM Ste le 
4. .. the number of shot is 55 + 45 + 864+ .---6+8+41 = 220. 


Exercises. CLVIII. 
1. The logarithm of 10-8 =— 8; log 1000? = 9; log 10° = 9. 
2. The logarithm of 104-108 = 12; log 107- 108 = 10. 
3. The logarithm of Vi0#. 106-108 = 154; log 10% = 3. 


Te te oan 
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The logarithm of 103 - 103 - 10° = 11; log 0.001 - 10?- 10#=3; 


“6 BG COS 10° Oe ahi7, 
102<800<10% =... 2<log 800 <3. 
103 < 3578 < 104... 3<log 3578 <4. 
10°27 102; . 1<log 27 <2. 
10m2 10502 <a Ont, “. —2<log 0.02 <—1. 
10-8 <0.009< 10-2. «. —8<log 0.009 < — 2. 
10-* <0.0008< 10-3... —4<log 0.0008 < — 3. 


2 = 10100, . -, 21000 — 10301, 
«. log 21000 — 301, by definition. 


Exercises. CLIX. 


The characteristic of the logarithm of a number of 3 integral 
places is 2, of 6 is 5, of 20 is 19, of nisn — 1. 


The characteristic of the logarithm of 0.3 is — 1, of any decimal 
fraction whose first significant figure is in the first decimal place 
is — 1, in the 2d decimal place is — 2, in the 20th is — 20, in the 
nth is — n. 


The characteristic of the logarithm is 1 less than the number of 
integral places in the number if they exist; if not, it is the same 
as the number of the decimal place occupied by the first signifi- 
cant figure. 


(a) log 39,703,000 = 7.5988. 
(b) log 397.03 ee 
(c) log 3.9708 = 0. 
4 
1 


(e) log 0.389703 = 
(£) log 8970.3 =73..09 


Exercises. CLX. 
log 60 = log 2 + log 8 + log 10 = 0.3010 + 0.4771 + 1 =1.7781. 
log 24 = log 3 + 3 log 2 = 0.4771 + 0.9030 = 1.3801. 
log 78 = 8 log 7 = 8 - 0.8451 = 6.7608. 
log V2 = $ log2 = 4-0.3010 = 0.1008. 
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log 625 =4 log 5 = 4.-0.6990 = 2.7960. 
log7# =+4log7 =}- 0.8451 = 0.2113. 
5 
log V34 = 4 log3 = 4- 0.4771 = 0.3817. 
3 
log V21 = 4 log 21 = 4 (log 3 + log 7) = 0.4407. 
log 35 = log 7 + log 5 = 0.8451 + 0.6990 = 1.5441. 


. log 5148 = 3 log 614 = 8.1330. 

. log 1.05 = log7 + log 5 + log 3 + log 0.01 = 0.0212. 
. log 257 = log 0.5 + log 514 = 2.4100. 

. log 1050 = log 10 + log8 + logd + log7 = 3.0212. 

. log 154,200 = log 100 + log 8 + log 514 = 5.1881. 

. log Vb14 = t log 514 — 0.9036. 

. log 10.28 = log0.01 + log2 + log 514 = 1.0120. 

. log 154.2 =log0.1 + log3 + log 514 = 2.1881. 

. log 3.598 =log 0.001 + log7 + log 514 = 0.5561. 

. log 0.3084 = log 0.0001 + log 6 + log 514 = 1.4891. 
. log 30.84 =log 0.01 + log 6 +4 log 514 = 1.4891. 

. log 15.423 = 4 (log3 4+ log 514 + log 0.01) = 0.5940. 


. log 1799 = log $ + log 514 + log 7 = 3.2651. 
= 0m. Logo — log 0 og) 2 — 1103010) 06990. 
Exercises. CLXI. 
log 28 = 1.4472. 2. log 443 = 2.6464. 


. log 9.828 ? 


The characteristic of the logarithm is 0. 
log 9.83 = 0.9926 
log 9.82 = 0.9921 
difference = 0.0005 
jy of 0.0005 = 0.00015 
log 9.823 = 0.9921 + 0.00015 = 0.99258. 


log 2.84 = 0.8692. 5. log 6.81 = 0.8531. 


326 


10. 


12. 


at 
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log 700.3 = ? 
The characteristic of the logarithm is 2. 
log 701 = 2.8457 
log 700 = 2.8451 
difference = 0.0006 
z'y of 0.0006 = 0.00018 
log 700.3 = 2.8451 + 0.00018 = 2.8453. 


log 8940 = 3.9513. 


log 43.41 = ? 
The characteristic of the logarithm is 1. 
log 43.5 = 1.6385 
log 43.4 = 1.6375 
difference = 0.0010 
qa of 0.001 = 0.0001 
log 43.41 = 1.6876. 


log V125 = }log 125 = 1 of 2.0969 = 0.5242, 


log 8855 =»? 
The characteristic of the logarithm is 3. 
log 8860 = 38.5866 
log 8850 = 38.5855 
difference = 0.0011 
zy of 0.0011 = 0.00055 
log 3855 = 3.5855 + 0.00055 = 3.5861. 


log 2.005 = ? 
The characteristic of the logarithm is 0. 
log 2.01 = 0.8082 
log 2.00 = 0.8010 
difference = 0.0022 
zo Of 0.0022 = 0.0011 
log 2.005 = 0.3010 + 0.0011 = 0.3021. 
log 9.8215 = ? 
The characteristic of the log 9.821 = 0. 
log 9.88 = 0.9926 
log 9.82 = 0.9921 
difference = 0.0005 
qe of 0.0005 = 0.00005 
log 9.821 = 0.9921 + 0.00005 = 0.99215. 
log 9.8215 = 5 - 09922 = 4.9610. 


356. 


14. 


15. 
16. 


17. 
18. 


19. 
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. log 1003 = ? 


The characteristic of the logarithm is 3. 
log 1010 = 3.00438 
log 1000 = 3.0000 
difference = 0.0048 
75 of 0.0043 = 0.0013 
log 1003 = 3.0000 + 0.0013 = 3.0013. 


log 3.142 = ? 
The characteristic of the logarithm is 0. 
log 3.15 = 0.4983 
log 3.14 = 0.4969 
difference = 0.0014 
7 of 0.0014 = 0.0003 
log 3.142 = 0.4969 + 0.0003 = 0.4972. 


log 24,000 = 4.3802. 


log 23.42 =? 
The characteristic of the logarithm is 1. 
log 23.5 = 1.3711 
log 23.4 = 1.8692 
difference = 0.0019 
725 of 0.0019 = 0.0004 
log 23.42 = 1.8692 + 0.0004 = 1.3696. 


log V4.28 = } log 4.28 = } of 0.6814 = 0.3157. 


log 0.2346 = ? 
The characteristic of the logarithm is — 1. 
log 0.235 = 1.8711 
log 0.234 = 1.3692 
difference = 0.0019 
zy of 0.0019 = 0.0011 


log 0.2346 = 1.3692 + 0.0011 = 1.3708. 


log 75.55 = ? 
The characteristic of the logarithm of 75.55 = 1. 
log 75.6 = 1.8785 
log 75.5 = 1.8779 
difference = 0.0006 
75 of 0.0006 = 0.0008 
log 75.55 = 1.8779 + 0.0003 = 1.8782. 
log 75.55 = 1 of 1.8782 = 0.6261. 


21. 


22. 


23. 


24. 
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. log 0.0007 = 4.8451. 


log 0.00323 = 3.5092. 


log 0.2969 = ? 
The characteristic of the logarithm is 1. 
log 0.297 = 1.4728 — 
log 0.296 = 1.47138 
difference = 0.0015 
75 Of 0.0015 = 0.0018 


log 0.2969 = 1.4713 + 0.0018 = 1.4726. 


log 0.01298 = 3. 2.1106 = 6.3318. 


log 0.000082 = 5.9138. 


Exercises. CLXII. 


To find antilog 0.3284. 
antilog 0.3243 = 2.11 0.38234 
antilog 0.3222 = 2.10 0.3222 
at 12 
antilog-0.8234 = 2.1032 = 2.106. 


To find antilog 2.4271. 
antilog 2.4281 = 268 2.4271 
antilog 2.4265 = 267 2.4265 
16 6 


antilog 2.4271 = 267,%, = 267.375. 


To find antilog 2.9193. 
antilog 2.9196 = 0.0831 2.9193 
antilog 2.9191 = 0.0830 2.9191 


5 2 


antilog 2.9193 = 0.08302 = 0.08304. 


To find antilog 5.2183. 
antilog 5.2201 = 166,000 5.2183 
antilog 5.2175 = 165,000 5.2175 
26 1000 8 


[PAGES 


antilog 5.2183 = 165,000 + .8, of 1000 = 165,307. 
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5. To find antilog 3.9286. 
antilog 3.9284 = 8480 3.9284 
antilog 3.9289 = 8490 —_3.9286 
5 10 2 
antilog 3.9286 = 8480 + 2 of 10 = 8484. 


6. To find antilog 1.7929. 
antilog 1.7931 = 0.621 1.7929 
antilog 1.7924 = 0.620 1.7924 
7 aes 


antilog 1.7929 = 0.6202 = 0.6207. 


7. To find antilog 0.8996. : 
antilog 0.8998 = 7.94 0.8996 
antilog 0.8993 = 7.93 0.8993 
5 3 
antilog 0.8996 = 7.932 = 7.936. 


8. To find antilog 4.7834. 
antilog 4.7839 = 60,800 4.7834 
antilog 4.7832 = 60,700 4.7832 
100 2 
antilog 4.7834 = 60,700 + 2 of 100 = 60,730. 


aI 


9. To find antilog 3.9320. 
antilog 3.9820 = 8550. 


10. antilog 2.0000 = 100. 


11. To find antilog 1.9850. 
antilog 1.9850 = 96.60. 


12. antilog 0.7076 = 5.10. 


13. To find antilog 10.5445. 
antilog 10.5453 = 35,100,000,000 10.5445 
antilog 10.5441 = 35,000,000,000 10.5441 
12 100,000,000 4 
antilog 10.5445 = 35,000,000,000 + 54, of 100,000,000 
= 35,033,000,000. 
With a four-place table the significant figures cannot safely be 
carried beyond the fourth or fifth place. 
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14. To find antilog 3.6987. 
antilog 3.6990 = 5000 3.6987 
antilog 3.6981 = 4990 3.6981 
9 10 6 
antilog 3.6987 = 4990 + & of 10 = 4997. 


15. To find antilog 0.9485 — 4. 
antilog 0.9489 — 4 = 0.000889 0.9485 
antilog 0.9484 — 4 = 0.000888 0.9484 
5 1 
antilog 0.9485 — 4 = 0.0008881 = 0.0008882. 


16. antilog 0.6585 — 6 = 0.000004555. 


17. To find antilog 0.6120 — 2. 
antilog 0.6117 — 2 = 0.0409 0.6117 
antilog 0.6128 — 2 = 0.0410 0.6120 
11 3 
antilog 0.6120 — 2 = 0.04098. = 0.04093. 


18. To find antilog 0.9290 — 3. 
antilog 0.9289 — 3 = 0.00849 0.9289 
antilog 0.9294 — 3 = 0.00850 0.9290 
ms) 1 
antilog 0.9290 — 3 = 0.008491 = 0.008492. 


Exercises. CLXITII. 


ay 2 log 3787 = s, log 37 = 0.0424. 
ae 3787 = antilog 0.0424 = 1.103. 
2. 1. Given CPS toe ee — Oe reel te 
2. log ¢ = log 15 = 1.1761. 
Dee sts log = + of 1.1761 = 0.3920. 
7 ie x = antilog 0.3920 = 2.466. 
a log (32)* = 4 (log 82 — log 29) 
= 4 of 0.0427 = 0.0342. 
OMe (32)® = antilog 0.0342 = 1.082. 
4. 1. log V  - 5.927 = } (log w + log 5.927) 


= } (0.4971 + 0.7728) = 0.6349. 
Ps okt Vi - 5.927 = antilog 0.6349 = 4.3142. 


358-363.] 


10. 


ie 


12. 


13. 


© 


— 


ww) 
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log (7 376 


C= 
vA 


log (x835)"2 


Given 227,600 
) 7 


log 


3.64 
7.985 


log 


3.64 
7.985 


12 


log Y 4.2579 V0.8 = 


ll 


lI 


Ss (ae 


* = 5 log 5.376 + colog 7) 
40.7305 + 9.5029 —- 10) = 0.0778. 


y = antilog 0.0778 = 1.1962. 


= 3 (log 87 — log 2939) _ 
= 3 (1.5682 — 3.4682) = 4.8333. 
= antilog 4.8333 = 0.0006813. 


log 227,600. 
log 227,600 


1. 
log 7 - 


1 = 7.339. 
at) fi 


0 ah 
2 V2: -V10 = 7 (log2 + ;1, log 2 — } log 10) 


= +1,(0.3010 + 0.0301 —0.5) = 1.9831. 
OS ae eS s) 
2' V2: V10 = antilog 1.9831 = 0.9618. 


) = 6 (log 3.64 — log 7.985) 


= 6 (0.5611 — 0.9023) = 3.9528. 


antilog 3.9528 = 0.00897. 


(9 log 4.257 + 1 log 0.8) 
(6.6619 ++ 1.9676) = 0.5117. 


1 
TT 


ih Viera aay ee, 
V4.9573 V0.8 = antilog 0.5117 = 5.249. 


log (3498) —** 


— 3.8 (log 1402 — log 3999) 
— 3.8 (38.1467 — 3.6020) = 1.7801. 


(4492) 38 = antilog 1.7301 = 53.716. 


log '°'V100 = ;45 log 100 = ;25 = 0.02. 


log (22.8 = 0.09235)4 


(22.8 + 0.09235)3 


| 


*°9/100 = antilog 0.02 = 1.047. 


i (log 22.8 + colog 0.09235) 
1 


1 (1.8579 + 1.0346) = 1.1962. 
antilog 1.1962 = 15.711. 
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14. 1. _ log (24.735 + 31.974)3 = 1 (5 log 24.78 — 4 log 31.97) 
1.(6.9661 ~ 6.0188) = 0.1052. 


OF (24.735 + 31.974)§ = antilog 0.1052 = 1.274. 
15. 1. log (44-8.373 + 0.2274) = 1 (lo oe + log 8.37) — } log 0.227 
=1(1.6 435 + 0.9227) — (4.6780 — 5) 
SS es 
2... (44 8,37) + 0.2274 = antilog 1.1774 = 15.045. 


16. 1. 4 ar? = 4 7 - 2.062. 
rsh ch log 4 zr? = log 47-2. 062 
; = log 4 + log x + 2 log 2.06 
= 0.6020 + 0.4971 + 2 - 0.3152 


= 1.7295. 

Soe 4 xr? = antilog 1.7295 = 53.642. 
| £751: tars = 47- 2.063. 
) 2... log ¢ zr = log 47 - 2.063 


= log 4 — log 3 + log x + 3 log 2.06 
= 0.6020 — 0.4771 + 0.4971 + 0.9455 


= 1kb6 75: 
Suneesen te 4 ar = antilog 1.5675 = 36.94. 
18. 1. Given x: 6.127 = 0.3385 ; 2936. 
log x = log 5.127 + log 0.38 Sr colog 2936 
= 0. 7099 4 Tits’ iG .5822 — 10 
= 6.7540 — 10, 
Ghee x = antilog 6.7540—10 = 0.0005675. 
19. 1. log 4-19.63? - 19.57 - 7 = log $+210g¢19.63+1og19.57 +logz 
= 0.1249 + 2.5858 + 1.2916 + 0.4971 
= 4.4994, 
De 4.19,63?- 19.51 - a = antilog 4.4994 = 31,580. 
20. 1. Given a, r, s, to find n. 
ae faq kee 
r— 
Beas a(r — 1) = s(r—1), Sins eae 
GN es, n log r = log a (ie Des 1] 


= log[a + (r — 1)s] —loga. 


363.] 


21. 


22. 
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Bee n — sla + (r — 1)8] — log a 
logr 
6. When (fice ls ee Fi Kher th 
Ve log [1 + 511] — log 1 
log 2 
Plog O12 Rez 71093 9 
Pe log: 2 3030102 2 | 
1. Given r, 1, s, to find n. 
lyr —1 
=1 
yg = l 3 es ug 
po r—1 
Se, ve ain 
(I ii 
4 (s — l) rm — srr—1+4+]=0. 
5. 2 1 (s —)Ir—s]+1=0. 
Gin. YP ee ee 
lr —(r—1)s 
ue (n — 1) log r = log / — log [lr — (r — 1)s]. 
he Pg oI plac 8 acre Dare) 
log r 
Om VW henier ="55 l= (29 78) OOD. 
he log 729 —log [8 . 729 —2 - 1092] 41 
log 3 
ce: 2.8627 — 0.4771 eeg 
0.4771 
The logarithms do not furnish the exact result, but the number 
of terms in the series must be integral. 
f 
1. Given a, l, s, to find n. 


2 : 
r—1 
s(ry —1)= Ir —a, andr = *—* 
il : Sst 
Ss n—1 
3 baat = a(- es 
s—l 
4 (a) 
s—l a 
8 


or 
= 
= 
3 
| 
es 
= 
= 
2) 
08 
II 
ae 
iS) 
ge 
! 
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ee logl — loga 

log (s — a) — log (s — l) 
7. When @= 38,1 = 129) si= 1092, 
ae log 729 — log3. 

log 1089 — log 363 


+1. 


2.3856 
=a tl=oti=6 
OS ait log V2 = Llog 2 = } of 0.3010 = 0.1505. 
V2 = antilog 0.1505 = 1.414. 
2 log V2.6 = 39 log 2.6 = 0.1596. 
°V2.6 = antilog 0.1596 = 1.444. 
3; log V2.7 = 10 log 2.7 = 0.1598. 
OTE T = antilon 0.9698 1.44 
4. log V3 = 1 log 3 = 0.1590. 
Be V3 = antilog 0.1590 = 1.442. 


The third is the greatest, and it may be inferred that n, slightly 


n 
greater than 2.7, makes Vn a maximum. This number is the 
so-called Napierian base e, or 2.71828+. 


24. 1. Given b= 6) 
Da x log 5 = log 6. 
°6 0.7785 
So po eS aa 
log5 0.6990 
25. 1. Given ‘V6 = 10. 
2. : log 5 = log 10. 
x 
log 5 0.699) 
So pice OB Oe SORED 0 Cone. 
log 10 1 


Exercises. CLXIV. 


1. Let a, b, ¢, d, e be the letters. Then ab, ac, ad, ae, bc,'bd, be, cd, 
ce, de are the combinations, two at a time, of which there are ten. 


2. Let a, b, c, d, e be the letters. Then cde, bde, bce, bed, ade, ace, 


acd, abe, abd, abe are the groups of these, three each, of which 
the number is ten. 
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8. WLYZ; WHY, WLZ, WYZ, LYZ; WH, WY, WY, LY, LY, YZ; L,Y, 2, W. 


Consider the letters a, b, c, d, e, f. 
The combinations 4 at a time are: 


cdef, bdef, bcef, bcedf, bcde, 
acde, abef, abdf, abde, abcf, 


The combinations 2 at a time are: 


adef, 
abce, 


acef, acdf, 


abcd. 


ab, ac, ad, ae, af, be, bd, be, 
vf, cd, ce, ch, de, df, ef. 
.. the number is the same in each class. 


Exercises. CLXV. 


. Consider the letters a, b, c, d. 
The combinations taken 2 at a time are: 

ab, ac, ad, be, bd, cd. 
But each term can be rearranged thus : 

ba, Ca, da, cb, db, de. 
Hence there are 12 arrangements, or P$ = 12. 


. P+ may be expressed as follows : 


abe bed acd abd 
acb bde adc adb 
bac cbd cad bad 
bca cdb cda bda 
cab dbe dac dab 
cba dcb dca dba 


» Pi=2- PS. 


. The combinations of 4 things 2 at a time may be expressed thus : 
ab, ac, ad, oc, bd, ed. 


Consider the letters a, b, ¢, d, @. 
P3 may be expressed thus : 


{c (a (a 
Cc C b 
ai a 4 

i We 
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or ab ba ca da ea 
ac bc cb db eb 
ad bd cd dc ec 
ae be ce de ed 

TP oe 20) 

P% may be expressed thus : 

( Cc b ( b -b 
(b<d ar mea fa<c fae 
| i e | e | Le Le | d 
| b HH a ‘a a 
ica {a b<d ie bee 

e€ e | e e ! d 
i b | a e3 a ¢ { a ae ra 
| a { ¢ d { P ae c 2d ed 
e e le e d 
| ( a ein 
Le ii c = c le < b Weiland ld< 6 
d d ld ¢ le 
or abe cab dab eab 
abd a cad dac eac 
abe bae cae dae ead a 
acb bea cba dba eba 
acd bed cbd dbe ebc 
ace bce cbe dbe ebd 
adb bda cda dca eca 
ade bdc cab deb ecb 
ade bde cde dice ecd 
aeb bea cea dea eda 
aec bec ceb deb edb 
aed bed ced dec ede 


. P§=5-12 =60. 


5. There is one way of selecting a group on n things from a group 
Ol Ne keen Te 
Consider the group a, b, ¢, ++: 
a, b, c, +++ are the selections 1 atatime. «. C? =n. 


6. Since no new arrangements are possible, P? = n. Ex. 5 
P} =5, as appears from the letters a, 0, c. 
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7. Consider the letters a0, Cc: 


Nek OHO IOOS  o CENS a BF 
4 WDE me ( te wm 
t 
[em f si [Le Be 
ie€ : te . { te (tm 
. 2 
8 tomo is na m4 eee nt 
i mi I. ( tm E ti wee 
im mt ut . Lit 
time itme mtie etim 
tiem item mter etmi 
ion tmie imte mite eitm 
tmet imet miet eimt 
temi ietm mett emti 
teim temt meit emit 
9. See ex. 1, 2. 
Exercises. CLXVI. 
Aeern ee Cr 0 2 997— 9900; 
22s 20219013817 — 116,280: 
a le P"—1=(n —1)(n — 2) (n — 8)---2 
2. P*? =n (n — 1) (n —2) (wm — 8)--- 2-1. 
Siete ee 1) (xn — 2) (n — 8)--+-2 
od 1 
4. oi W iene n ne 
Cap Pr =n (n — 1)(n — 2)(n — 3)+-*2-1. 
2. Plan (n= 1) (n— 2). (n = 7-1); 
3. Pot emu (Ve TD a) (i — eh) 
AUS ey Pee Sed i Ul UOe aye oe 
(n—r+1)(n—7r)(n-—r—1)--- 
5. Pe PY opr} irom.(4) and (1). 


PERMUTATIONS AND COMBIN 


ATIONS 


The selections are : 


337 


5. P§ =5-4=20. The permutations of a, ), c, d, e, 2 ata time, are: 


ab 
ac 
ad 
ae 


ba 
bc 
bd 
be 


Ca 
cb 
cd 
ce 


da 
db 
de 
de 


ed 
eb 
ec 
ed 
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P§ =6-5-4=120. The permutations of @, 0, ¢, a, 6, 97,3 at ay 


time, are : 
fue (ac [ b b [ b (b 
d d d c c | ¢ 
eo ; ba 2 , ca E da ea 2 d fa d 
Ly i 8 iy Ly e 
[ b a f a (a (a (a 
ad d d | ¢ | ¢ l ¢ 
ac . be < - cb < p db < 3 eb d ae a 
Ls Cs \F \f lf is 
f 0) [ a (a (a (a (a 
¢ F b b b | b 
ad “4 bd < : cd< ; de < y ec < d Hes r 
i Lr LS 7 LS Le 
b (a a a (a (a 
C c b b b i) 
ae~ g be 2 d ce < d de < : ed < ‘ fas * 
rh ee eP ie lf Le 
(b (a ( a a (a (a 
l¢ | ¢ |b | b |b 
Of gee ths ar Fg a ae Sia Be 
e Le é e L ad il ad 
or abe bac cab dab ead Sab 
abd bad cad dac eac fac ° 
abe bae cae dae ead, Fad 
abf baf caf daf eaf fae 
ach bea cba dba eba Soba 
acd bed cbd dbe ebc fbe 
ace bce che dbe ebd Jbd 
acf bef cbf dbf ebf foe 
adb bda cda dca eca Fea 
adc bdec cdb dcb ecb fob 
ade bde cde dce ecd fed 


adf baf caf def ecf ice 
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10. 


aeb bea cea dea, eda fda 
aec bec ceb deb edb fab 
aed bed ced dec edc Sade 


aef bef cef def edf Sde 
afb bfa cfa dfa efa Sea 
afc bfe cfb afb efb Seb 
afd bfad cfd afc efc Sec 
afe bfe cfe afe efd fed 


Pr =n(n—1)(n—2)---(n—7r+1), hence the greater r the 
more integral factors the product contains beginning with n, 
hence the greater the product. 


P% = n(n — 1) (n — 2).--4-8-2-1. Since each factor from the 
right beginning with 1 is greater than the preceding by 1, the 
expression represents the product of all integers from 1 to n 
inclusive. 


P§=6-5-4-3-2-1= 720. 
P1=7-6-5=210. P7=7-6-5---2-1= 65040. 


3 


ab ac ad ae be 

bd be cd ce dle 

ab ba ca da ea 

ac be cb db eb 

ad bd cd de ec 

ae be ce de ed 
OH ON asd EI 


Exercises. CLXVII. 
n! 10! 


hi St ce 1 elt 
" (n—r)! 
§!=6-4-3-2.1=120, 


10!_ 10-9.8-7-6-$-4- 
Bq Bd. 
—10:9-8-7-6 = 30,240. 


y; ! ! 
we oI et = 107 1b-S- 714-8 = 88,704. 


10! 6! 2! 


2-1 
21 


340 
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1 nl=n(n—1)(n1=—2)(u—38)(n—4)--2-1. ~ 
‘2. But (n — 8)(n —2)---2-1=(n—8)! Def. 
3. «. nI= n(n — 1) (n —2)(M—<8)! Def. 
ile n!=n(n—1)(n—2)---3-2-1. 
2... (ni)? =n2 (vn — 1)? (a — 2)?- -- 8? 22 Te § 76 
Pi8 =10!=10-9-8-7---3-2-1 = 38,628,800. 


Exercises. CLXVIII. 


Pp” =n", repetitions allowed. .. P§ = 6*= 1296. 
Pi = 65> = 3125, repetitions allowed. 
P2 = 9 = 6561, zero excluded. 9-108 = 9000, zeros excluded 


from the highest place. 
Poke? = 2, O00! 
a ee OO(: 


Pr =n’, repetitions allowed. (r =n.) § 878 
Pi =99 = 387,420,489. 


. 9-109 = 9,000,000,000, since the first place can be filled in 9 


ways and each of the others in 10 ways. 

De ee de ah Jape ap Jey Sas CS OR it 

P19° = 1003 = 1,000,000, repetitions allowed. .. the chance is 
one out of a million. 


P19° = 100 - 99 - 98 = 970,200, repetitions not allowed. .. the 
chance in this case is one out of 970,200. 


Exercises. CLXIX. 


P® =n(n—1)(n—2)---2-1 
= 8,628,800 = 10-9-8-7-6-5-4-3-2-1. «. n=10. 


1. PG (Om Or=2lO: 
2. Pio = 10-9-8-7-6 = 80,240. 
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3. 


10. 


Ld 


12. 


14. 


15. 


16. 


17. 


i P= ti (n — 1) = 56... «2 — in — 56 = 0. 

2. «. (n+7) (n—8) = 56, and n =— 7, 8. 

The two results arise from the quadratic equation and are con- 
sistent with the given function ; but it is not usual to consider 
the permutations of a negative number of objects. 


20-19-1 
CO a oS = 1140, no repetitions allowed. 


12 Ss GOV jon ==); 
n!} n! n! 


nn ps . Y 2 
Ze HA Sy a 


(n—r)!(n—n+r7)! ee (n — rir! 
substituting n — r for r in formula of § 374, cor. 2. 


20-19-18-17- 16 


= 15,504. 


Cos 
‘ 5-4-3-2-1 
IBY oy sy Boa yarne I—af 40) 
Pi =5-4-3-2=120, without repetitions. 
P?} = 54 = 625, with repetitions. 
Ca eee 
: 3-2-1 


Since one particular bell always makes the last stroke, the num- 
ber of peals will be equal to the number of permutations of the 
obherisix. | Pe = 6. b74 302/20: 


Pé =6! = 720. 13. P? =5!= 120. 


The vowel can be selected in 2 ways. 
The consonant can be selected in 5 ways. 
“. a vowel and a consonant can be selected in 2-5, or 10 ways. 


Bi 


oo 


The first place can be filled in 3 ways, by 2, 3, 4; the second 
in 1 way, by 7; the third in 10 ways, by any digit ; and the 
fourth in 5 ways, by any even digit or zero. 

2. «. 3-1-10-5 = 150, the number of numbers. 


— 


Pi+ P3 + P2+ Pi =4!1 +4 3!4 2!4+1=388. 
TE a Aen shen Ath chy TE eaters (fo) iG) 6 ss 7-0 
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19. C13 = = 3003. 


15-14-18-12-11-10-9-8-7-6 
10-9-8-7-6-5-4-3-2-1 


20. Pi =7!. But since two letters are alike, the number of dif- 


od 


ae 
ferent arrangements is ea 2520. 


21 Cee ca =; 
c 2 
22 P2014 3 — 60, 
2. P3 = 6743-2 = 120 
3: PP =o 4 = 20. 
Ae oe O)r te) 
Dies 10s 
6. The total number of signals for any number at a time is the 


sum of the above numbers, or 60 + 120 + 20 + 120+ 5 = 3825. 
OFT ale 


eee - 
P32 =2, when different. P3= = = 1, when alike. 


~. 2 letters can be represented by taking 1 at a time, 
4 bo 6c 66 oe 6 oe 9 66 be oe 
Sa : 
2. P3 =— =3, when 2 are alike. 


On] 


3! 

. 

F . > 

TEMS — — Ns oe 3 oe ce 
21 
oO: 


. 84+3-+1-+41(=8) letters are represented by taking 3 at 


a time. 
4! 
ay Jee SP = 6, when the pairs are alike. 
4! 
iPS rth 4, “3 are alike. 
4) 
Po 2 =1, “ all 6 “ 


- 6+4+44+1-41(= 16) letters are represented by taking 
4 at a time. 


24. 1. PX = n(n —1)(n—2)---(n—r+2)(n—7+]). 
2. P,"™,=n(n—1) (n — 2)---(n—7 + 2). 
3... P*=(n—7 + 1)P,23, from (1) and (2). 


| 
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Exercises. CLXX. 


1. («© + 5)’ =a? 4 728-5 + 2125-52 + 30 a4. 53 
+30 a3. 54 + 2102-55 4 7-56 4 57 
= av + 350° + 525% + 3750 a4 + 18,750 23 
+ 65,625 x? + 109,375 @ + 78,125. 
2. (a? — 2a)> = (x?)5 + 5 (7)4. (— 2-4) + 10 (x?)8- (— 2.4)? 
+ 10 (@?)?. (— 2a)3 + 5a?- (—2a)4 + (— 2a)5 
= 29 — 10 ax’ + 40 a2x — 80 a3at + 80 atx? — 32 ad. 


@\10 g L\2 a\3 
8. (1-5) =1-10-54 45(2) —120 
( 3) eed 7 ie) 
a+ 
+210(=) — 262(5) + 210(2 Je 120(¢ a 
a\s aZ\? w\10 
45(=) -10(2) +(E) 
¥ he) EA 


=1—5a + 42a? — 1543 + 19 5 gk — 63 9 
+ APP a8 — Tal + oti O8 — 9850? + role”. 


Gt) oe 
Zo (3) (a + ‘OG Gy 


5. (404 1)¢ =40¢4+ 4-409 46-402 44.4041 
= 2,560,000 + 256,000 + 9600 + 160 +1 
— 2,825,761. 


6. (3a—$b2)8 = (B.a)6 — 6 (3.a)5 (3) + 15 (3 a)* (¥ 02)? 
— 20 (3 a)3 (3 b2)3 + 15 (3 a)? (3b?) 
— 6 (8 a) ($67)? + (%b?)6 
= 729 a8 — 972 abe + 540 atdt — 160 a2b6 
+ 8.0 a208 — $4 ah + 64, p12, 


fess , eae) 
4 Tipe 2.3 = 
fe Sve Tea 
4 


: 1 
7 (lta)? =14+-2 


32 128 
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8. (a+b)3 ee nus 4b 4 2@—1) 
4 o, 
PES NES 2) 5, 
ie oe ald 
=at + 2a7tp — fra 4b? + 18, a 2s 


9. Vaz — x2 = (@ —2)4 =) Sw? tga 4 BEAD gaa ES 


EN 
2 
a2 at 
=@— — — __ 
2a 8a3 
LO) ai ee he 2) 
3 2 aan 
7] 2a $ a2 — 40 98 


11. (1—2a)? =1 7 @a) 4+ 2@— 1, 2a)? 


9 
#— ] —2 
SG=G— 3) So, 
2-3 
=1—3a— 3a?— 5 a... 


12, Ge =99)'= G@2)) “(8 2)-2/_ 6 PS) ee 
| Ca s2u = Bayt +. Bal *(— ay). EEN Gee 


fe HG—e) ws 
+ = te de x) §(—2y)3 
= 3373 _ 4.3-4 ay — 4.37 Fada 


13. V31 = (82 — 1b = 32k 1. go-# 4 8-1) gee 
5 2 
=2— 35 — sdo0 we 
; 1 mer 1 t(—4-—1) 
14, SM ee : 
Vl+a2 : 2 
oy (ll) aera 
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15. (Q-a-t=1¢24— A _ a 
4 1(-1 it 1 ale 
fe 1( 1 aa 2) ( 12) ee 


=1+a4a2+4+a3 4+ a... 
14+141+1+1 
Check. 1—1)1 


1-1 .. the quotient is 


1 lt+edte+ae3t ot.-.. 
1-1 
1 
1s 
i 
1-1 
1 
1—1 
1 
16. Me a get x)? 
a 2 ( za 2 a 2)? 
CG sonra Map est A aaa me lee 
2-3-4 
a | tO i Ce Ws Bo a Sie co Op 
142434445... 
Check. 1 —2+41)1 
1 = 2-5 1! 
21 
2—4+42 
3 —2 
38—643 
4—3 
4—844 
Roe 
§—10+5 
6-5 


.. the quotient is 1+2x%+302+40% + 5at.... 
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17. The expansion is the same as that in ex. 16 except the sign of 
wv is negative. .. the terms are 1—2x”%+322—4234 5a4.... 
1—243-—4+65.-.. 
Check. 1+2-+1)1 


1+241 
—2-1 
-2—4-—2 
SEED 
Sear es 
—4—3 
—4-—8-— 4 
ep 4. 
5+10+5 
— 6—5 


.. the quotient is 1 —2a”%+43a%?—42%+4 5a3--. 


Exercises. CLXXTI. 


1. 1j14+04041 
& an aw 3 1 D8 
eee Pe Sy b+ b2. 
1—1+1; 0 a+b 
Check. Leta=1, b=2. (14 28)-(14+2)=8=1—244. 


=} 


8. 1d 04. 0 40 OST 
Wigs ohio teeters 
ee es ee a 
eh of 


ss = x ae aty as esy2 ae vy? - cyt —. y. 
=i 


Check. Let®=1, y = 2. 
(1 — 64) + (1 — 2) = 68 =14+24+4+48+4164 82, 


S11 aes 
1 Lanes eso e85 5 “ 
Pape So a | 


Check. Leta=2. (8 —8+38)+(2—-—1)=38=442-83. 


4. 1/1+0-—2+041 
Beas 1 1-1 Rate he 
pe De ay hey = 
Check. As usual. 


xe—a—x+1 


SYNTHETIC DIVISION 


378-379.) 
ee ee ee eee | 
Sl ORE 
i+0+4+1; 0 
6. 1|/1— 29+ 190 
10 10 — 190 
al Or 0 
7. 1143-4 
1 144 
14e4 0 
8. 


10 


11. 


12. 


13. 


1j1+2-—4+41 
il 1 38-1 


 1l+e4 27+ 2% 


_ a — 29% +190 | 


_ +3070 — 4x02 


_ 2a ese 
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=] Ay! 
1+2 


x — 19. 
x — 10 


=v+ 42a. 


co 


=2—a—27+4, 


with a remainder of 2. 


a2 — oe + 7. 


14+8-1; 0 x—1 
TL SED Bice PO Grade ae a 
1—1—2+44; 2 
Check. Letx=1. (1—342+46)=(1—1—244) 441) +2, 
since GS ny SEE 
. 71 ae ato 
—4| —4 4-28 _ O+3ar+3e + 28 _ 
Ve tee a x + 4 
1164+44+3842+41 
=| 8) PSA Dae See ae ea I 
eS fe ae eed 


1 


il 
—3 


1 
3 


1j1—44+6-—4+41 


=5e3 —a+42—2; 3rem. 


Sh Boil. ., at — 4a%d + 6 ab? — 4 ad + Ot 
(oat Om Ha 
= a2 — 3.ab + 8 ab? — D3. 
1+0-—10+0+9 


—3 9 


3 —9 


wt — 1028 +9 _ 


ee a8 — 302 —@ + 3. 
ais Bae a +3 
1+0—10+0+9 
Ee ae NON YD gare ye 8 


faa 


1-3; 


Omen 
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MANUAL [Paces 
_1/8—2—7T—2 
See y e 
ieee ie. oD 3038 —222— 72 2 2 3! Be os 
3) 6e 16 +1 
1/3 —2-—7—2 
SD op 2 a 
2 Stet aed, ae 323 — 24 72 oe ot eet 
See deed ot 0 2= 2 
1/2+3=2 
=H! = 2 Epes OU ae 
OP ale-an() e+ 2Y 
1/—2+4+842 
2 = eho) Naik Se de Bs kal (ay ber). 
Or ea 0 Yoga ee 
Exercises. CLXXII. 


(at + y4) (a8 — atyt + 98) =a? + 2, 

Both members of this equation are homogeneous of the 12th 
degree and symmetric as to x and y. 

Let g=1,y=2- (1+ 16) (1 — 16 + 256) = 4097 = 1 4+ 222, 


(2e+y—2)(2e—y+2) =402—7 4 22y — 2. 
Both members of the equation are homogeneous of the 2d 
degree. (2+1—1)(2—14+1)=4=4-142-1. 


27 — 36 + 48 — 64 
3+4)81+0+0+40— 256 


81 + 108 ; Zab + 4¢ 
— 108 =27 a3b8— 36 abc + 48 abe? — 64.03, 
— 108 — 144 
144 
144 + 192 
— 192 — 256 
— 192 — 256 


Each expression is symmetric as to @ and 0. 


(a + b +c) (be + ca + ab) — abe 

= 2abe + arc + ac? + be? + b2e + ab? + ab, 
Both members are homogeneous of the 3d degree and cyclic as 
$0: ay 05 CF 


OUR 10 Caw Oe al ON Oe 
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10. 


ate 


12. 


13. 


14. 


15. 


(at + xy? + y*) = (a? + wy + y?) =a? — yt y2. (type) 
Both members are homogeneous of the 2d degree and symmetric 
as toxand y. The check by arbitrary values is as usual. 


—(a—b)(6—c)(e—a)(a+b+0) : 

= ac? — ac + a%b — ab} + b3c — be. 
Both members are homogeneous of the 4th degree and cyclic as 
to a, 0, ¢. 


a®(b — c) + b8 (c — a) + c3 (a — D) 

= ab + b8c + ca — akc — B3a — cd. 
Both members are homogeneous of the 4th degree and cyclic as 
CONG; Oy C 


at (b — c) + bt(¢ — a) + c4 (a — BD) 

= atb + bte + cta — atc — bta — cd. 
Both members are homogeneous of the 5th degree and cyclic as 
CONGO, Cs 


(a — b) (6 — c) (ec — a) = — ab? — ate — be? + be + ac? + ab. 
Both members are homogeneous of the 3d degree and cyclic as 
to a, 0, ¢. 

a? (b — c) + b?(¢ — a) + c? (a — D) 

= a?b + b?e + ca — a®e — ab? — cb. 
Both members are homogeneous of the 3d degree and cyclic as 
to a, 0, ¢. 
(a +b8+1—8ab)+(a+b041)=040H+4+1—a—b—ab. 
Both members are symmetric as to a and b, 
(@ — y) (at + ay + wy? + xy? + y*) = 2 — y?. 
Both members are homogeneous of the 5th degree in @ and y. 
(at — 18 wy? + yt) + (2? + day — y?) = aw? — 4 ry — y?. 
Both members are homogeneous of the 2d degree in a, y. 
(a? + y? + 22 — ay — yz — wz) («+ y + 2) = 28 + y8 + 23 — Baryz. 
Both members are homogeneous of the 3d degree and cyclic as 
to x, Y, 2. 
(@@+y—22? + (y+2—20)? + (z+a-2y) 

= 6 (a? + y? + 22 — wy — yz — 22). 

Both members are homogeneous of the 2d degree and cyclic as 
to %, Y, Z. 
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16. (k —21—3m)?+ (1 —2m — 3k)? + (m —2k — 31)? 
= 14(#2 + 2 + m?) + 2 (kl + km + Im). 
Both members are homogeneous of the 2d degree and cyclic as 
tok, tm. 


17. @—2ad+ @—-P—2be+ A) +(a—d+b—c) 


=a—d—b—c=a—d—-b+e. 
Both members are homogeneous of the 1st degree. 


18. (ptg+re + O= 9-7 +e? —pPia (Pp GP = aa 
Both members are homogeneous of the 3d degree and symmetric 

as to p, qd, r. 
Note. In the first edition of the Algebra the last parenthesis in 


ex. 18 should have an exponent 8. In the second parenthesis p* 
should be p. 


19. («+y+z)3—(y+z2—2)3—(2+ae—y)? —(4+ y — 2)? = 24 zyz. 
Both members are homogeneous of the 3d degree and cyclic as 
LOM; ones 

Exercises. CLXXITI. 
1. Sey=cy + yz + 2a. 
2. Da2>=ab? + ad. 
3. 2(a + b)2?=(a + db)? + (04 ce)? + (c+ @)2. 
4. Lab2?=ab? + ab + b2e + be? + ae 4+ ca. 


5. Dasy2z = a8y2z + yBn2z2 4 z3y2e +. a822y + y3z2e + zda2y. 
aye 


6. 2a? — 8abc=a3 + b3 4+ c3 — 8 abe. 
abe 


% Da?+2dab=a? + 024 c+ d? + e 
as + 2(ab + ac + ad + ae + be + bd + be + cd + ce + de). 


8. Dai + 3 2a2b + 6 abc=a? + FF 4+ 3 
abe + 3 (ab + ab? + be? + bc + ac? + a2c) + 6 abe. 


9. Za(b+c)=a(b+c)+b(c+a)+ c(a + b)=2 (abd 4 be + ca). 


10. 2a? (b — c) =a?(b — c) + 0? (¢c — a) + C2 (a — ) 
= ab — ab? + b2c — be? + c2a — ae. 
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11: 


12. 


13. 


14. 


15. 


16. 


afr 


18. 


19. 


20. 


21. 


22. 


Za? (b3 — c3) = a? (b3 — c3) + b2(c3 — a3) + c2 (a8 — 63) 
= ab} — ab? + b2c3 — b8c? + c2a3 — c8a?. 


Zab? (a — b) = ab? (a — b) + bce? (b —c) + c2a®(e — a) 
= a3b? — a2b3 + bc? — b2c3 + c8a?2 — abc?. 
Ze(a-b+c)=]e2(a—b+c)4+V(at+b—cec)+(b+c¢—a) 
=a? + 63 4+ c3 — a®b + ab? — ac? + a®c — 2c + be?. 
=(b —c)F (b+ ¢ —2a)=(b — cc)? (b+ ¢ — 2a) 
+ (a — b)?(a+b—2c)+(c—a)3(c +a — 26)=0. 


za (b — c)=a(b —c) + b(c —a)+c(a —d) 
=ab — ab—ac+ac+be —be=0. 


(2a)? — Za?=a? + 02 + c2 + 2Qab + 2be + 2ca — a? — B? — ec? 
=2(ab.+ be + ca) =2 Zab. 


FE AEE UE OE RE 
+2be + 2bd + 2cd= Za? + 2 Zab. 


4[ (2a)? — Za?] 


Soe =t[(a+b+c+d-4 e)? — (a?+ 0? + c? + d? + e)] 
=ab+ac+ad+ae+ be + bd + be + cd + ce + de 
Pe 


Z(a — b) (a +b —c) 

=(a—b)(a+b—c)+(6—-—c)(b+ec—a)+(c—a)(a+c—D) 

=a? + ab — ac — ab — b? + be + b? + bc — ab — be — c2 + ae 
+ac+ 2 —be—a?—ac+ ab=0. 


D(a —b)? =(a—b)8 + (b— Cc)? + (c —a)® 
=8—-—¢84+H—B+4+3—3—3a%b + 8 ab? — 3b? 
+ 3bc? + 8 ca? — 37a 
= 3 (ab? — ab + cb — bc + ae — ca) 
=3(a— b)(b—c)(c— a). 


Da? (b —c) =a@(b —c) + P(e —a) + (a — db) 
= Wb — b2a + ac? — ate + be — be? 
=— (a —b)(b—c)(c— a). 


lI 


Dab (a — b) =ab(a — b) + be (b — ec) + ca(e — a) 
= ab — ab? + b2c — be? + c2a — are 


=— (a — b)(b—c) (ce — 4). 
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23. (Za) (Zab) — abe =(a+b + ¢) (ab + be + ca) — abe 
= a’b + ab? + bc + be? + are +c?a + 2 abe 
=(a+ b)(b+c) (e+ a). 


24. (Za) (Za?) + 2Zabe=(a + b + c) (a? + B? + c?) + 2abe 
=a + 634+ 2 + a2b + ab? + be + bc? + are 
+ ca + 2 abe 
=(a + 0) (b +c) (¢ + a) + Za’. Cf. ex. 23 


Exercises. CLXXIV. 


1. 1. (2a)t=(a +04 0c). 
2. The types are evidently of the 4th degree and, therefore, 
must be at, a3b, a2b?, abe. 
3. In expanding (a + b + c)4 we have (§ 69) 
(a+b)¢+4a+b0?-c+6a+b0'-2+4a+0-2 +4 4, 
in which the coefficient of a* is evidently 1, of a3b is 4, of a2b2 
is 6, and of a2be is 12. 
4. .. (Za)t=at + Dt 4+ ct + 4 (a8) + ab? + 3c + be? + abe + ca) 
+ 6 (a?b? + bc? + c?a?) + 12 (a2be + b2ca + cab) 
= Dat + 4 2a3b + 6 Darh2 + 12 Da2be. 


2. i La)t=(a+b+e¢+d)4. 


d 
The types are the same as in ex. 1 with the addition of abcd, 
and their coefficients are the same. 
2... (a+b+c+d)4 
=Dat + 4 Das + 6 Da2b? + 12 Darhe + madbed. 


3. Let LOSS) SN 
Then 44—4.148+4 364+ 1444 m. 
a m = 256 — 2382 = 24. 
aa (2a)* = Lat + 4 Da% + 6 Dar? + 12 Darbe + 24 abcd. 


8. (2a?)?= [(Za)? — 2 Dab]? =4 (Zab)? if ta =—0 


4. Za- (Za* — Zab) = (a+b + c) (a? + 02 + c2 — ab — be — ca) 
=a + B34 63 4+ ath — ab +---B abe 
d =a’ — Babe. 
Observe that a single term only of each type need be traced to 
determine the coefficient of the type. 
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a+b=—c, since ta=0. 
Z(a + b)8=2(— c)P=Z(— a)? = — Tad. 
Z(a + b)? + Zai= — Da? + La?=0, when Za=0. 


. The first member is of the 3d degree. .-. the types are a}, 


a’b, abc. The coefficients are seen at once to be 0, 1, 2, 
respectively. 
-. (@+ b) (6+ ¢) (¢ + a) = Za + 2 abe. 


. The types are a?, ab and the coefficients 8, — 2, respectively. 


“. (a — b —c)? + (b— a — cc)? + (c — a — db)? =3 Za? — 2 Dab. 


. DH- (Zu — 2%) - (2a — 2y) - (Ze — 22) 


He+yt+zyte—L)(e—y+z)(e+y—2). 
The types are x4, xy, x?y?, x*yz. The coefficients are easily 
traced, being — 1, 0, 2,0. Todo this take factors in pairs 
and multiply as to # and y only. 
“. De- (Dx — 2x) - (Da — 2y) - (Be — 22) 

= 2 (wy? + y?2? + 220?) — at — yt — 24 =2 Dory? — Dat. 


9. (a—2b—3c)?+(b — 2c — 3a)? + (c —2a— 3b)? =14 Da? + 2 Zab. 
For the types are a”, ab and their coefficients 14, 2, respectively. 


! aly, ~ ile 


(-a+b+c)(a—b+c)(a+ b—c)=— 2a + Zar — 2abe. 
For, multiply the first two factors as to a, b, thus: 

(=—a-+ 0) (@ —b) =— a — + 2 ab. 
Multiply this result by the third factor, thus : 
(— a@ — & + 2ab) (a +b —c)=— @& — 63 + ab —.--+ — 2abe. 
.. the coefficients of the types a®, a?b, abc are — 1, 1, — 2. 


. 0 (-a+b0+4+c)(a—b+c)(a+b—c) 


= 2a? (b + c) — Za? — 2 abe, 
since Ya2b=a2b + ab? + b2c + be? + ac + ca 
=He(b+c)4+U(c+a)+ (a+ b)=za2(b +c). 


11. D(a — b)=(a — bd) + (b—c) + (c — a) 


=a—b+b—c+c—-a=0. 


12. (a+b+c¢)(—a+b+c)(a—b+c)(a+6—c) 


Note. 


=a- (Za — 2a) - (Za — 2b)- (Za — 20) 
= 2 ab? — Las. Cf. ex. 8 


The numerical factor is usually written before the symbol 2. 
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13. (a4 + b)(} +) (¢ + a) =a + al? + Bc + be? + are + ca + 2 abe 
= Zab? + 2 abe. Cf. ex. 6 


14. Da-Ta2=(a+b +c) (a@ + 0? + c?). 
The types are a#, a?b, whose coefficients are 1, 1. 
.. Da: Da?= zai + Dar 
= Da? + ab + ab? + be + bc? + aPe 4+ Ca 
=a? + ab(a + b) + bc(b +c) + ca(e + Q). 


15. Ya-Lab=(a +b +c) (ab + be + ca) 
= Ya) + 38 abe 
=a’b + arc + Be + Ba + c2a + c2b + 8 abe 
=a?(b +c) + (c+ a) 4+ c2(a + 6) + Babe. 


16. (2a — 2a) (Za — 2b) (Zu — 2c) 
=(—a+b+c)(a—b+c)(a+b—c) 
= Za? (b + c) — Za? — 2 abe Crrex: 10) 
=a? (b +c) + b2(c + a) + c?(a + b) — Dai — 2 abe. 


Exercises. CLXXV. 


Ue Mk ar (y —2z)=0ity=z. 
“. (y—2), (©—y), (@—) are factors by the Remainder 
Theorem. 
2. By symmetry and homogeneity the other literal factor must 
be of the form m2a?2 + nEay. 
“. Det (y — z)=(@ — y) (y — 2) (2 — 2) 
[m (a2 + y? + 27) + n(xy + yz + 22)]. 
3. m=—1, since xty = — maty in the above identity. 
n=-—1, since xy is the only type in the first member. 
4. ». Dat(y — 2) =— (@ — y) (y — 2) (2 — 2) 
(x + y? + 22+ vy + ye + 20). 


Dames Zat (bo? — c?) = 0, ifb=c or b=—C. 
*. (b —c), (a — b), (c — a), (a + dD), (b +6), (c +a) are factors. 


2... Dat (b? — c?) =n (a — b) (b — c) (Cc — a) (a + b) (D +0) (C +4). 
3. Let 10 = ocr 
Then —12=2n. sn 1. 


4... Zat(b? — c?) =—(a — b) (b—c) (c— a) (a +b) (+0) (C +4). 
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5 al za (y —z)=0, ify =z. 
- (y¥—2), (©—y), (@—«) are factors by the Remainder 
Theorem. 
2. By symmetry and homogeneity x + y + z must be the other 
literal factor. 
Ie (y —z)=n(e—y) (y—2) (2-2) (@+y4+2). 
4. Let Clty = 2, o— 0,and 1a 
za (y — Z)=—(@— y) (y— 2) (2 —a) (@+y +2). 


Kd 


ame Zot c3)i= 0) if b=": 
*. (6 —c), (a— 5), (c —a@) are factors. a+b,a+b+¢ are 
not factors by the Remainder Theorem. 
2. .. the other literal factor must be 
nzat + mzZa*% + pdazb? + guaPbe. 
But (a — b) (b — c) (¢c — a) (nZa*t + mza*d) produces types mer 
found in the original expression. 
3. «. Dat (b3 — c3) = (a — b) (b — c) (¢ — a) (pZarb? + gdarbe). 
4. Let pre ee aah Thenp = 1. 
Let G= 1S 2) 6] 3, pai, Then ga. 
5. «. Dat (b3 — c3) =(a — b) (b — c) (c — a) (Zab? 4+ Zarbec) 
= (a — b) (b —c) (ce — a) 
[a?b(b + c) + b?c(¢ + a) + Ca(a + d)]. 


. (Za)? — Dak =38 Zab + 6 abc 

=3 (ab + ab? + bc + be? + a®c + ca) + 6 abe 
= 3 [ab(a + b) + be(b +c) + ca(e + a) + 2abc] 
=3(a+ 0) (0+ c)(¢ +4). 


Or (Za)? — Ya? = 0, ifa =— 0b. 
a (za)? — Da? = n(a4 b)(b+¢) (C+ a). 
Let G0 = Ce 1 them nt —o. 


(Za)? — Za? = 38(a + 0) (b+ ¢) (C+ 4). 


. 1. zat — 2 2a%2=at + bt + ct — 2 (ad? + bc? + c?a?). 

2. The expression vanishes for 4 = b —c. 
(a+b—c), (b4+¢—a), (a+c — 6) are factors. 

3. The other literal factor must be of the Ist degree and sym- 
metric. .«. itisa+bd+c. 
Let a=1, b= 2, c= 0 to determine the numerical factor. 

4, «. Dat -22e2=-—(a+b+c)(a+b—c)(b+c—a)(a+c—b). 
The factor —1 can more easily be found by tracing the type a4. 
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7. (Za) (Zab) — abe =(a+b-+ 6) (ab + be + ca) — abe 
= ab + ab? + b?c + bc? + are + ac? + 2 abe 
=(a+ b) (b+ ¢) (c+ 4). Cf. ex. 5 


8. Lab(a + b) + 2 abe=ab(a + b) + be(b +c) + ca(c + a) + 2abe 
= ab + ab? + bc + be? + ac? + c?a + 2 abe 
=(a+ 0) (b+ c)(c +4). Cf. ex. 7 


9. Ya(b? + c2) + 2abe =a (b? + c?) + b(a? + c?) + c(a? + 7) + 2 abe 
= ab? + ac? + ba? + bce? + ca? + cb? + 2 abe 
=(a+ b) (b+ c) (c+ 4). Cf. ex. 8 


10. 2a(b—c)? + 8abe =a(b —c)? + b(c — a)? + c(a — db)? + Babe 
= ab? + ac? + be? + ba? + ca? + cb? + 2 abe 
=(a+ 6)(b+c) (c+ a). 


11. 2a(b+c)? —4abe =a(b +c)? + b(c + a)? + c(a + D)? — 4 abe 
= ab? + ac? + be? + ba? + ca? + cb? + 2 abe 
=(a + b) (b+ c)(e+ a). 


12. 1. a@—b68+ c+ 3abc=—0,ifa=b—e. 
2... @—b+cisa factor by the Remainder Theorem. 
3. The expression not being cyclic, the other factor is best found 
by division. 
- @&— b+ ¢ 4+ dabe=(a — b 4+ ¢)(a? +024 c2+ ab + be —ca). 


13. 1. D(a —b)(a+ 6 —c)?=0, ifa=b. 

2. .. a—b, b—c, ec —a are the literal factors. 

8. Let a=1,6=2,c=0. The numerical factor is — 4. 
4 


. . Z(a—b) (a+b—c)?=— 4 (a — b) (b—c) (c — a). 


Tay Ly, (Gi — 0) (ab 2c) 0) it ae=0: 

2. «. a—b, b—c, c— a are the literal factors. 

8. Let a=1,6=2,¢=0. The numerical factoris;—0: 
4, .. Z(a—b)(a+b—2c)?= — 9(a—b) (b—c) (c—a). 

1 


a3 (b + c) + abela = a3 (b + c) + B(c 4+ a) 
+ (a+ b) + abe (a + b+ 0) 
= ab (a* + c?) + be (b? + a?) 
+ ca (a? + b2) + b3a + c8a + cb. 


15. 


2. The expression does not vanish fora=0. .«. there is no 
literal monomial factor. 
3. The expression does not vanish for a=+b, a=—(b+0), 


a=b—c,a=b+c. .. there are no literal 1st degree factors. 
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16. 


Ly. 


18. 


19. 


20. 


21. 


22. 


238. 


4. Its form suggests a? + 62 + c?, or ab + be + ca. 
Both are factors since the expression vanishes for a2= —b?—c?, 
ab=—be—ca. 

5. «. Za3(b + c) + abcla = (a? + b? + c2) (ab + be + ca). 


1. 4.a7b? — (a? + 0? — c?)2? = 0, ifa=b—c. 
2...4@—b+¢,c—a+b,a+b—c are factors. 

3. The other factor being linear and symmetric must be a+b-+c. 
4. .. 4076? —(a?+b?—c?)?=(a+b+c)(b+c—a)(e+a—b)(a+b—c). 


(2a)? + Da? — D(a + y)F =2 2a? +3 Vae2y+ Gays —2 Dax? -—3 Da2y 
=6 xyz. 


(2a)* + 2at — 2 (e+ y)PH=2 Dat + 4 Saty + 6 Vary? + 12 Varryz 
— 22at — 4 Dax?y —6 Day? 
= 12 2aryz =12 ayz - rae 
=H12aeyz(e@ + y + 2). 


1. There must be at least one linear factor, and since the 
expression does not vanish for a = 0, a, b, ¢ are not factors. 
Also, since a3, 63, c? are all positive, a—b+c cannot be a 
factor. .. a+b or Za must be a factor. But a+b is not 
by the Remainder Theorem, therefore 2a is the linear factor. 

2.0. 8+069+ 3 —38abe=(a+b+c)(a?+6?+c? —ab—be —ca) 

= Za - (Za? — Zab). 


Za? + 3(a + b)(b + ¢) (C + a) =Za? + 8 Za’ + Gabe 
=(a+b+c)%. Algebra, p. 385, 4 


Z(a — b)8 =(a — 6)? + (b — cc)? + (¢ — a)8 
=3 (ba — ab + c?b — bc + a®c — ac?) 
=3(a —b)(b—c)(c— a). 


ip D (a2 — b2)3 = (a? — b2)3 + (b2 — c2)3 + (2 — a2)8 
= OOF aad: 
2... D(a? — b2)3 =3 (a — b) (b —c) (ec —a) (a +d) (D+ ¢) (C+ a), 
the numerical factor being determined as usual. 


(Za) (Zab) — (a + b) (b +. ¢) (¢ + a) = Xa* + 8 abe — Za — 2 abe 
= abe. 

Or let a = 0 and the expression vanishes. 

-. a, b, ¢ are the literal factors. 
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24. 1. x(y® — 28) 4 y (23 — 23) + z(28 — y?) = 0, ife=y. 
2. «. wy? — 28) + y (28 — &) + 2 (a3 — 3) = Zar (y® — 28) 
=(e + y + 2) (@ —y) (y —2) (2 — 2). Cf. ex. 3 


25. (s —a)? + (s — b)? — (s — c)2?=(b + c)? + (a +c)? — (a+ bP 
=2(c2+be+ca—ab). (Sincees=a+b+c.) 


26. 1. Za? (b = ¢)i= 0; if b =. 
The numerical factor is — 1. 
2a Za? (b — c)=— (a — b) (b —c) (¢c — a). 
27. 1. (w@ — a)?(b —c) + (w — db)? (c — a) + (@ — c)2 (a — b) 
= 0st 10. 
2... the factors are a — b, b —c, c—a. 
3. Let G@=1,>=2, ¢=0: 


.The numerical factor is — 1. 
4... (@ — a)?(b —c) + (@ — Db)? (c — a) + (x — c)?2 (a — Dd) 
=— (a — b) (b —c)(c — a). 


28. 1. (a +b) (a — db)? + (6 + c) (6 — c)® + (¢ + a) (€ — @)8 

= 0, it OO 
*.-a—b, b—c,c—a are factors. The 4th factor is linear 
and cyclic. .. itisa+b-+e. 


bo 


Let Gea OO 
The numerical factor is 2. ; 
Oops (a + b) (a — b)F =2 Ba- (a — 6) (b — c) (c — a). 


29. 1. (a — b) (a2 + 2) = 0, ifa=b. 


= (a — b) (a? + 6?) = (a — b) (b — cc) (Cc — a). 


30. The function vanishes for « = 0. 
The numerical factor is 24. : 
~ (@ry+z2)2—@+y—2s—(yt+2—2)—(2+2—y)8 
= 24 vyz. Cf. CLX-XII, 18 


31. (x —a) (x —b) (a—b) + (w—b) (w—c) (b—c) + (x —¢) (w—a) (c—aa) 
=— (a — b)(b—c)(c — a). 


82. The function vanishes fora=0. .. a, b, ¢ are factors. 
The other factor is linear and cyclic, hence it is a+b-+c. 
“. @(b+c) (b? +2 — a?) +b (c+) (c? 4+ a?—b?) +¢ (a+b) («2 +b2—c?2) 
= 2Za(b + c) (0? + c? — a*) =2abe(a+ 0 4c). 
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33. 


34. 


3. 


4. 


10. 


The function vanishes for « = y. 
.2%—Y, y—z, 2 —wxare factors by the Remainder Theorem. 


(2a )Pn TRS Darn e tee y+ ze lL (gently yar en + 1) 
= g2n+1 = gan+l —0 if T—=—Yy. 
.a+y, y+2, +a are factors of (Zx)?"+! — Za2n+1, 


Exercises. CLXXVI. 


. 40749y2 +14 12¢y+6y+4a 


= (20)?+ (By)? + 124+2-2e-3y+2-38y42-2% 
=(2e+ sy + 1)?. 


. 14+ 40?+9044+4a+4+ 60? + 12 ab? 


=12+4 (2a)? + (807)? ++2-2a42-80?42-2a-30? 
=(1+2a+30?)2. 


44 16a? + 250! + 16a + 2002 + 40 ab? 
= 22 + (4a)2 + (502)? + 2-2-4442-2-502?+4+2-4a-5b) 
=(2+4a+4 56?)2. 


5artyt+9+2ay2V5 +64 V5 4 6y 
=(V5a)2 + (y?)? +3242 Vba-y24+2-8y242-8V5e 
=(Vba + y? + 38)2 


a? +b + 9c8 + d? + 2ad + 6ac? + 2 ab? + 6 b2c3 + 2 bd + 6 c3d 
=a? + (b?)2 + (80°)? + 024 2-4-0227 4+2-a-308+42-a-d 
+2-02.30%42-0:'d42-33.d=(a+0?+30 +a), 


4a44+ 8a?y2 + 9yt=4et + 12 ay? + Dyt — 4 x%y? 
= (20? + 8y?)? — 40%? 
= (24a? —2ay + 3y?) (22? + 2ay + 3y?). 


4at — 492y2 4+ 9yt=4 at + 12 72y? + Dyt — 16 x74? 
= (20? + 3 y?)? — 16 077? 
= (20? + 4uy + 3y?) (2a? — 4 ay + By’). 


§a2?4+5438¢48038=5 4324 022(6 + 382)=(54 32) (1+ 2%). 


wy? — 402 + 4 — y2=02(y? — 4) — (y? — 4) = (y? — 4) (@? - 1) 
=(y + 2)(y —2)(@— 1) @ +1). 


at + bt — 16 + 2.0%? = (a? + 2)? — 16 = (a2 + 02 + 4) (a2 +b? — 4). 


sae 


12. 
13. 


14. 


15. 


16. 


1 
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l+4ay—4y—-#=1—-(4y2—4ey + 2)=1-—(2y—2)? 
=(1-—2y+2)(1+2y—2). 


xa + ay? + by? + bax? = a (x? + y”) + by? + 2?) =(a + D) (2? + y?). 


x§ +144 — 1642 —9at = «xt (x? — 9) — 16 (uw? —9) = (xt — 16) (x? — 9) 
= (x? + 4) (x — 2) (w + 2) (w — 8) (w@ + 8). 
by +2ba+2ay+4axn =)(y+22)+2a(y + 22) 
=(0+2a)(y¥ +22). 
x? + wey —4wy? —42y=u(x + wy) —4y(e& + wy) 
=(e% — 4y) («& + wy). 
+1004 y24+ 10y + 254 2ay 
=(x + y + 5)? 
v?— 1204+ 4y?2+ 36 —24y4+42y 
=Sa?+4 (2y)? + (— 6)? +2-x-2y4+2-x-(—6) +2-2y- (—6) 
=(e@ +2y —6)?. 


Exercises. CLXXVII. 


yel= by, fF | = om — by, 

> u|= ae — by, ki * | = an — by 

it |= 2-12 = 10, 5 {=2- = 10, 
+ | [=2- 12=—10, B a| =2-12=— 10 
2 |= 0-0 = 0 2 jl=o-o=0 
eels 0=0, oy = 0 -0=0, 
Sg =0-0=0, oA =0-0=0 


The rows of a determinant of the 2d order may be interchanged, 
and then the rows may be made the columns and the columns 
the rows without changing the value of the determinant. 
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meLO: 


BE 


12. 


If either a row or column of a determinant of the 2d order is 
made up of zeros, the determinant has the value zero. 


12 | 81 

ee =84—30=64, |) 5|=24-2=22, 
5 6| 

F a = 40-42 =-2 

ay by = ab _ aby, ay Ae = 

ag be by lise abs hee 


The value of a determinant of the 2d order is unchanged by 
changing the rows into columns and the columns into rows. 


Ay b 

.. bs = abe — aah, 
a, +b, b 
if 2" bs be = Aybg + bybe — deb, — bybe, or aybe — dab}. 
ay — by 


by | 

= abe — bybe — aedy + bybe = aybe — agby. 
Pees, 6; | 102 192 201 + 0102 102 201 
The value of a determinant of the 2d order is unchanged by 
increasing or diminishing the elements of a row or column by 
the corresponding elements of another row or column. 


ay by |2 dy by 
= Aybe — debi, | = 2 abo — 2 aah 
dy. bs 2 1b 12 a del 1 201, 
may b 
Bete = Made = MAgd}. 
mag be 


The value of a determinant of the 2d order is multiplied by 
the same number by which the elements of any column are 
multiplied. 


Exercises. CLXXVIII. 


123 
4 5 6|/=45 + 96 + 84 — 105 — 72 — 48 =0, 
e829 
147 
25 8)=45 + 84 + 96 — 105 — 72 —48=0. 
38 6 9 
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ay by Cy 
dz be Cq| = dybec3 + Agbgcy + AgbyC2 — Agbacy — Aeb1C3 — Ayb3C2, 
a3 bs C3 
ay Az As| 
by be 03) = aybee3 + AgbiCo + Agbsc1 — Agb2C1 — AgbyC3 — AyC2b3. 
Cy Cg C3 


8. The value of a determinant of the 3d order is unchanged by 


changing the rows into columns and the columns into rows. 


246 
‘\1 2 5) = 54 + 48 + 140 — 126 — 36 — 80 — 0, 
789 
|2+4 4 6} 
Cae 8.5] = 54 + 108 + 48 + 144 + 140 + 160 — 1296 — 144 
74+889 — 36 — 108 — 80 — 160 = 0, 
646 
4 3 5|)= 162 + 192 + 300 — 270 — 144 — 240 = 0. 
1589 
ay by Cy 
a2 bg Cg| = yb2C3 + Agb3C1 + 31 Co dgbecy Agb1e3 ayb3Co, 
a3 bg C3 
ay + dy by Cy 
dz + de bg Cg} = Aybec3+dyb2eg3 + dgbs3c1 + dabgcy + Agb1C2 + dsb co 
ag + bs bg C3 AgbeCy bsbecy Agb1C3 bob eg ayD3Co by D3ee 


= Azb2C3 + dodge + A3b1C2 Agbey — Agb1C3 — A, b3Co. 


. The value of a determinant of the 3d order is unchanged by 


increasing the elements of a column by the corresponding ele- 
ments of another column. 


Oadb 
Circ 
Oe f 
000 
Ga0NG 
def 


=0- ef +0-e40-da—0-cb—0-af—0-eb=—, 


=04+0+0-0-—-0-0=0. 


The value of a determinant of the 3d order is zero if any row or 
column is made up entirely of zeros. 
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ay by Cy 
Mz be Cy|= dyb2C3 + Mebsc1 + agbiCo — agboc1 — Agdyc3 — a4b3Ce, 
ag bs C3 
May by Cy 
mae, be oi — mayzbecsg + Magb3C1 “+ mMa3b1Ce ae Magzb2C1 = MA2b1C3 
maz bs ¢3 — Mazb3Co. 


. If the elements of a column of a determinant of the 3d order 


are multiplied by any number, the value of the determinant is 
multiplied by that number. 


Exercises. CLXXIX. 


E21 Z) Ral! ein: 12 1| 
112)/=/412/=4/112;/=4|/11 2)/=4(-142)=4. 
A Arie | Goal ea 0 0:—1 
as el > 
63 62] 11 62 PSF aS eS 
3 9 Bepetied< 6 
13. 39 =8| 15 13 = 369 — 89) =0. 
O) ibaa 0 i 1 
PBS SOS i SH Se) 2b ee 
eon a 1 3 th 
[eae Hae ib ao il 00 O 
AG eal A Wheel Wy thee o= 
97 5 17 97 5 17 97 5 17 
ah lay a) 1 ee Pk 
a 2 ab |—abala b b|=a%a b 0/=#b-0=0 
a> b> ab? a? b2 be a? b2 0 
la @ 0Oa—-bav—PD 0a—b a@—b? 
160/=l1 Oo b2 =10) 016) 62 —¢2 
ic C2 aC (6 ib 2 @ c? 
Ola+bdb 
=(a—b)(6—c)|0 1 b+¢ 
Up = EX 


=(a — b) (b—c)(b +e —a—b) =(a—b) (b—C¢) (c—aQ). 
Observe that two rows are alike if ) = a in the original determi- 
nant, hence the determinant vanishes and a — b is a factor by 


364 
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the Remainder Theorem. Likewise, 6 —c, c —a are factors. 
It only remains to trace the principal term 6c? to determine the 
numerical factor 1. 


G05 Osh 

oO l= aoe tO) = abex 2 — 2 abe: 

Obe Oe abeak 

VASO XE @ Gh Be GE 0.6= 6.0 

a b+e a |=|06+c0/=/0 d4+c 0/=0 (ifa=0). 
b b c+a iy MY He Oa ie 


.. @isafactor. Likewise b, c are factors. These are the only 
literal factors, since the determinant is of the 3d degree. 


he +b ¢ c 
Re a b+e a |=nabe. (4 abc.) 
| b b ec+a 
Trace the term abc. The principal diagonal contains 2 abe and 
there are two other positive terms, each abc. .. abe has the 
coefficient 4... n= 4, and the determinant = 4 abe. 
b2+¢2 ab ca ve? 0 ca 
ab) C2 a2 be) | = 108 e220) 10) (it? — 10), 
ca be @+4P ca 0 a? 


.. B is a factor. Likewise a2, c? are factors. The numerical 

factor is 4. Cf. ex. 9. 

b2+c¢2 ab ca 
ab c+ ae be 
ca be a? + b2 


Exercises. CLXXX. 


24 938 —29 


1. Given —+—=—, 
x y 7 
2 42_ 31 _, 
ey 
29 98 96 dog 
: 31-4 | 
ne 1 faa ae ree 
Si, = 6. 2hmae 
42° = 81 31-6 7 _3| 
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, |24 29 29) 
P Te 42) 7 MEL) ee see coe 
y |24 Pal $| SS Srhoea 31 
42 -— 31 Tees tl 
6 pol 
Check. 3¢+33=4) $7-H=1 
1. Given eee 
ce Yy 
2 Be ory 
G.-Y 
Tubb |b wena 7 tS 
1 199 si Lgs 7 1200278 
Fs a |49 — 56 [7 —8) 7-156 7 
seh eae ey 
4 wars 
BOT ety ae | 
f Le. me 1g9|  * 164 169|_ 1 105 7 
; of AO 56 les 2 40S. 8 15. = 8 
56 — 49 
Gh y =. 
Check. 49-$—56-2=7. 66-.$—49.7=211. 
1. Given 232 — 30y = 2, 
2. 10a+7y=61. 
ee) 
61 7| 1844 
3 t= = — = 
23 —30| 461 
; /10 7 
i 2| 
10 61| 1388 
) ores a = Sat 
23 —30| 461 
10 Z 
Check. 23-4 —30-3=2. 10-4+7-3=61. 
1. Given 23% + 10y = 252, 
2. 19% +17 y = 154.7. 
252 10| | 252 10 
safe a — (154.7 17] _ | — 97.8 7 _ 2787 _ gine 


4 =e 201 


LO 74 


Poe eae 
19 17 
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ce 252 | 4 oe 
Bey EOL LOSS aims Omak 7 | en 
2 li eal 
Check. 23 - 13324 — 10 - 6233 = 252. 
19. 278% 4+ 17 - 42299 = 154.7. 
1. Given 41a —37Ty =4, 
2. 43% + 39y = 82. 
4 — 37 43 1 
ie 39 82 al 1595 
Sates t= = = =i 
41 — 37 atae © Lip) 595 
las 39 |43 39 
4. 6 y = 1, substituting in (2). 
Chae 41 — 37 =4, from (1). 
1. Given 235% — 234y = 236, 
2 411a%+410y = 412. 
re — 234 | 59 — 117| 
Moga we 412 410] | 108 205 | ay 161 
|285 — 234 235 — 117 48131 
|411 410) |4a1 205 
235 236 235 1 
* my ts 411 412 an 1 - ino ae =e 
2 - 96262 . 96262 2. 96262 
Check. As usual. 
1. Given 52a — 39y = 18, 
2. 18@ + 18y = 15. 
ONine. 4% —3y=1, from (1), 
4. and 6x+6y=5, from (2). 
1 —3| 1-1 
iy AG 5 | Uh ei ea 
oO. A ane 2 
s —3 i* 3| 2 7-2 
O 1 il 
Gh ote y =}, substituting in (8). 


1. Given 0.5% —0.3y = 0.021, 
2s 0.6% + 2y = 0.882. 
ain Es 5% —8y = 0.21. 
4 6a + 20y = 8.82. 


[PAGES 


44 
481381 
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0.21 —3 
Bess Bes Te eed 
5 — 4 118 
6 20 
Ce y = 0.18, substituting in (3). 


Exercises. CLXXXI. 


1. 1. Given z+y=10, 
2. y¥+z2=10, 
3 Hy IP 
1010 00 — 
iG) Thal 10 1 
A ne EAU Se AO? 
110 iho 2 
OMe OMiei 
ORE Om 
LE LOR ih 1 10-1} 
0 10 1 OPO RL Oo tt 
P eae Gal LoCo aw all IG > il a 
3) Y= — = —— bie 
2 2 1 
AD) ERS) 100 
OF LO 015 015 
6. pies a eO Oe Fe Ne BIR es 
2 1 1 


Or y and z may be found by substituting w in (1), (8). 
Check. 34+ 7=10. 74+3=10. 34+3=6. 


2. 1. Given 5¢—3z2=3, 
2. 22+y=5, 
3. 8y+2=7.5. 
380 —3 00 —3 
5 1 0 5 1 0 
= 5 Q es, Fr 
4 foe 7.5 3 1} _ |8.5 8 il oo 19.5 _4 5 
50 —3 20-38 —13 
4 A 0 Ae | 0 
03 1 13 1 
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ieee eas: : 0-38 
Dy @ 5 O 
i ae oe ij = 26 
7 ae Bris fh =F Se 
6 z= 1.5, substituting y in (3) 
3. 1. Given eee 
Oh 0 
Wh. ¥ 
2 a ee 
Be ; 
3. ai, Wiel = 
a € 
1 
Co ae 
350 
ih al 
5 ah 
Shere ea 
1 ==.5 1 1 2 
Si > hae 
eee “avers: be 
- "i i eae soe 
te of a 2. 
ab ae tt abe 
144 101 
Ora= 
be 
ties 
a G 
130 
rae 
5 Pac ey 
2 6 
abe abe 
ites 
al 6 
6. Gas SE eras 
2 2 
abe abe 


or y and 2 may be found by substituting @ in (1), (8). 


Note. In the first edition of the Algebra for - : < read = ~ in equation (2). 


407.] 


oo 


> 


. Given 


369 


12%+7y = 109, 
by —22=11, 
4%+32= 26. 


DETERMINANTS 
4 0 z 
= Ae OL) 
ni a 
ey “4 
—~+-—2z=7.5 
319 ee 
te cone 
—~—{+4+-=4. 
ee 
pe eee S25 6s 4 
bike pe - (Bie Cece by 
4  -$ 3|_ Cae oh oe 
Sp eee Sa=I6 4 
aay Ue ———|4 3-12 
12-6-12 
She oer 6 —2 3 
ae fle 82 
127.6 0 12 
ee 1 3 
a oe 4 
May S00) 
Cane 3 
_ 12+ 266.25 _ 3195 _ 4 
eel oy ee See 
£53255 4 , [8325 4 
ere uno ——|47.5 —12 
14 a 12-12), 4 : 
ho aha Lee ee 
Ge 2 el a Alo, 
ee 1 12-6 121, _» 3 
6G 8 
S12 ete 20 
< Gud 3, — 8.855 
ees Al 8665 
(mee le 
4 oS, 
z=—6, substituting x, y in (8). 
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1097 0 109 7 ~O 1097 0 
TES — 2) ae th Sb" ble) Sk 
ae ip | 2610 Se 0" 8 ee 0S 
17° 00 7) 6 124 
O62 eer etO. 52 
AO) SH 1G <3 
5-208 5-52 260 
Sod. SST eae 
Boasts y = 34, from (1), 
and z=— 4%, from (8). 


Note. If the second equation is 5y—2z=31, the answers are 
iy Uy e 


6. 1. Given 7% —3y —22= 16, 


2. 22 —5y4+32z=39, 
3. bea+y+5z2=81. 
Tes 3 > 2)) 116 3s) Mee 
39 —5 8 § —6 +2 6 8 
31.08" 5) (St eee ee 
4... t= ie ae = 
ES ie <9 — 265 
I—5 38 yee 
Sisk PS Te eae 
S23 a0 
Si i4 <a See) 
pa NS) 4 EE ee 2 200 
a7 — 265 96h es 
TKen= 2 916 —2 $16 = 2 
oso 5 Seo) Sy at io 
581 5 031 5 031 4] 
5 y =e = 
— 265 705 = 265 
1060 | 
Sees 
Gram z= 5, substituting x, y in (2). 


io LaGiven 4x%+9y+2=16, 
2. . 2%+8y+2=4, 
3. w+y+z2=1. 
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169 1 12 60 210 
431 320} 3/820 
4 pee UB ae 
491 260 130 —1 
231 ik 2. (0) ZnO 
aly ibe ab aie On 
4161 2 12 0 
2 4-1 i 
5 aya 1b AR hoe eal ON) ee Oe 
—2 —2 —2 
Oy & z= 1, substituting a, y in (8). 
8. 1. Given 8a+8y4+ 382 = 144, 
2. 7x+7y+5z= 306, 
9e+y—z2= 154. 
48 1 il 24 2 1 24 1 1 
BOG Tao) 2 Ose 29 E54 153 Geet 
4 154 1 —1 77 0 —1 770-1 
ill OZ Veal 1 
te 1s 012 5 16)\076) 95 
91-1 8 0-1 10-1 
241 O 
4/153 6 —1 
= UUs LS = 08 ie 
— 16 —4 
ib e24> el 1241 
2 153: == 6) 92) 276 6 
9 if —1 977 -1 
Z re 16 — 16 
1 24 0 
-)8 4 
Lt 9 77 — 10 Beg 8 6, 
—4 —4 
Grose z = 15, substituting x, y in (8). 


9. 1. Given p74 g?y 4+ r2z = 82, 
pe + gy + 2 = 8°, 
3. pyetqytrz=s. 


to 
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s2 q2 r2 sg r4 
88 GB 7 sqr| s2 q2 r2 
ra AAR I: i At el eee 
PEger pre 
pq 13} por|p? g2 r2 
VO Oh dg ale 1: 
SI. 9 =r 1 eer 
8} 8? — @ g?— 97 7 Stqgaqtrr 
a 0 0 1{_ s(is—qg)(¢q—7r) 0 OomE 
2p Sao — 2 or pp — 9) @ 9) 1S ae 
Dre Usa ieee Pd d rise 
0 0 1 0 OF aa 
0 ae 
S—rqirr 
_ s(s—q) | 0 Moy el 
p(p—q) | 0 1 ri 
p-rqdt+r r 
0 Oe ti! 
_ s(s—q)(r —8) 
p(p— q) (r — p) 
5. Likewise agua RRS keo 1 
P(p—=g)(q—r)’ 
6. and sae > 2) 
r(q—r)(r —p) 
10. 1. Given e+ by+cez=—atbie, 
mr ax + by + cz = 1, 
3. LS a ft om 
at+tb+e b? ¢ at+b+tebteec 
| 1 (elene =e 1 Lanes 
, Pa TA Se 0 ee! 
re - a? 2 ¢2 Ps a+bb+c c3| 
q. d.¢ (a — b) (b — cc) 1 i¥C 
i Le | 0) Om 
ab+e 
Oeics, 
a KOE Deal hae a = — 1) 
2 a—cb+ect) (a—b)(a—c) (a—b)(e—a) 
= bil Ly ie 
0 (al 


407.) 


VM. 
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DETERMINANTS 37 
j ; —b 
5, Likewise y =—————__ 
(a — b) (b —¢) 
c = 


6. and Z= - : 
(6 —c)(a@—c) (6—c)(¢—a), 


= a8 (6 —c) —B(c — a) — cP (a— db) _ ~ 
Check. 1. CE ee) -=a+b+¢. 
— a? (b — c) — 0? (c — a) — 2 (a — b) 
(a — 0) (b— 0) (€ —a) 


— a4 a. —C 


2. ale 


3 


* @-He-a ' C-gc-a' @-9e-a 


1. Given 8%+4y+2z2= 47, 


2. 56a —38y+7z2=41, 
3. Tx—2y—5z=24. 
4i. 4 — 9 ae (Shem iff BBS 5 (Ome dl 
41 —3 7 At io) ee Oo ee () 
24 —2 —§ 24 —2 —65 24 —2 —5| 
4 C= et pace = «| 
en deen, 405 405 
5 —3 if 
7 —2 —5 
23 «6 7 
9} 2-1 0 
a 1 —8 —12;_ 9-315 _68_, 
9 405 a? Cos poe 
18 47 2 sea? 2| |3 47 2] 
Baie the Se? neo OED 1:0) 
724 —5 7:24 —§ 724 —5 
5 Up -= = 
405 405 405 
= 72) = 6, 
a Re z= 3, by substituting a, y in (1). 
1. Given 220—3y+4z=— 18, 
2. 8a+4y —5z= 34, 
Bh ety+z2=0. 
—18 —38 4 = 9) = 13 7 
| 34e— 4 = 5) 2) We 40= 9 
0 1 1 0 1 OME 288i 
Bs ae ie eS ed Do ees iy 2188 ce 
8 4-65 a 9 —5 
I 1 1 sa! 
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Fog 4 mel = Oa 
21S 7 = Sey 4 IT 
ioe OF it O° 0 Sa ei 
y= = 2: 
38 38 38 
2730-39 I) 9 
eames Bie yi 
* lect APO 0 2 ON ee 
a 38 38 = 38. i ae 
. Given 123%+17y—139z=1, 
512+ 37y—97z2=-9, 
6e+ 3ly —35z2=1. 
Lit = 189) 117 193) 1 17 Se) 
O87 onl Ou zest tae —61] 
pam eee —4| |, 2st Se 
128 17 — 139 128-177 4 [128 17 1| 
S181 = 97 St a7 9 51 87 —< 
bobs Secs Se 5 31 1 
ih.) dT: 198 
Jo 87 61 
ed 1 ea 
pee OE ae ae 
51 37 —-9 
5 51 1| 


19317. 1 IR al 
A 51 87 —9 
un Sols i se SL 
hes ta S189 Pee alle 
51.87 .—97 mb Sy = 
& Si) 85 5381 1 


y = 1, substituting z, z in (8). 


Exercises. CLXXXII. 


. They are collinear. 


. They are the vertices of a square. 


. A rectangle is formed. 


aon Fe Ow 


. A right-angled triangle is formed. 


(The numerator is identical to the denominator. ) 
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Exercises. CLXXXIII. 
The line bisects the 1st and 3d quadrants. 
The line bisects the 2d and 4th quadrants. 
The line crosses the X axis at 4 and the Y axis at — 8. 
The line crosses the X axis at 13 and the Y axis at — 21. 
The line crosses the X axis at — 2} and the Y axis at 12. 


The line crosses the X axis at 7%, and the Y axis at 3}. 


Exercises. CLXXXIV. 


The lines intersect at the origin. 
The values of x, y are 0, 0. 


The lines intersect at the point (2, 3) in the Ist quadrant. 
The values of a, y are 2, 3. 


The lines intersect at the point (— 1, 8) in the 2d quadrant. 
The values of z, y are — 1, 3. 


The lines intersect at the point (— 2, 3) in the 2d quadrant. 
The values of x, y are — 2, 3. 


Exercises. CLXXXV. 


x=1,y=0. These lines intersect on the X axis at right angles 
to each other. 


%=5, y=—1. These lines intersect at the point (5, — 1) at 
right angles to each other. 


x= 2, y=4. These lines intersect at the point (%, 4) and the 
second line is parallel to the X axis. 


x=4,y=4%. These lines intersect at the point (4, %) and the 


second line is parallel to the Y axis. 


x= ?,y=12. These lines intersect at the point (3, 12) in the 
Ist quadrant, 


6. 


10. 


1 


12. 


MANUAL TO ALGEBRA [PAGES 
There are no finite solutions. The lines are parallel. 
1. Given 62+ 10y = 10, 
co .y 
2. —-4+==2. 
5 uv 3 
Gi. a 62+ 10y¥ = 60, from (2). 
|10 101 
60 10]  — 500 
4 a = ——, 
6 ‘a ft) 
6 10 
6 10 
6 60| 300 
5. Y= pe . 
6 10 0 
6 10 


These values of x, y are consistent with the theory that parallel 
lines meet at infinity and that +0, —o represent this point. 


. There are no finite solutions. The lines are parallel. 


There are no finite solutions. The lines are parallel. 


The solutions are indeterminate, since the equations are identical. 
The lines coincide. 


1. Given 102+ 6y=5, 
ee z yl 
3s) Dy 6 
Seprese 10% +6y=5, from (2). 
5 6 
fon 
NAS Fe, AU Likewise yon 
ce 6| 0 0 
10 6| 


The solutions are indeterminate, since the oquations are identical. 
The lines coincide. 


There are no finite solutions. The lines are parallel. 


«= 20, y= 380. The lines intersect in the lst quadrant at the 
_ point (20, 80). 


t ~~ 
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Exercises. CLXXXVI. 
1. 1. Given t+2y—2z2=0, 
2. 2x2—y+2z2=10, 
3. 382+y—z=10. 
4. The difference of (2) and (3) is an equation identical to (1). 


*, the original system is indeterminate. 


2. 1. Given 5a+38y—z=—-17, 
2. 6x2+4y=— 14, 
3. ety +t2z=3. 
4. . 6%+4y = — 14, adding (1) and (3). 
5. Sinve (4) =(2), the original system is indeterminate. 
38. 1. Given 62%+9y+4122=5, 
2. 2%+8y+4z= 382, 
3. 8a+2y—z2=8. 
4, 6x%+9y + 12z= 96, multiplying (2) by 3. 
5. Since (4) differs from (1) in the constant term only, the 
original system is inconsistent. 
4. 1. Given 7x+1ly+4z= 22, 
ee 2%2+38y+4z2=9, 
3. ba+2y—z2=6. 
Ae 5a@+8y = 13, from (1) and (2). 
5. 6y+2=7, from (4) and (3). 
6. y — 20z =— 19, from (1) and (2). 
psec z= 1, from (4) and (6). 
Se 1 ot trom (6) and (1): 
Check. T4114 4=22. 24+34+4=9 542-1=6. 
5. 1. Given 10”%+5y—15z2=5, 


1 

Dire 2e+y—3z2=0, 

3. 8ea+2y+2=6, 

4 107+ 5y —15z=0, multiplying (2) by 5. 

5. Since (1) and (4) differ in the constant term only, the original 
system is inconsistent. 


6. 1. Given 2x%—8y—-—4zZ=-5, 
; e+6y+32=10, 
3. a+6y+32=9. 


378 \ MANUAL TO ALGEBRA [PaGEs 


AS 3y +2z=5, from (1) and (2). 
5. “y =1, from (2) and (8). i 
Gos z=1, from (4) and (5). 

Is & diy trom: (3): 

Check 2—-8-4=-— 5. 14+6+3=10. 145+383=9. 


_ Exercises. CLXXXVII. 


the equation x? + y? = 25 is a circle of radius 5 


‘at the origin. A straight line can cut this curve 


symmetric wil 


respect £8 both axes. A’s i i a 3 ut it 


at most in two points. ‘S — 
5. A straight line can cut the graph Of a quadFutic equation at Tho st 
in two points. j ae Se. : 


i 


- 
6. The graphs are aaa ely a circle,and a stra ht line. The \ 
intersect at the poi — 2), (2, — 8). The i ues of @, ys 
which satisfy the tions are 8, —2; 2, —3. \ \ 'g 


By \ 


7.. The graphs 2 e ellipses. They intersect in the points (2523) 


(2, — 3), (9, 3), (— 2, — 8). Fee solutions of the, eq mite 
are 2, 352, aay hae as aor a ¥ 


8. The graphs are respectively a parabola and an hyperbou. | hey 


intersect in no real points and the solutions vsslee.eq uations are 
imaginary. © X 


Then «2 — 92s 0. 


Deo. Dial O eos and the graph cuts the X axis in 38 Po} ints (0, “4 
(0, 3), (0, = 8). “Saag \ 


Se g 7 wt 


hy le MRO inate where the 1h? the Y axis letyy 10) 


